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Preface 


This textbook is written strictly in accordance with the latest physics 
syllabus for Class XI prescribed by the Central Board of Secondary 
Education, New Delhi, under the 10--2+3 pattern of education. 


The National Policy on Education, adopted in 1986, lays consider- 
able emphasis on student-oriented rather than teacher-oriented books. 
According to this policy, books must be designed in such a way that 
a student is able to read and understand on his own without undue 
reliance on formal classroom instruction. The student must play an 
active role in the learning process and: the teacher a passive one, 
serving only as a guide. Merely reading about the experiences and 
observations of others is not stimulating. If students are to under- 
stand and enjoy physics, they must have some of these experiences 
themselves. To encourage this kind of direct experiences with reality, 
I have recommended easily performed “home” experiments in the 
main body of the text. The student is advised to perform these experi- 
ments which require easily available material. 

The objective of this book is to present physics in an interesting, 
understandable and enjoyable manner. An appreciation, tather than a 
working knowledge of physics is intended to be inculcated. Therefore, 
stress has been laid on the concepts of physics, rather than the mathe- 
matical aspects or techniques. Although calculus has been used, the 
mathematics involved is quite simple. The physical meaning of the 
mathematics used is clearly explained, thus enabling the student to 
appreciate the important part mathematics plays in the development of 
physics. Stress has been laid on practical applications throughout the 
book. The language is kept as simple as possible. 

The book is divided into 13 chapters. Chapter 1 is essentially intro- 
ductory; it deals with the scope, excitement and application of physics. 
Chapter 2 on measurement deals with units and dimensions of physical 
quantities and the accuracy in their measurements. Chapters 3 and 4 
deal with kinematics of motion in one, two and three dimensions. 
Chapters 5 to 8 are devoted to dynamics of motion. Chapters 9 to 11 
are concerned with the structure and properties of matter including 
heat and thermodynamics. Chapters 12 and 13 are on oscillations and 
waves. The coverage of topics is more or less traditional, but I have 
departed from the conventional approach ‘in which general principles 
or laws are stated first and various results are deduced from them. To 
introduce a physical concept, I have begun with commonplace obser- 
vations of our daily experience and cited concrete examples and then 
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proceeded to suggést generalizations or laws that unify these observa- 
tions. A study of the history of science reveals that this approach is 
more in keeping with how science is actually practised. 

The introduction of each new concept is followed by a number of 
solved numerical examples. The book contains 181 solved examples. 
It is my earnest hope that these examples will enable students to master 
a concept or a technique before they move on to the next. The physical 
concepts are amply illustrated by means of diagrams and graphs 
wherever possible. The book contains ‘over 295 illustrations. 


I am conscious of the fact that some students can learn much more 
rapidly and can assimilate more difficult concepts as compared to the 
average students. These better and brighter’students often do not find 
a subject challenging enough. To sustain and stimulate the interest of 
such students, some thought-provoking topics are discussed as supple- 
ments at the end of each chapter. The average student may omit these 
supplements at first reading; this will not affect his or her learning 
process. 

The questions at the end of each chapter have been carefully design- 
ed. The numerical problems have been graded in order of the level of 
difficulty and the answers to all problems ate given at the end of the 
book. The book contains over 200 numerical problems. For a quick 
recapitulation, a summary of the salient features is included at the end 
of each chapter. 

No scientific theory is born in a vacuum. Fach scientist builds on 
the work of his predecessors or contemporaries. Therefore, a brief 
historical development of ideas has been included in the body of the 
text wherever necessary. 


I wish to express my deep sense of gratitude to my colleagues and 
students whose encouragement and Cooperation have been a source of 
inspiration. It is a pleasure to thank Mr. Vineet Bajaj for going 
through the solutions of the numerical problems and making helpful 
Suggestions and comments. Finally, I would like to thank my wife 
Mrs. Kamlesh Bajaj whose dedication and encouragement made this 
book possible. 


Suggestions for the improvement of the book would be most” wel- 
come. 


NK Basay 


A Note to the Student 


The main objective of this book is to present physics in an interesting, 
understandable and enjoyable manner so that you can understand the 
physical phenomena of the world around you. Each phenomenon is 
very carefully described by citing concrete examples from our every- 
day experience and a rational scientific explanation is provided for 
each phenomenon starting from fundamental principles. It is my 
earnest hope that a careful reading of the text in each chapter, and 
going through solved examples and working out the problems at the 
end of each chapter, will contribute immensely towards your under- 
standing of the finer points of the subject of physics. 


The somewhat bulky size of the book should not scare you. The 
book has assumed this size because of its following salient features: 


1. The detailed steps of all mathematical derivations are given, 
starting from fundamental principles and bringing out clearly the 
mathematical logic and technique involved, 

2. The introduction of each new concept is followed by a number 
of solved numerical examples. The book contains as many as 181 
solved examples which will enable you to master a concept before 
you move on to the next. These examples have been carefully graded. 
We begin with simpler examples and gradually go on to more difficult 
ones involving the use of more than one concept or one formula. 


3. The physical concepts are illustrated by means of a large number 
of diagrams and graphs. The book contains about 295 illustrations. 

4, To sustain the interest of brighter students, supplements are 
appended at the end of a chapter which deal with more challenging 
and thought-provoking topics. The average student may omit these 
supplements at first reading. 

The book contains about 400 questions and numerical problems. 
The numerical problems have been graded in order of the level of 
difficulty and the answers to all problems are given at the end of the 
book. You are strongly urged to solve as many problems as you can. 
Do not despair if you cannot solve all of them; some are quite diffi- 
cult. If you are unable to solve a particular problem, read the relevant 
text more closely, especially the solved examples. You should develop 
the habit of working out at least 2 or 3 problems regularly, This is 
of the utmost importance. Only then will you be able to enjoy, appre- 
ciate and comprehend the subject of physics. Problem-solving not 
only sharpens your intellect and intuitions but can also be a source of 
immense fun and satisfaction. So keep solving problems! 


NK Barat 
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‘Introduction 


1.1 WHAT IS PHYSICS? 


Broadly speaking, physics is a branch of science which deals with the 
study of the phenomena of nature. The word ‘physics’ is derived from 
a Greek word meaning nature. The word ‘science’ comes from the 
Latin word scientia which means ‘to know’, 

Man has beeni observing various natural phenomena from time 
immemorial, He has always been curious about nature and the world 
around him. The motion of the moon and. other heavenly bodies in 
the sky has aroused awe and amazement in him, The regular repetition 
of sunrise and sunset and the seasons of the year have fascinated him. 
Man has observed these and other natural phenomena and responded 
to them in an orderly manner. The experiences gained over a period 
of time were transmitted from generation to generation and began to 
be termed as ‘knowledge’. Each. generation added new facts to the 
knowledge obtained from the previous generation. The systematized 
knowledge thus gained was termed ‘science’. 


The Scientific Method 


Every bit of knowledge is not called science—only such knowledge as 
is collected by what is called the scientific method. The study of the 
history of the progress. of science reveals that it has; evolved through 
a method or procedure. The so-called scientific method is the basis of 
scientific development. The method involves four steps: 


1. Observation of the relevant facts, 

2. proposal of a hypothesis or a theory based on these observations, 

3. testing of the proposed theory to see if its ‘consequences or pre- 
dictions are actually observed in practice, and 

4. modification of the theory, if necessary. 


The first and the most important step in the study of a natural pheno- 
menon is observation and measurement to arrive at a truth. This is the 
subject matter of the next chapter. Observation can be subjective or 
objective. An observation that varies from individual to. individual is 
subjective. For example, different individuals observing the same thing, 
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€.g. a painting or a flower, feel differently. Physics does not deal with 
such subjective observations. Physics is a science of objective observa- 
tion, an observation which is the same for all individuals. f 

The next step is the proposal of a hypothesis or theory to explain 
the observations in terms of a limited number of laws. A good theory 
is one which not only successfully explains the observed facts but can 
also predict those likely to be brought to light in the future, and whose 
consequences can be tested by further observation. If a new measure- 
ment reveals a discrepancy between the existing theory and the obser- 
vations, then the theory is not fully acceptable; it needs to be modi- 
fied or refined. If the modified theory cannot explain the significant 
difference, however small, or if the predictions of the theory are not 
confirmed by measurements, then the theory is discarded and a new 
theory has to be developed involving new concepts, We come across 
many such instances in the history of the progress of science. Early 
thinkers believed that the earth was flat which was an obvious conclu- 
sion. The observations of distant ships in the sea (to elaborate, that 
at first only the mast of the ship was visible and later the rest of the 
ship) could not be explained on the basis of the concept of the earth 
being flat. This new observation gave a clue to the shape of the earth. 
So the earlier concept of the flat earth was abandoned and the spheri- 
cal shape of the earth came to be accepted. Later, when precision mea- 
surements of the acceleration due to gravity were made at various 
places on the earth, it was found that the spherical shape could not 
account for the small variations in the value of the acceleration due 
to gravity. To account for these small discrepancies, the shape of the 
earth had to be considered as oblate spheroidal. With the advent of 
earth satellites, it is now possible to photograph (or see) the earth 
from far above and determine its exact shape. 

To cite another example, for over two centuries Newton’s equations 
of motion (which are dealt with in Chapter 5) were accepted as correct. 
But when the motion of bodies moving at very high speed (close to 
the speed of light) was studied, Newton’s equations were found to be 
totally inadequate. To deal with objects moving at such high speeds, 
Albert Einstein developed a new theory called the Special Theory of 
Relativity using entirely new and revolutionary concepts regarding 
space and time. All predictions of his new theory have been experi- 
mentally confirmed. Similarly Einstein developed the General Theory 
of Relativity to explain some facts about gravitation which could not 
be understood in terms of Newton’s law of gravitation (see Chapter 8), 

To cite yet another example, Newton proposed the corpuscular 
theory of light to account for his observations of shadow formation. 
According to this theory, light is made up of corpuscles or particles, 
But later experimental observation on the diffraction (bending) of light 
by small obstacles could be explained only on the basis of the wave 
theory of light. When photoelectric effect was discovered, both these 
theories failed to explain it. So a new theory of light, involving entirely 


new concepts of the true nature of light was born, the quantum 
theory of light, 
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These examples show how a scientist practises physics and how 
physics has developed to its present stage. Thus the progress of physics 
(and indeed of all other branches of science) is directly related to the 
advances in experimental observation and to the development of new 
concepts, 


1.2 SCOPE AND EXCITEMENT OF PHYSICS 


The various sciences may be divided into two broad classes, physical 
and biological. Physical sciences deal with non-living matter and biolo- 
gical sciences with living matter. About a hundred years ago, it was 
possible for one man to master the knowledge of both sciences and 
many outstanding workers in physical sciences were also competent 
doctors and biologists. There was no clear-cut division between the 
several branches of physical science as we know them today. In fact, all 
were included in the term natural philosophy. Aristotle, Archimedes 
and even Galileo and Newton called themselves natural philosophers. 
But today the situation is different. The tremendous upsurge of scien- 
tific activity and the accumulation of knowledge in the last century 
have forced scientists to narrow down their field of activity. Not even 
a genius could hope to keep up with the developments in the various 
branches of physical sciences as we know them today, namely, physics, 
chemistry, astronomy, biology, medicine, geology, engineering, etc. 

Those concerned mainly with the applications of science to the 
betterment of human life and environment are called engineers. The 
invention of the steam engine and the electric motor gave rise to engi- 
neering. Physicists and chemists are concerned more with the basic 
aspects of nonliving matter. Chemistry deals primarily with molecular 
changes and the rearrangement of the atoms which form molecules. 
Physics deals with the phenomena of the non-living world such as 
mechanics (motion), heat, sound, electricity, magnetism and light. The 
division of the subject of physics into these and other branches is 
largely a matter of convenience. These branches are inter-related as 
you will discover in the course of your study of the subject. Physics may 
be defined as that branch of knowledge that deals with the phenomena 
of non-living matter. 

In physics, we deal with many physical phenomena and experiences, 
Merely reading about the experiences and observations of others is 
not enough. If students are to understand and enjoy physics, they 
must have some of these experiences themselves. These experiences are 
not only exciting but also very educative. The swinging hanging lamp 
in a Church led Galileo to a method of measuring time. The fall of an 
apple and the motion of the moon led Newton to his famous law of 
gravitation. The rattling (or dancing) of the lid of a kettle led to the 
invention of the steam engine. The blowing of a flute causes vibrations 
that produce sound. The light from stars tells us something about stars 
and their evolution. The study of electricity helps us to design motors 
and dynamos. The study of semiconductors helps us to design radios, 
televisions, calculators and even computers. 
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The physical world presents a very wide diversity. In Chapter 2 you 
will learn about the enormous ranges of length, mass and time in phy- 
sical processes. The phenomena involving sub-atomic particles deal 
with masses as small as 107% kg whereas astronomical phenomena 
may involve masses as large as 10°° kg or more. Astronomical distan- 
ces are as large as 107° m and time scales as long as 10° years. Suba- 
tomic processes involve distances as small as 10°'Sm and time scales 
as short as 10° s. Thus physical phenomena have an enormous range 
of length, mass and time measurements. Apart from this, a physical 
phenomenon is never an isolated or independent happening; there are 
a variety of interactions one has to deal with. In spite of such a wide 
range and complexity of physical phenomena, it is amazing that these 
phenomena can be analysed and understood in terms of afew basic 
laws and principles. One such law is the law of conservation of energy. 
In the complex processes (e.g. interactions) there is something that 
remains constant. It is the energy. The law of conservation of energy 
is the one unifying principle that brings order to the jumble of facts 
concerning the natural processes in our universe. 

Another important reason why it is possible to analyse a complex 
phenomenon is that we can (with ingenuity and intuition) identify a 
few important features in any phenomenon out of a large number of 
parameters; many of which are of less significance in relation to the 
phenomenon under study. We can then understand the complex phen- 
omenon in terms of the important parameters and unfold the hidden 
simplicity behind the complexity. Nature isa very fine example of 
unity in diversity. In the later years of his life, Albert Einstein tried 
(unsuccessfully) to discover a unified theory of interactions as he 
strongly believed in the unity of natural processes. 


1.3 PHYSICS AND TECHNOLOGY 


Practical applications of physics and other branches of science have 
played a very important role in the development of industry and in 
improving the standard of living of man. The inventions of steam 
engines and electrical motors constitute the beginning of industrial 
revolution. The understanding of electremagnetic waves in the longer 
wavelength domain has found applications in radio, television and 
wireless communication, We can watch television programmes from 
distant countries ‘live’ via satellites called geostationary satellites. These 
satellites also help in forecasting weather and in geophysical survey 
such as exploration of oil wells. The electricity that we use in our 
homes and industry is generated at a power plant by the conversion of 
some other form of energy into electrical energy. In a thermal power 
plant, the heat energy of superheated steam is converted into electrical 
energy. In a hydro-electric power plant, the gravitational potential 
energy of water stored in a raised reservoir in a dam is converted into 
electrical energy. _ Nuclear energy released in a fission process is the 
source of energy in a nuclear reactor which produces electricity, These 
and a host of other applications of physics have contributed a great 
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deal to the technical advancement of society»: Thus physics. plays a 
very significant role in technology and in our daily lives. 

We will begin our journey through the world of physics with the 
measurements of various physical quantities in terms of internationally 
accepted units and their order/of accuracy. We will then learn’ the 
motion of objects in one, two and three’ dimensions and deduce the 
equations governing the motion. The causes of motion will be dealt 
with separately. The motion of extended objects (rotational motion) 
and its special features will be discussed. A separate chapter is devoted 
to gravitation because of its relevance in the understanding of our uni- 
verse. We will then focus our attention on the microscopic description 
of matter in terms of molecules and later discuss the bulk properties 
of matter. The subject of heat and thermodynamics has be been dealt 
with in some detail as it is important in the development of heat engi- 
nes and in the understanding of chemical reactions. Finally we will 
study in detail some mechanical oscillations and their relevance in 
waves. 


SUMMARY 


Physics is a branch of science that deals with the study of the pheno- 
mena of nature. The scientific method used in the study of sciences 
involves observation, proposal of a theory, testing the consequences of 
the proposed theory and modification or refinement of the theory in 
the light of new facts. The applications of physics have played a very 
great role in technology and in our daily lives. 


EXERCISES 


1. What do you understand by the ‘scientific method’? Explain with the help 
of two examples. 

2. Describe five natural phenomena relevant to physics. How have these phe- 
nomena been studied by man? 

3. Briefly describe the important contributions of the following scientists: 
Galileo Galilei, Issac Newton, Michael Faraday, Rutherford, Maxwell, 
Raman and Albert Einstein. (Read the bicgraphies of these great men of 
physics from your school library. They are fascinating reading.) 

4. ‘A good student of science should doubt any scientific statement he hears 
or reads’. Comment. 

5. No physicist has ever seen an electron or even an atom. Yet all physicists 
believe in their existence. How far are they justified in their belief? 

6. ‘Subjective observation has no place in physics’. Comment. 

7. Comment on the inter-disciplinary nature of the different branches of 
science. 

8. Describe the wide diversity of the physical phenomena in the universe. 
How does physics help unfold the underlying unity in diversity? 
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9. 
10. 
11. 


12; 


State one law of nature which holds good in all naturai prodessés. 

Write an essay on the role of physics in technology and in our daily lives. 
‘A theory is not scientific if it cannot be proved wrong at any later point 
of time’. How far would you agree with this statement? 

After you have read this book, look out for some equations and laws 
which strike you most. Give the reason for each choice. 
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Measurement 


2.1 INTRODUCTION: THE NEED FOR MEASUREMENT 


The study of the history of the progress of science reveals that it has 
evolved through a method or procedure. The so-called scientific method 
is the basis of scientific development. This method involves four steps: 


1. Observation of the relevant facts, 


2. proposal of a hypothesis or a theory based on these observa- 
tions, 

3. testing of the proposed theory to see if its consequences or pre- 
dictions are actually observed in practice, and 

4. modification of the theory, if necessary. 

We shall discuss the first and the most important step, namely, obser- 
vation, Observation can be subjective or objective. An observation that 
varies from individual to individual is subjective. For example, diffe- 
rent individuals observing the same thing, e.g. a painting or a flower, 
feel differently. Physics does not deal with such subjective observations. 
Physics is a science of objective observation, an observation which is 
the same for all individuals. An individual observes through his sense 
of touch or sight, but these senses are not always reliable. To illustrate 
the inaccuracy of our sense of touch, we consider three pans contain- 
ing cold, warm and hot water. If you put your finger first in cold water 
and then in warm water, your sense of touch will tell you that it is 
hot. But if you put your finger first in hot water and then in warm 
water, your sense tells you it is cold. This clearly suggests the necessity 
of making a measurement to arrive at the truth. It is necessary to 
measure the degree of hotness of water in each pan. In other words, 
it is not enough to describe a phenomenon ina general and qualita- 
tive way. A number must be tied to it. Thus, physics is a science of 
measurement, Lord Kelvin, a leading physicist of the 19th century, 
once said: 

“When you can measure what you are talking about and express it 
in numbers, you know something about it; but when you cannot, your 
knowledge is of a meagre and unsatisfactory kind; it may be the begin- 
nig of knowledge, but you have scarcely in your thoughts advanced to 
the stage of a science.” 
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2.2 FUNDAMENTAL PHYSICAL QUANTITIES: 
THE BUILDING BLOCKS OF PHYSICS 


The building blocks of physics are the physical quantities in terms of 
which the laws of physics can be expressed. All quantities which can 
be measured either directly or indirectly are called physical quantities; 
such as length, time, mass, temperature, speed, force, electric current, 
etc. Physical quantities are divided into two classes, fundamental or 
derived, Examples of quantities usually classified as fundamental are 
length, mass and time. Speed is an example of a derived quantity as it 
is derived from the measurement of length and time. 


2.3 LENGTH AND ITS MEASUREMENT 


Length is the extent of the separation (i.e. distance) between two points 
in space. We become aware of the separation when we look at two 
objects at different positions, such as two persons standing ja certain 
distance apart on earth or when we leok at two heavenly, bodies. The 
measurement of length or distance is of obyious significance, 


The measurement. of a physical quantity. involves the choice or 
selection of a suitable standard or unit. The size of the unit is arbi- 
trary but it must be the same kind of quantity as the one to be mea- 
sured. For example, for measuring a length, the unit itself must be a 
length. The unit chosen for the measurement of length is a ‘standard 
length named metre. A physical ‘quantity is completely specified ‘by 
two characteristics: 

1. the unit in terms of which the quantity is measured, and 

2. the numerical value, i.e. the number that tells us how many 
times the unit occurs in the quantity. 

Lengths or distances have a large range. of variation. The particles 
inside a nucleus are separated by a distance several billion times smaller 
than the length of, say, a tiny insect, whereas the distance. of the 
nearest star from the earth is several billion times the height of a 
man. i 


Measurement of Length 


There are two methods of measuring the distance between two points: 
(i) direct method, and (ii) indirect method, 


Direct Methods These methods involve a direct comparison of the 
length to be measured with a chosen standard, i.e. a metre stick. Sup- 
pose you wish to measure the length of a long iron rod. Lay the metre 
Stick successively along the rod starting from one end and find out 
how many times this can be done until the other end of the rod is‘tea- 
ched. If you find that the length of the rod is five times the length of 
a metre, then the length of the'rod ‘is 5 metres, 
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Indirect Methods Vf the distance to be measured is exceedingly small 
or much larger than the chosen’ standard; then’ a direct comparison 
with the standard is not possible. For example, the size of an atom or 
the distance of a star from the earth cannot be measured directly. An 
indirect method, involving more complicated procedures, is usually 
necessary. 

Let us first consider the measurement of large distances. Suppose 
we wish to measure the distance of an inaccessible wall or a hill from 
a certain point on the surface of the earth. Standing at that point we 
fire a gun by directing it towards the wall and we measure that time 
interval between the instant the gun is fired and the instant the echo 
is heard. Now, we need a subsidiary experiment to determine the 
speed of sound at that temperature. The value of the speed of sound 
multiplied by half the time measured gives the required distance. Even 
the indirect method involves the use of the standard of length. In this 
case the standard of length is used in the determination of the speed 
of sound. Adopting the same procedure, the distance of the moon 
from a rocket launching station can be measured. A tadar signal is 
sent from that station, The signal reflected from the surface of the 
moon is received by a receiver at the sending station. If the time bet- 
ween the sending and receiving of the signal is measured, and the 
speed of the radar signal is known, the required distance can be mea- 
sured. ñ At LE i 

Only indirect methods can be used to measure astronomical dis- 
tances. The distances of nearby stars can be measured by what is called 
the triangulation methodi This method uses the geometrical properties 
of a triangle ina plane, The principle of this: method is as follows: 
Consider a triangle SAB [Fig. 2.1 (a)]. If the length AB) of the base 
and the angles 6; and 0, subtended by the point S at the base AB are 
known, then, using trigonometric relations. the vertical distance h of S 
from the base line AB can be determined. Suppose S is a satellite and 
A and B are two points on the surface of the earth. Then the height 
of the satellite can be determined by measuring angles 0, and 0, by 
pointing a telescope toward the’ satellite standing at points A and B 
respectively. Using this method, the height of the first Sputnik was 
found to be 500'km, This method has to be modified if the point S (e.g, 
a star) is too far away from thé earth, for in that’ case, 6; = 0, = 90° 
(and the height will come out to be infinity) unless the points A and B 
are very far away. The length of the base line can be increased by point- 
ing a telescope at the star at a six-month interval when the earth has 
moved from one point of its orbit'to a diametrically opposite point: In 
Fig. 2.1 (b), these points are A and B. The length ‘of the base line jis 
now increased and is equal tothe diameter of the earth’s orbit round 
the sun (~ 3x 108 km). Let S be the hearby star whose distance is 
to be measured. We’ choose; now, a very distant ¿staro (say N), whose 
direction may be taken to: be practically’ the same at all positions of 
the earth in its orbital motion: Suppose at some position of the earth 
(22 December), say A, we measure, with the help of ; a. telescope, the 
angle between the direction of the distant star N and. that of the star, 
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S, i.e. the angle between AN and AS. Then we wait for six months and 
measure the angle again when the earth is, say, at position B (22 June). 


Fig. 2,1 The triangulation method 


The sum of the two measured values of ¢ is equal to the angle the star 
subtends on the earth’s orbital diameter (AB). It is easy to see from 
Fig. 2.1 (b) that 


d 

Vay tan d 
ay 
~ tan ġ 


For very distant stars (such as N), the triangulation 1nethod cannot 
be used since then ¢ = 0 and cannot be measured accurately. Distances 
of such stars are measured by spectroscopic methods, about which 
you will learn in higher classes. 

For the measurement of extremely small distances, such as the size 
of molecules and atoms, only indirect methods can be used. For 
example, the size of a molecule can be estimated by Avogadro’s hypo- 
thesis. Subatomic distances can be measured by alpha-particle scatte- 
ring experiments. Distances of the order of the wavelength of visible 
light are measured by interference experiments. Distances between 
the molecules of a crystal can be measured by x-ray diffraction experi- 
ments. The details of these methods are outside the scope of this book. 


Table 2.1 gives the value of some measured distances. Notice the 
vast range over which length measurements can be made, 
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fable 2.1 Some measured lengths 


Metres 


Distance of the most distant detected heavenly object 5x 10% 
Radius of our galaxy 6 x 10" 
Distance of the nearest star (Alpha Centauri) 4x 10% 
Mean orbit radius of the planet Pluto 6 x 10% 
Radius of the sun 7x 10 
Mean distance from Earth to Moon 2 x 10° 
Radius of the earth 6.4 x 10° 
Height of an average man 1.8 x 10° 
Thickness of a sheet of paper 1 x 10-4 
Radius of a hydrogen atom Six 1924 


Radius of a proton 12K oe 


2.4 TIME AND ITS MEASUREMENT 


Physics is concerned not only with the measurement of length but also 
with the motion of objects. The idea of motion involves the concept 
of time. The separation between the occurrence of two events is called 
the time interval. Any phenomenon that repeats itself can be used as 
a measure of time interval. For example, a pendulum can be used to 
measure time interval. The rotation of the earth on its axis, which 
determines the length of the day, has been used as a time standard 
from the earliest times. The day is subdivided into hours, minutes and 
seconds, 

There are direct and indirect methods for measuring time intervals. 
Direct methods make use of a watch or a clock. Indirect methods are 
used to measure very short and very long time intervals. The laws of 
radioactive decay have been used to measure very long as well as very 
short time intervals. Some radioactive substances, such as carbon 14, 
take millions of years to decay whereas others, decay in a millionth 
fraction of a second. Carbon dating is used to estimate the age of rocks. 
The details of these methods are outside the scope of this book. 

Table 2.2 gives the orders of magnitude of some measured time 
intervals. Notice the vast range over which the measurements of time 
intervals can be made. 

The measurement of the third fundamental physical quantity, 
namely, mass, will be discussed in Chapter 3. 
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Table 2.2 Some measured time intervals 


Seconds 
Age of the earth TIGE, 
Human life expectancy 2 x 10° 
Time of Earth’s orbit around Sun (1 year) Bix 10! 
Time of Earth’s rotation about its axis (1 day) 8.6 x 104 
Time interval between normal heartbeats 1 x 10° 
Time period of sound wayes LEKTE 
Time period of radio waves EX 
Time period of rotation of a molecule 1x 05 
Half-life of neutral. pion 2.2 x 10-36 


Period of nuclear vibrations 1 x 10-22 


2.5 THE SI SYSTEM OF UNITS 


In 1960, the eleventh General Conference of Weights and Measures 
Introduced a new logical and rationalized) system of unitsicalled the 
International System of Units (abbreviated SI in all languages). In this 
system there are six) fundamental \units, There are the units of six 
fundamental quantities, namely, length, mass, time, electric current, 
temperature and luminous intensity. The names of the: units respective- 
ly are metre, kilogram, second, ‘ampere, kelvin and candela, in 1971, 
one more fundamental unit named mole was added for ‘the amount of 
substance. Invaddition to these seven basic units, there are iio supple- 
mentary units — radian for angle in a plane:and stenadian for solid angle. 
The internationally accepted definitions of these»units are as follows: 


Fundamental Units 


Metre (Symbol m) {Until recently, the international standard of 
length was a bar of platinum-iridium alloy called the standard metre 
kept at the International Bureau of Weights and Measures near Paris 
in France. The distance between two fine lines è Nas 


ngraved near the ‘ 
of the bar (when at 0.00 °C) was defined to be one metre. There i 
several objections to the metre bar as the primary standard of length 


First, it can be destroyed by fire or stolen. Secondly. iti easi 

accessible. Thirdly, the’ metal is likely’ to undergo I He ek a 
length with the passage of time. Nowadays, all countries have hdo ted 
an indestructible, reproducible and easily accessible standard of ER th 
which is defined in terms of the wavelength of light. Accordin io 

this definition one standard metre is equal to. 1650 763.73 wav l $ vi 
(in vacuum) of the orange-red radiation corre; ‘ei “eso 


Spondin, iti 
between the energy levels 2p,y and 5d; o f the k A PER to the transition 
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For expressing very small lengths, submultiples of a’ metre are used. 
They are 


centimetre (em) = iw Osean) 


millimetre (mm) = 0.1 cm = 1073 m 
micron = 1076 m 
angstrom (A) 2 107 %m 
nanometre (nm) = 10°? m 
fermi = 107° m 
For expressing larger lengths or distances, bigger units are used. 
They are 
kilometre = 10° m 


For astronomical distances, a unit called the light year is used. A light 
year is the distance which light, travelling ata speed of 3 x 108 ms~!, 
covers in one year. Thus 


1 light year = (3 x 10°) x 60 x 60 x 24 x 365.25 
= 9.467 x 10'> m approximately 


The nearest star, Alpha Centauri, is 4.3 light years away from the 
carth. 

Sometimes the astronomical unit (A.U.) is used to express very large 
distances. The mean distance of the ¿sun from the earth is called the 
astronomical unit and is equal to 1.496 x 10!! m. 


Second (Symbol s) One mean day! has been used as standard of 
time from earliest times. One mean solar second was defined to be 
1/86400 of a mean solar day. Nowadays, a much more accurate stan- 
dard of time is used. It is based onva particular type of atomic called 
the cesium clock. The internationally accepted second is defined as the 
time interval occupied by 9 192 631 772 periods of the radiation corres- 
ponding to the transition between two hyperfine levels of the ground 
state of cesium 133 atom. i 


Kilogram. (Symbol kg) Itis a fundamental unit of mass and is equal 
to the mass of the platinum-iridium cylinder \of diameter equal to its 
height kept at the International Bureau of Weights and Measures. 

Like length and time, mass is measured by direct and indirect 
methods. Table 2.3 gives the order of magnitude of some measured 
masses. Notice the wide range over which mass measurements have 
been made. 


Solar day is the time interval between one noon to the next noon and a mean 
solar day is the average of all solar days in one year, 
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Table 2.3 Some measured masses 


Kilogram 
Our galaxy 2.2 x 10% 
Earth 6 x 1024 
Average man 7x 10% 
A house fly 1 x 10-4 
Dust particle 1 x 10-8 
Helium atom 6.67 x 10-7 


Electron 9.1 x 10-* 


Ampere (Symbol A) Tt is the fundamental unit of electric current. An 
ampere is defined as that constant current which, when flowing in two 
straight parallel conductors of infinite length and of negligible area of 
cross-section and placed one metre apart in vacuum, would produce bet- 
ween these conductors a force equal to 2 x 10-7 newton per metre of 
length. 


Kelvin (Symbol K) It is the unit of temperature and is defined as the 


fraction 1/273,16 of the thermodynamic temperature of the triple point 
of water?, 


Candela (Symbol cd) It is the unit of luminous intensity. A candela 
is defined as the /uminous intensity, in a perpendicular direction, of a 
surface of area 1/600000 square metre of a black body at the tempera- 


ture of freezing platinum under a pressure of 101325 newton per 
square metre, 


Mole (Symbol mol) It is the amount of the substance of a system 


which contains as many elementary entities as there are atoms in 
0.012 kilogram of carbon 12, 


Supplementary Units 


Radian (Symbol rad) It is the plane angle between two radii of a 


circle which cut off on the circumference an arc equal to the length of 
the radius, Note that 


Angle (in radian) = Aror 


Radius 


Steradian (Symbol sr) Tt is the solid angle which, with its vertex at the 


centre of a sphere, cuts off an area on the surface of the sphere equal to 


that of a square having sides of length equal to the radius of the sphere. 


If S is the area cut off on the surface of a sphere of radius r, the solid 
angle at the centre of the sphere is given by 


i 4 S 
$ (in steradian) = a 
*Triple point of water is the temperature at which 


water exists in all the three 
states, namely, solid, liquid and vapour (gas), 
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The student is not expected to memorize these definitions which are 
given here for the sake of completeness, interest and importance of 
devising a permanent, rational and reproducible internationally accep- 


table standard. 


SI Derived Units 


Any rationalized system of units must keep the number of units for 
physical quantities as small as possible, because otherwise one would 
have to remember a separate unit for each physical quantity. In the 
SI system, the nine physical quantities mentioned above are regarded 
as fundamental quantities which are measured in terms of fundamental 
units, Other physical quantities which can be defined in terms of these 
fundamental quantities are, therefore, called derived quantities and 
their units are called derived units, 

The name and symbol,used for the derived quantities which we 
shall come across in this book are given in Table 2.4. 


Table 2.4 Some SI derived units 


Derived Name of the Unit Symbol 
Physical Quantity 

Area square metre m? 

Volume cubic metre m? 
Frequency hertz Hz (or s~!) 
Mass density kilogram per cubic metre kg m7? 
Speed (or velocity) metre per second ms"! 
Angular velocity radian per second rad s~! 
Acceleration metre per second squared ms? 
Angular acceleration radian per second squared rad s7? 
Force newton N 

Work, energy joule J 

Power watt WwW 
Pressure pascal Pa 
Viscosity pascal second Pa s 
Surface tension newton per metre Nm 
Potential difference volt V 

Electric field strength volt per metre Vm" 
Electric resistance ohm Q (or VA) 
Magnetic flux weber Wb 
Magnetic flux density tesla T (or Wb m?) 
Specific heat joule per kilogram per kelvin Jkg-1K-? 
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They will be defined as and when we encounter them in the follow- 
ing chapters. 


Merits of the SI System 
The merits of the SI system of units are: 


1. It is a coherent system of units, i.e, it is a system in which all 
the derived units are obtained, from the fundamental units by only 
multiplication or division without introducing numerical factors. 

2. the units are easily reproducible, 


3. they do not vary with time as they are based on the properties 
of an atom. 


4, it is a rationalized system. 


2.6 DIMENSIONS OF PHYSICAL QUANTITIES 


In Table 2.4 the units of the derived physical quantities have been 
written in terms of those of the fundamental physical quantities. We 
shall now introduce the concept of the dimension of a physical quan- 
tity and show how this can be done. For simplicity, we shall consider 
quantities that we come across in mechanics. 

In mechanics, there are three fundamental quantities, namely, mass, 
length and time. Let the symbols M, L, and T respectively denote the 
units of mass, length and time. It should be remembered that these 
symbols only indicate the nature of the unit and not its magnitude. 
Then the unit of velocity can be written as: 


Displacement "L {4 
Time rae | 
Similarly, the units of area and density are: 

Area = Length x Breadth = L x L =L? 
ee! 
Volume L? 


Velocity 


Density = = pE 


Thus we say that the unit for velocity has zero dimension in» mass 
(since speed does not depend on mass), 1 dimension in length and—1 
dimension in time. Area has 2 dimensions of length; it has zero dimen- 
sion of mass and zero dimension of time. Density has one dimension 
of mass, —3 dimensions of length and zero dimension of time, Thus, 
the dimension of the units of a derived physical quantity may be defined 
as the number of times the fundamental units of mass, length and time 
appear in the physical quantity, 


Dimensional Formulae and Equations 


Since the area does not depend on mass and time 


: A , its dimensions in 
mass and time are said to be zero, We may, 


therefore, represent area 
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by M°L?T° also. Similarly, velocity and density may respectively be 
represented by M°LT-! and ML~T°. The unit of a quantity written in 
this form is called its dimensional formula. Thus the dimensional for- 
mula for velocity is M°LT. When this formula is written in the form 
of an equation, it is called the dimensional equation. Thus, the dimen- 
sional equation for velocity is? 


Velocity (v)=M°LT"! 
Thus, M°LT~' is the dimensional formula for velocity and (v) = (M° 


LT™ is the dimensional equation for velocity. Table 2.5 gives the 
dimensional formulae of some physical quantities. 


Table 2.5 Dimensional formulae of some physica! quantities 


Physical quantity 


Relation with other 
physical quantities 


Dimensional formula 


Speed (or velocity) 


Acceleration 
Force 
Momentum 
Work (or energy) 
Power 

Density 

Pressure 

Stress 


Strain 


Elasticity modulus 
Angle 


Angular velocity 


Angular acceleration 
Torque 
Frequency 


Surface tension 
Viscosity 


Distance/Time 


Change in velocity/Time 
Mass x Acceleration 

Mass x Velocity 

Force x Distance 
Work/Time 

Mass/Volume 

Force/Area 

Force/Area 

Change‘in length or volume 


Le -1 = MLT- 
ToL M°LT 


LT-/T = LT-?=M°LT 
M x LT? = MLT 

M x LT = MLT+ 
MLT x L = ML? T? 
ML'T-*/T = ML'T™? 
M/L? = ML~* = ML“T° 
MLT-*/L? = ML“T™ 
MLT: 


No dimensions 


Original length or volume 
Stress/Strain 
Arc/Radius 


Angle/Time 


Change in angular velocity 
Time 
Force x Distance 


No. of vibrations/Time 


Force/Length 


L ok 
L 


Lë 
ML“T-? 
L/L — No dimensions 


1 pa = Mop oT-t 
gut M°LT 


M°L°T-/T = M°L*T-? 


MLT 
Init} -I = oL°T-1 
I TI = MULT 


MLT™2/L = ML°T-? 
MLT- 


Stress/Velocity gradient 


‘Sometimes the quantity is put within square brackets to represent its dimen- 


sions and not its magnitude, e.g. 


[Velocity] =[M°LT-*] or [v] = [M°LT-*] 


Some authors use round brackets, e.g. 
(u) = (M°LT-) 
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Dimensional Variables and Constants 


In physics, we come across many variables and constants: some of them 
haye dimensions (or units) while others are dimensionless (i.e. they 
have no units). For example, variables such as velocity, force, etc. have 
dimensions. But variables such as angle (= arc/radius) strain, specific 
gravity are dimensionless; they are defined as a ratio of two quantities 
of the same dimensions. The examples of dimensional constants are 
velocity of light in free space, universal gravitational constant, etc. 
These constants have dimensions; but constants such as numbers 
(l, 2, ...) etc. are dimensionless. 


2.7 PRINCIPLE OF HOMOGENEITY OF DIMENSIONS 
Consider a simple equation 
A+B=C 


If this is an equation of physics, i.e. if A, B and C are physical 
quantities, then this equation says that one physical quantity 4, when 
added to another physical quantity B, gives a third physical quantity 
C. This equation will have no meaning in physics if the nature (i.e. 
the dimensions) of the quantities on the left-hand side of the equation 
is not the same as the nature of the quantity on the right-hand side. 
For example, if A is a length, B must also be a length and the result 
of addition of A and B must express a length. In other words, the 
dimensions of both sides of a physical equation must be identical. This 
is called the principle of homogeneity of dimensions, 


2.8 USES OF DIMENSIONAL EQUATIONS 


Dimensional equations provide a very simple method of deriving rela- 
tions between physical quantities involved in any physical phenomenon. 
The analysis of any phenomenon carried out by using the method of 
dimensions is called dimensional analysis, This analysis is based on 
the principle of homogeneity of dimensions explained above, 


There are four important uses of dimensional equations: 
1. Checking the correctness of an equation. 


2. Derivation of the relationship between the physical quantities 
involved in any phenomenon. 


3. Finding the dimensions of constants or variables in an equation. 
4, Conversion of units from one system to another. 


We shall illustrate each use by giving a suitable example, 


Checking the Correctness of an Equation 


Using the principle of homogeneity of dimensions 
) 1 , we can check whe- 
ther or not any relation or equation obtained for any physical process 
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or phenomenon is correct. The equation will be correct only if the 
dimensions of each term on both sides of the equation are the same. 


EXAMPLE 2.1 In Chapter 3 we shall derive (from first principles) an 
expression for the distance travelled by a particle in uniform accelera- 
tion. The expression reads 


S = ut + } at? (2.1) 


where u is the initial velocity, a is the constant acceleration and S is 
the distance travelled in time f. 


We know that the dimensional formulae of these quantities are: 
Distance (S) = (L) 
Velocity (u) = (LT) 
Time (¢) = (T) 
Acceleration (a) = (LT?) 
Using these in Eq. (2.1), we have 
(L) = (LT-') (T) + (LT) (T) (~ constant 4 is dimensionless) 
=(L) + @) 


i.e. the dimensions of each term on the right-hand side are the same 
as those on the left-hand side. Hence Eq. (2.1) is dimensionally correct 
or consistent. 


EXAMPLE 2.2 In Chapter 12 we shall study the periodic oscillations 
ofa simple pendulum and derive an expression for its time period ż, 
which reads 


saan ft (2.2) 


where / is the length of the pendulum and g is the acceleration due to 
gravity. To check whether this equation is correct or not, we find the 
dimensional formula for each quantity in this equation. 


Time period (t) = (T) 
Length (/) = (L) 
Acceleration due to gravity (g) = (LT~?) 


The constant (277) is dimensionless 


Therefore, the dimensions of 2 7 Ap are POE ag Je 
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the same as that of t = (T). Thus the dimensions of the quantities of 
both sides of Eq. (2.2) are the same and the equation is dimensionally 
correct. 


Derivation of Relationship between Different Physical Quantities 


The principle of homogeneity of dimensions can be used to obtain a 
relationship between the different physical quantities involved in a 
given physical phenomenon. In many cases, the exact dependence of a 
given physical quantity on other physical quantities can be found if 
we know the factors on which that quantity depends. 


Let us consider the following examples. 


EXAMPLE 2.3 Let us take the example of a simple pendulum mention- 
ed above. The time period of its oscillation is given by Eq. (2.2). Let 
us now see how we can obtain it from dimensional considerations. 

A simple pendulum consists of a string of length Z, fixed at one end 
and having a bob of a small mass m at the other (Fig. 2.2). When the 
bob A of the pendulum is displaced a little to a posi- 
tion B and released, it begins to return to its origi- 
nal position under the effect of gravity and executes 
periodic oscillations. The time period ¢ of these oscil- 
lations may possibly depend on some or all of the 
following physical quantities of the system, namely, 
m the mass of the bob, / the length of the string, 
and g the acceleration due to gravity. 


The procedure to solve this problem by dimen- 
sional considerations is to assume that the time 
period 


i 
' 
t œ m’ 
A 
è 


cnie 
FIG. 2.2 A simple 
pendulum oc ge 
or t o mège 
or tak malbge (2.3) 


where k is a dimensionless proportionality constant and a, b and c are 
constants to be determined. 


Writing down the dimensional formula for each quantity in Eq. (2.3), 
we have (since k has no dimensions), 


(T) = (M)(L)"LT~) 
or (T) = (M) (LYT) 
or (M)(L)°(T)! = (MLT 


According to the principle of homogeneity of dimensions, the dimen- 
sions of all the terms on either side of this equation must be the same. 
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Therefore, equating the exponents (i.e. powers) of M, L and T, we have 


0=a 
0=b+c 
1=—-2ec 
Therefore c = — }, b = + 4and a = 0. Substituting these values 


in Eq. (2.3), we get, 
t = k mp? (gy "2 


or S 
g 


It may be remarked that the value of the constant k cannot be 
determined by the method of dimensions because it is a number. Its 
value is determined either experimentally or from a theoretical deriva- 
tion. It is found that k = 27. 


Therefore t= 2m 4/1/g 


Although we are not able to determine the value of the proportion- 
ality constant by this method, yet it yields very useful information 
about the exact dependence of the time period on other quantities. 
We have, for example, found that time period ¢ is independent of m, 
the mass of the bob. We have also discovered that the time period ¢ 
will depend on J, the length of the pendulum and g, the acceleration 
due to gravity at that place. We have, in fact, gone a step further and 
found out how exactly t will depend on / and g, namely, £ is directly 
proportional to the square root of / and inversely proportional to the 
square root of g. This is no small achievement. The merit of this 
method lies in the fact that, without using any law or hypothesis about 
pendulum oscillations, we have been able to show, how its time period 
will depend on its length and the acceleration due to gravity. 


EXAMPLE 2.4 A uniform string of length Z is stretched with a force F. 
Tf m is the mass per unit length of the string, show, using dimensional 
considerations, that the frequency of vibration of the string is 


ete Aaa 
n= ki fe 


where k is a dimensionless constant. 


Solution Let us suppose that 
noc [4F*m* 
or n = k Fm 


Us 1 a 
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Writing down the dimensions on both sides (see Table 2.5), we have 
(T) = (MLT MEd. m= es) 


length 
R O 
Equating the powers of M, L and T on either side, we get 


0=b +c 
O=a+b-c¢ 
and —1= -2b 
i b=} and c=-b=-} 
But a+b-—c=0, 
Therefore a +4 — (-}=0 
or a= -1 
Hence n = k M F! mn 
or "=i 


The value of k is found to be 4 experimentally or from a detailed 
mathematical deduction. 


EXAMPLE 2.5 Using dimensional consideration, show that the speed 
of sound in a material medium of modulus of elasticity Zand density 


p is given by 
= k £ 
N p 


where & is a dimensionless constant, 
Solution Let 
v= k E> 
Writing down the dimensions, we get (see Table 2.5), 
(LT) = (ML"T-4)(ML-3) 
= (M)*#2(L)-2-36(-T)-24 
Equating the powers of M, L and T on both sides, 


we get, 
O=a+tb 
1=-a-— 3b 
and ~ 1=-— 2a 
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which give a=4 and b=-} 


v = k £2 pt = rf 
P 


A complete mathematical investigation shows that k = 1. 


EXAMPLE 2.6 Assuming that the mass m of the largest stone that can 
be moved by a flowing river depends upon the velocity v of water, its 
density p and acceleration due to gravity g, show that m varies as the 
sixth power of the velocity of water in the river. 
Solution We assume that 

m= kv p? g s 
where kis a dimensionless constant and a, b and c are unknown 


powers to be determined, Substituting the dimensions of all 
the quantities involved, we have 


(M) = (LT!) (M L?) (LT) 


Equating powers of M, L and T on both sides, we have 


qb 

O=a-3b+c 

0=-—a-—2e 

c = — a/2, so that 

0O=a-—3x1—-—a/2 
or i= 0/2, = 

a=6ande= —3 
Thus ma kbp gt ERE 


or m œ 0°, i.e. the mass of the largest stone moved is proportional to 
the sixth power of the velocity of water in the river. 


EXAMPLE 2.7 Given that the time period T of oscillation of a gas bub- 
ble from an explosion under water depends upon p, d and £ where p 
is the static pressure, d the density of water and Æ is the total energy 
of explosion, find dimensionally a relation for T. 


Solution Assuming that T = k p° d’ E° and substituting dimensions 
of all the quantities involved, we have 


(T) ee MITI (ML-*)? (ML?T-?)° 
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Equating powers of M, L and T on both sides, we have 


atb+tc=0 
—a-— 3b+2c=0 
— 2a—2c=1 
Solving these equations, we get 
a= — 5/6, b = 1/2 and c = 1/3 
T= k P56 qi E13 
1/2 Fin 
or T= k c; a 


This is the required relation for T. 


EXAMPLE 2.8 Experiments show that the frequency (n) of a tuning 
fork depends upon the length (7) of the prong, the density (d) and the 
Young’s modulus (Y) of its material. From dimensional considera- 
tions, find a possible relation for the frequency of a tuning fork. 


Solution Assuming that 
Ga oe 
and substituting dimensions of all the quantities involved, we have 
T) = (D° (ML)? (ML Ty" 


Equating powers of M, L and T on both sides, we have 


be 
a-—3b-c=0 
—2¢=-1] 
These give c = 1/2,b = — 1/2anda= — 1. 
: n= k M qd? yin 


“or nak fe 
TOENE 


This is the required relation for the frequency of a tuning fork. 


Finding the Units of Constants in an Equation 


In Chapter 10 we shall obtain the equation of state of an ideal 

: as, 
namely, B = RT, where Pis the pressure exerted by the gas its 
volume, T its absolute temperature and R is a constant. This equation 
1s not applicable to real gases such as hydrogen, oxygen etc. Van der 
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Waals modified this equation and obtained a new equation of state 
for real gases. His equation, called the Van der Waals’ equation, is 


a 
(P+ p) b) 2 RT 
where a and b are constants for a given gas. Now the question is: In 
what unit must a and b be expressed? The principle of homogeneity of 


3 ? : a 
dimensions answers this question. It tells that the dimensions of 75 


must be the same as those of P, (since it is added to P) and the dim- 
ensions of b must be the same as those of V. Hence, 


O= 
and 9 Visa 
or (@) = ML* T? 


Thus in the SI system, the unit of constant b must be m? and that 
of constant a must be kg m°/s~. 


Conversion of Units from One System to Another Before "1960, scien- 
tists were using the so-called cgs (c for centimetre, g for gram and s for 
second) system of units. In this system (to take a specific example) the 
unit of force is called the dyne. A dyne is that force which produces an 
acceleration of 1 cm s~* ina mass of 1 g. 

When the new SI system was adopted, the conversion of units from 
the cgs to the SI system became necessary. In the SI system, the unit 
of force is called the newton, A newton is that force which produces an 
acceleration of 1 m s~? in a mass of 1 kg. 

Dimensional considerations can be used to find the relationship 
between the units of the same quantity in two different systems. We 
shall use this method to convert newton into dyne or vice versa. The 
important point to remember is that the dimensions of a physical 
quantity cannot be different for different systems of units because the 
nature of the quantities is the same. In other words, corresponding to 
a length in the cgs system (cm) we have a length in the SI system (m); 
only the magnitudes of the length are different (1 m = 100 cm). Thus, 
the dimensions of a force must be the same in the cgs system as well 
as in the SI system, i.e. 


(Force) = (Mass x (Acceleration) 
= (M) x (LT-?) = (ML T) 


If M = 1 kg. L = 1 m and T = 1s, the force is said to be 1 new- 
ton. But when M = 1 g, L = 1 cm, and T = 1 s, the force is said to 
be 1 dyne. Hence, from the dimensions of force, we have 
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1 newton = (1 kg) x (1 m) x (1s)? 
= (1000 g) x (100 cm) x (1 s)? 
= 100,000 x (1g) x (Lem) x (1s)? 
= 100,000 x 1 dyne (by definition of dyne) 


= 10° dyne 
Thus 1 newton = 105 dyne 
or 1 dyne = 107° newton 


2.9 LIMITATIONS OF DIMENSIONAL ANALYSIS 


Though the dimensional method is a simple and a very convenient 
way of finding the dependence of a physical quantity on other quan- 
tities of a given system, it has its own limitations, some of which are 
listed as follows. 

1. In more complicated situations, it is often not easy to find out 
the factors on which a physical quantity will depend. In such cases, 
one has to make a guess which may or may not work. 

2. This method gives no information about the dimensionless con- 
stant which has to be determined either by experiment or by a complete 
mathematical derivation. 


3. This method is used only if a physical quantity varies as the 
product of other physical quantities. It fails if a physical quantity 
depends on the sum or difference of two quantities. Try, for instance, 
to obtain the relation S = ut + 4 at? using the method of dimen- 
sions, 

4. This method will not work if a quantity depends on another 
quantity as sin or cos of an angle, i.e. if the dependence is by a trigo- 
nometric function. The method works only if the dependence is by 
power functions only. 

5. This method does not give a complete information in cases where 
a physical quantity depends on more than three quantities, because by 
equating the powers of M, L and T, we can obtain only three equations 
for the exponents. In our example of a simple pendulum (Fig. 2.2) we 
could assume that the time period ¢ depends on angle 0 of the swing 
besides the factors /, m and g and write down Eq. (2.3) as ‘ 


t =k m lgo? 
If we do this, we would find that a,b and ¢ can be determined, but 
d remains undetermined. 5 
2.10 ORDER OF MAGNITUDE 


The concept of order of magnitude is ve i imati 
1 j i ry useful in estimat 
big or how small a given physical quantity is. In order to Neat 
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the order of magnitude of a physical quantity, we first express it in 
the nearest power of 10. The power of 10 so obtained is called the 
order of magnitude of that physical quantity. Table 2.6 below gives a 
few examples. 


Table 2.6 Order of Magnitude 


Quantity Expressed in Order of 


nearest power magnitude 
of 10 

8 0.8 x 10% 1 
13 1.3 x 10% 1 
49 4.9 x 10° 1 
51 0.51 x 10? 2 
92 0.92 x 10? 2 
118 1.18 x 10° 2 
195 1.95 x 10? 2 
485 4.85 x 10? 2 
995 0.995 x 10? 3 
3 


1050 1.050 x 10° 


A careful study of the above table reveals the method for determin- 
ing the order of magnitude of a quantity. Note that the order of mag- 
nitude of 49 is not the same as that of 51. The number 51 is one order 
of magnitude higher than the number 49. This can be understood if 
we express these numbers as 4.9 x 10! and 5.1 x 10'. Since 5.1 is 
greater than 5, the convention is to regard it closer to 10 and hence it 
contributes one more power of 10. Hence the number 51 should be 
expressed as 0.51 x 10? and not as 5.1 x 10! while determining its 
order of magnitude. The number 4.9, being less than 5, is not taken to 
be nearer 10 and hence it should be expressed as it is. Hence the order 
of magnitude of 49 is 1 but that of 51 is 2. 


Referring to Table 2.1, we find that the order of magnitude of the 
radius of our galaxy (= 0.6 x 107° m) is 20 while that of the radius 
of a proton (= 1.2 x 10715 m) is—15. Similarly, from Table 2.2, we 
find that the order of magnitude of the age of the earth (=1 x 10!7s) 
is 17 while that of the period of nuclear vibrations (= 1 x 1072's) 
is — 21 


Abbreviations in Powers of 10 


We will consider measurement of length as an example. The unit of 
length is the metre. Sometimes it is inconvenient to express. large and 
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small lengths in metres. For example, the distance between Delhi and 
Agra is about 200,000 metres. It is more convenient to say that this 
distance is 200 kilometres. 100 metres is abbreviated as 1 kilometre, i.e. 
kilo is an abbreviation for 1000. This 20 kilograms is 20,000 grams. 
Milli is an abbreviation for 1/1000 or 10-°. Thus 
ree Og A 

10 milliseconds = 000 = {00 ~ 1074s 
Apart from kilo and milli, several other prefixes are used for powers 
of 10. The following table gives some prefixes. 


Table 2.7 Prefixes for powers of 10 


Power of 10 Prefix Symbol 
10"? tera T 
10° giga G 
10° mega M 
10° kilo k 
10? hecto h 
10 deca da 
‘Mrs deci 
10-? centi 
107° milli m 
1073 micro u 
105? nano u 
107" pico p 
107% femto f 
105% atto a 


Using this table we can compactly express many 1 

ng ar, 

quantities. For example, the mean orbital radius of lane: Siew Pe 
terametres = 6 x 10! m, period of rotation of a molecule is 1 pico- 


second = 10°! s and a 10 me : 
aT amoa gaton bomb has a destructive power of 


211 ACCURACY AND ERRORS IN MEASUREMENT 


In many experiments in the physics labo; imi m 
t ratory, the a i 
the value of a physical constant. To determine a chuck ee ee 
> 


have to measure the various quantiti i 
: jes i 
E ESA moa ; which are connected with that 
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For example, to a determine the density (p) of a metal block, we have 
to measure its mass (#7) and its volume (V) which are related to p by 


the formula 
Taie 
p= y 


The accuracy in the value of p obviously depends upon the accuracy 
in the measurements of m and V. Measurements of the quantities in 
the formula involve errors which are of two types: (a) Random errors 
and (b) Systematic errors. 


Random Errors 


Random errors may be due to (i) small changes in the conditions of a 
measurement and (ii) the incorrect judgement of the observer in 
making a measurement. 


Examples (1) Suppose you are asked to locate the null point in an 
electrical experiment using a metre bridge. If you determine the null 
point 3 or 4 times you will notice that it shows small variations. The 
small changes in the null point are an example of random errors. This 
error is caused by small changes in the condition of the experiment, 
such as the heating effect of current and other relevent causes. 

(2) Suppose you are determining the weight of a body with the help 
of a spring balance. You will usually make an error in estimating the 
coincidence of the pointer with the scale reading or in assessing the 
correct position of the pointer when it lies between two consecutive 
graduations of the scale. This error, which is due to incorrect judge- 
ment of the observer, is also an example of random errors. 

Random errors cannot be traced to any systematic or constant cause 
of error. They do not obey any well-defined law of action. Their chara- 
cter can be understood or appreciated from the illustration of firing 
shots at a target using a rifle. The target is usually a bull’s eye with 
concentric rings round it. The result of firing a large number of shots 
at the target is well known. The target will be marked by a well 
grouped arrangements of shots. A large number of shots will be nearer 
a certain point and other shots will be grouped around it on all sides. 
These shots which are grouped on both sides of the correct point 
obey the law of probability which means that large random errors are 
less probable to occur than small ones. A study of the target will show 
that the random shots lie with as many to one side of the centre as to 
the other. They will also show that small deviations from the centre 
are more numerous than large deviations and that a large deviation is 
very rare. 


Method of Minimising Random Errors 


If we make a large number of measurements of the same quantity 
then it is very likely that the majority of these measurements will have 
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small errors which might be positive or negative. The error will be 
positive or negative depending on whether the observed measurement 
is above or below the correct value. Thus random errors can be mini- 
mized by taking the arithmetic mean of a large number of measurements 
of the same quantity. This arithmetic mean will be very close to the 
correct result. If one or two measurements differ widely from the rest, 
they should be rejected while finding the mean. 


Systematic Errors 


During the course of some measurements, certain sources of error 
operate constantly or systematically making the measurements syste- 
matically greater or smaller than the correct reading. These errors, 
whose cause can be traced, are called systematic errors. All instru- 
mental errors belong to this category, such as the zero error in vernier 
calipers and micrometer screw, the index error in an optical bench, the 


end error in a metre bridge, faulty graduations of a measuring scale, 
ete. 


Elimination of Systematic Errors To eliminate systematic errors, diffe- 
rent methods are used in different cases. 

1. In some cases, the errors are determined previously and the 
measurements corrected accordingly. For example, the zero error in 
an instrument is determined before a measurement is made and each 
measurement is corrected accordingly. 


2. In some cases the error is allowed to occur and finally elimina- 
ted with the data obtained from the measurements. The heat loss due 
to radiation is taken into account and corrected for from the record 
of the temperature at different times. 


Order of Accuracy 


Even after random and systematic errors are minimized, the measure- 

ment has a certain order of accuracy which is determined by the least 

count of the measuring instruments used in that measurement. 
Suppose we determine the value of a physical quantity u by measur- 


ing three quantities x, y and z whose true values are related to u by 
the equation ; 


u = xeyho-y (2.4) 


Let the expected small errors in the measurement of quantities x, y 
and z be respectively + ôx, + ôy and + ôz so that the error in u by 
umg por on daanin is + ôu. The numerical values of ôx 
y and oz are given by the least count of the i ‘ 
iy et instruments used to 


Taking logarithm of both sides of Eq. (2.4), we have 


log u = « log x + Blog y — y log z 
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Partial differentiation of the above equation gives 


ôx ôy ôz 
oa AE IAA 


õu 
u 


(2.5) 


The proportional or relative error in uis 5u/u: The values of ôx, ôy 
and ôz may be positive or negative and in some case the terms on the 
right hand side of Eq. (2.5) may counteract each other. This effect 
cannot be relied upon and it is necessary to consider the worst case 
which is the case when all errors add up giving an error ôu given by 
the equation: 


(#) =% eg ea (2.6) 


u x y Z 


Thus to find the maximum proportional error in u, multiply the 
proportional errors in each factor (x, y and z) by the numerical value 
of the power to which each factor is raised and then add all the terms 
so obtained. 

The sum thus obtained will give the maximum proportional error in 
the result of u. When the proportional error of a quantity is multipli- 
ed by 100, we get the percentage error of that quantity. It is evident 
from Eq. (2.6) that a small error in the measurement of the quantity 
having the highest power will contribute maximum percentage error 
in the value of u. Hence the quantity having the highest power should 
be measured with as great a precision as possible. This is illustrated 
in the following example. 


EXAMPLE 2.9 In an experiment for determining the density (p) of a 
rectangular block of a metal, the dimensions of the block are measur- 
ed with callipers having a least count of 0.01 cm and its mass is 
measured with beam balance of least count 0.1 g. The measured values 
are: 

‘ 


Mass of block (m) = 39.3 g 
Length of block (x) = 5.12 cm 
Breadth of block (y) = 2.56 cm 
Thickness of block (z) = 0.37 cm 
Error in m = ôm = + 0.1 g 
Error in x = 6x = + 0.01 cm 
Error in y = ôy = + 0.01 cm 
Error in z = 6z = + 0.01 cm 
Find the maximum proportional error in the determination of p. 
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Solution The density of the block is given by 


1d ett. 
P = xyz 
‘ POA AF 39.3 
Calculating p omitting errors, 0 = 512 x 256 x 0.37 
= 8.1037 g en 


Proportional error in p is given by the equation. 


P m X y z 


veces 
max m x yy z 


0.1 , 0.01 . 0.01. 0.01 
39.37 5.127 2.56 7+ 0.37 

= 0.0025 + 0.0019 + 0.0039 + 0.027 

= 0.0353 


Maximum percentage error = 0.0353 x 100 = 3.53% 


Hence the error is 3.53% of 8.1037. Clearly it is absurd to give the 
result for p to five significant figures. The error in p is given by 


dp = 0.0353 x p = 0.0353 x 8.1037 
= 0.286 
= 03 


Hence the value of p = 8.1037 is not accurate up to the fourth deci- 
mal,place. In fact, it is accurate only up to the first decimal place. 
Hence the value ofp must be rounded offas 8.1 and the result of 
measurements is written as 


p = (8.1 + 0.3) g cm? 


It is clear that such a large error in the measurement of pis due to 
a large error ( = 0.027) in the measurement of z, the smallest of the 
quantities measured. Hence the order of accuracy of p should be incre- 
ased by measuring z with an instrument having a least count which is 
smaller than 0.01 cm. Thus a micrometre screw (least count = 0.001 
cm), rather than a vernier calliper should be used to measure Z. 


EXAMPLE 2.10 The coefficient of viscosity (n) of a liquid by the 
method of flow through a capillary tube is given by the formate i 


UR E 
3 i 


= 
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where R = radius of the capillaryitube, 
7 = length of the tube, 
y it Cbishnese ds A 
P = pressure difference between its ends and 


Q = volume of liquid flowing per ‘second. Which measure- 
ment needs to be made most acctrately and why? 


Solution The maximum proportionate error in y!is given by the rela- 
tion. bi ott i i 


Sa ete sinha nb feontede 
abhi tenets 
It is clear that the error in the measurement of R is magnified four 
times on account of the occurrence of R* in the formula. Hence the 
radius (R) of the capillary tube must be ‘measured ‘most’ accurately. 
Thus the quantity which is raised to the highest power tieeds the most 
accurate measurement. ; its 


! d bollev: n 
SUMMARY" U amiod o ba! 


Physics is a science of measurement. All quantities which°can be mea- 
sured either indirectly or directly such as length,\miass, time, force, 
temperature, light intensity, electric current, eté. åre: called „physical 
quantities, Of numerous such quantities, length, mass and time are 
regarded as fundamental quantities. The measurement of these quan- 
tities. involves the choice of aiunit. The internationally accepted units 
of length,'mass and time respectivelyiare metrej;kilogram and second. 
The units of all other mechanical quantities are. derived from these 
three basic units. These quantities are measured by direct and indirect 
methods. The measured’ values of these quantities show a very wide 
range. yariation..,,, r 1 Í 


_ Different physical quantities have different dimensions. The dimen- 
sions of a physical quantity are the; number of times the fundamental 
units, of mass, lengthiand time appear in that quantity. ;Thus, if the 
units of a quantity are M*L’T*, then the quantity has,~ dimensions 
of mass, y dimensiors of length and z dimensions of time. 

The method of diiaensions finds use in (i) checking the accuracy of 
an equation, (ii) obtaining the dependence of a physical quantity on 
other quantities involved in a given phenomenon and (ii) converting 
the units from One system into another. This method has its own 
limitations. ENE hay 

The measurements of physical quantities involve two types of 
errors—random and systematic errors which, must be minimized in 
order to increase the accuracy of that measurement. The order of 
accuracy of a measurement depends on the value of the count least 
of the instruments used, “~ =% 


i 
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11. 


12. 


13, 


EXERCISES 


. Name the basic units in the SI system, 
. What is a physical standard? What characteristics should it have? 


What are the merits of the SI system of units? 


. Why is the standard metre measured in terms of the wavelength of light? 
. Suggest a method for measuring the height of the Qutab Minar. 

. What is a fundamental physical quantity? Give three examples. 

. What is a derived physical quantity? Give three examples, 

. What do you understand by the dimensions of a physical quantity? 


Explain the principle of homogeneity of dimensions. 


. Explain, with the help of an example, what you mean by dimensional 


formula and dimensional equation. 


. Write down the dimensional formulae of the following quantities: 


(i) acceleration, (ii) force, (iii) energy, (iv) power, (v) pressure (vi) 
Stress, (vii) viscosity, (viii) surface tension, (ix) torque, and (x) frequency. 
Using dimensional considerations, check the correctness of the following 
equations, 

@) v =u + at, S = ut + dat and vi— u =2 aS, where S is the dis- 
tance travelled by a particle in uniform acceleration a in time t: u 
and v being the initial and the final, velocities respectively. 

(ii) Es = 4 m?, where Es is the kinetic energy of a body of mass m 
moving with a velocity v, 
(iii) E, = mgh where E, is the gravitational potential energy of a body 
- Of mass m held at a height 4 above the surface of the earth. 


på 
(iv) 4 = ue where n) is the coefficient of viscosity of the liquid flow- 


ing in a capillary tube of radius r and length /. P is the pressure 
difference at the ends of the tube and V is the volume of liquid flow- 
ing per second, 


0 v y AON 
(vy) h= ree, where h is the height of a liquid column in a capillary 


tube of radius, r, T' the surface tension of the liquid, @ the angle of 


contact, p the liquid density and g the acceleration due to gravity. 
When white light travels through glass, the refractive index p (= velo- 


city of light in ait/velocity of light in glass) is found to vary with the 
wavelength as 


B 
B= Atay 


where A and B are constants, Using the principle of homogeneity of 
dimesions, determine the SI units in which 4 and B must be expressed, 
(Ans. A is a number; the ST units of B is m?) 
Oa string and swung around in a circular 
stant speed v. The stone exerts an inward (cen- 
and. From dimensional considerations, show 


A stone of mass m is tied t 
path of radius r with a con 
tripetal) force Fon your h 


$ 2 
F= k” 
r 
where k is a dimensionless constant, 


14. 


15. 
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Transverse waves are produced in a long uniform string stretched with a 
tension F. If the mass of unit length of the string is m, show, using the 
method of dimensions, that the velocity of the waves is given by 
v= k A 
m 
where k is a dimensionless constant. 
A liquid column in a U-tube is executing vertical periodic oscillations. 
The total length of the liquid column is?and p is the density of the 
liquid. Let r be the radius of the U-tube and g be the acceleration due 
to gravity. The time period T of oscillations may depend on all the 
above four quantities, namely, I, p, r and g. 
(i) Assuming that T depends only on J, p, and g, show that the time 
period will be independent of the density of the liquid. 
(ii) Assuming now that T depends on r, p and g, show that the time 
period will also be independent of the radius of the U-tube. 
(iii) Hence show that T is given by 


rang 


where k is a dimensionless constant. 


. What are random and systematic errors? Give two examples of each. 


How are they minimized? 


p 
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Description of Motion 
in Oñe Dimension 


3.1 INTRODUCTION 


Everything in this world is in motion; from the tiniest particles within 
atoms to the largest galaxies of stars. The motion of objects, living and 
non-living, on or near the surface of the earth is an obvious pheno- 
menon. It was the first aspect of nature to be studied by man. The 
subject of motion was placed on a sound scientific footing by two great 
men, Galileo Galilei (1564-1642) and Sir Isaac Newton (1642-1727). 
Galileo laid the foundation of the modern scientific method. He advo- 
cated the idea that every theory of nature should be put to an experi- 
mental test. He studied the simplest examples of the natural phenome- 
non of motion and set up simple experiments to examine them. Only 
after Galileo had clarified the idea of motion was the world of physics 
ready for the great work of Isaac Newton. 

The study of motion is divided into two branches called kinematics 
and dynamics. The word ‘kinematics’ comes from a Greek word kinema 
which means motion. In kinematics we learn how to describe the 
motion of objects without worrying about the causes of motion. The 
word ‘dynamics’ comes from a Greek word dynamis which means 


‘power. In dynamics we study the causes that influence motion of 
objects. 


In this chapter and the next we will study the kinematics of motion 
and learn how to describe motion in one and two dimensions. In later 
chapters we will study the dynamics of motion and learn how to ex- 
plain motion. Galileo studied the kinematics of the motion of objects 
while Newton analysed the dynamics of the motion and introduced 
the concept of force, as discussed in Chapter 5, 


3.2 THE IDEA OF A ‘POINT’ OBJECT 


Before discussing how the motion of an object can be described, we 
shall make a very important assumption. We will assume that the object 
is so small that it can be treated as a particle or a point object, for then 
we need not, at this stage, worry about the internal structure of the 
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object or any rotational motion it might have. So, in this chapter, 
whenever we speak of an object, we will mean a point object. In 
Chapter 7 we shall discuss the motion of finite objects. 

In general, if the distance moved by an object in a reasonable amount 
of time is much larger than its size , then we can, to a good approxi- 
mation, neglect its size and treat it as a point object. For example, a 
cricket ball can be regarded as a point object for describing its motion 
in a cricket field. Similarly a bus (which may be 5 mx 3 mx 2 m) may 
be regarded as a point object while describing its motion over a 
distance of a few kilometres. Even the earth and the sun may be treat- 
ed as point objects while describing the motion of the earth round the 
sun; their sizes are negligibly small compared to the distance between 
them. In Chapter 7 we shall analyse this again and justify this assum- 
ption. 


3.3 MOTION IN ONE, TWO AND THREE DIMENSIONS 


The motion of a car speeding on a long and straight road is an 
example of motion in one dimension. To describe the motion of the, 
car, we neglect the width and sideways motion of the car. But if the 
car goes along a zig-zag path through the traffic ona busy road, its 
motion is two dimensional. The motion of a carrom coin or a billiard 
ball on a horizontal plane surface are examples of motion in two 
dimensions. The motion in a circle or a curve ina plane (such as that 
of a planet round the sun) is also two-dimensional. The most general 
motion one can consider is the motion of objects in space which in- 
volves all the three dimensions. For example, if a carrom coin ‘hops’ 
up after rebound, its motion will be three-dimensional. Similarly the 
motion of a kite flying on a windy day is three-dimensional. 

In this chapter we will learn how to describe the simplest of motions, 
namely, one-dimensional motion, i.e. motion in a straight line. In the 
next chapter we will deal with motion along a curved path which is 
two-dimensional. Rectilinear motion (i.e. motion in a straight line) is 
physically different from curvilinear motion (i.e. motion in a curve) as 
we shall see in Chapter 5 when we study Newton’s laws of motion. 


3.4 MOTION IN A STRAIGHT LINE: GROUNDWORK 


If an object changes its position with time it is said to be in motion. 
For example, a cat moving on a straight level road or a stone dropped 
from the top of a building are in motion in a straight line. The first 
step in the description of motion in all such cases is to know the posi- 
tion of the object at different instants of time during the motion. The 
motion can then be represented on a graph by plotting position against 
time. 


38 Physics for Class XI 


Origin Unit and Sense for Time Measurement 


In any phenomenon involving a change with time, we must be able to 
assign times to the various events that are relevant to the study of that 
phenomenon. In order to fix the time of each event, we have to choose 
a reference or origin of time which is given a value zero. We must also 
choose a unit of time, say the second. The origin and the unit are arbi- 
trarily chosen for convenience. Sometimes it is more convenient to use 
minute, hour or even year as the unit of time. Having chosen a con- 
venient unit of time and the origin, then the events that occurred before 
the origin (the zero point of time) are assigned negative numbers of 
unit of time and those that occur after the origin are assigned positive 
numbers of unit of time. 

As stated earlier, the choice .of the origin and the unit of time are a 
matter of convenience. To describe historical events the origin of time 
is taken to be the birth of Jesus Christ and the unit of time is taken to 
be the year. For example, we say that Emperor Ashoka ruled form 273 
B.C. to 236 B.C. while Emperor Akbar ruled from 1556 A.D. to 1605 
A.D. Instead of using B.C. and A.D, after the number of years, we 
could also use negative and positive values to conyey the sense of time 
and say that Ashok ruled from — 273 years to — 236 years and Akbar 
ruled from +- 1556 years to + 1605 years. The formulae and algebraic 
expressions which will describe the phenomenon of motion (or any 
other phenomena) can then be easily written in terms of time with the 
use of positive and negative time values. 


Origin, Unit and Direction for Position Measurement 


Suppose an object is moving in a straight line which we shall-denote 
by the letter L. At each instant of time, we wish to describe the posi- 
tion of the object on that line L. For this purpose, some point’O on L 
is chosen as the reference point or the origin. It does not matter where 
on L the origin is chosen. For example, to describe the position of a car 
moving on a road, a kilometre stone on the side of the road may be 
chosen as the origin, The position can now be described with tespect to 
the origin by chosing a unit, which may be kilometre, metre or centi- 
metre whichever is convenient. The position to the rigth of origin O is 
given by a positive number of units and the position to the left of O by 
a negative number of units. 


At each time #, the position of the object is given by a number writ- 
ten as x(/) which is positive for positions to the tight of O, negative 
for position to the left of O and zero at the origin O. The notation x(t) 
means that the position x(t) isa function of time t, i.e. the value of x 
(E) depends on the value of ż. Function x(t) is called the position 
coordinate of the object. Figure 3.1 (a) shows how we indicate positions 
at two different values of f, say t; and t}. we show x(ti) = 2.5 units 
and x(,) = — 3 units at times 7, and 4 respectively. j 
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For motion in a vertical line, positions upwards from O are taken as 
posia while those downwards from O are taken as negative (see Fig. 
-1 (b)). 


[om tojt Line L 
3 2 


4 r AA E s RS 


g 
Origin 
(a) 


Fig. 3.1 Position coordinate on a line 


Stationary Objects 


If the position of an object does not change with time, it is said to be 
stationary or at rest. The position coordinate x(t) is a constant, say 
Xo which gives the position of the stationary object with respect to 
the origin. Since x(t) does not change with time, the graph showing 
x(t) against ¢ is a straight line parallel to the time axis. This graph is 
shown in Fig. 3.2. This graph describes a train standing at a station. 


Fig. 3.2 Position-time graph ofan object at rest 


3.5 UNIFORM MOTION, 


Let us now consider the case where the object is actually moving in 
which case x(t) is not a constant} as it changes with time. Let t bea 
certain instant of time and f a later instant of time. Let x(¢,) and 
x(t) be the position coordinates’ of the moving object at 4 and tz 
respectively. Then x(t.) — x(t) is called the displacement of the object 
in a time interval from f; to tz, i.e. 


Displacement in a time interval from t, to 4, = x(t) — x(t) (3.1) 


Like position coordinate (1), displacement is also a length and is, 
measured in length units: It follows from Eq. (3.1) that the displace- 
ment can be positive, negative or zero depending on whether x(t) is 
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less than, greater than. or equal to x(t,). Ít: also follows from Eq: (3.1) 
that the value of the displacement, doesnot depend upon where on the 
line L we choose the origin O because both x(t) and x(t,) are measured 
with respect to that origin O and when the difference x(t) — x(t) is 
considered, the position coordinate of O cancels out. 

Now we make a very impoftant|-obsetvation. The actual distance 
travelled by the object in the time ‘interval t, to t, may be either greater 
than or equal to the magnitude of the displacement. 


Displacement and Distance 


It must be clearly understood that distance is hot the same as dis- 
placement. Suppose You. walk from. an initial position A to a final 
position B (Fig. 3.3). You could do so by taking different routes (or 
paths) such as APB or AQRB as shown in the figure. The distance you 


travel along these two paths are (AP + PB) and (AQ + QR + RB) 
respectively. i Ren 


3D 


tell us how exactly the object moves from positi 
x(t2), i.e where it was at times between ti and h. 
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Velocity in Uniform Motion 


Uniform motion is the simplest of all motions. The ‘motion of an 
object is said to be uniform if it moves equal distanées in equal inter- 
vals of time, a/ways moving in the same direction. \t is clear that the 
displacement can never be zero in a uniform motion because an object, 
moving in the same direction, cannot be at the same position ati two 
different times. f 

When an object moves from one position to another, its displacement 
is an important quantity to know when describing its motion. Equally 
important is the žime it takes to suffer that displacement. Displacement 
and time are related to another important property of motion called 
velocity. The velocity of an object in uniform motion is defined as the 
displacement divided’ by the corresppoding time interval, i.e. 


x(b) = x(t) (3.2) 


Velocity v = Pa 


It may be mentioned that, in the case of uniform n.otion, the actual 
distance covered between times tı and t, is the magnitude of the 
displacement. Also, the velocity can be calculated by any choices of 
time interval (to —t;); it will always be the same for any time interval, 
howsoever small. 

It follows from definition (3.2) that velocity is positive if displace- 
/ ment is positive, i.e. the object moves in the direction of increasing 
position ccordinate (to the right of origin O or upwards from O). 
Negative velocity means that the motion is to the left of O or down- 
wards from O. 


Graphical Representation of Uniform Motion 


In uniform motion, the velocity (v) remains constant. Hence the graph 
of velocity (v) against time (t) is a straight line purallel to the time 


{ 


ka 
(ms!) 6 
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Fig. 3.4 Velocity-time graph for uniform motion 
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axis, just as the position-time graph of Fig. 3.2 for a stationary object. 
Figure 3.4 shows the yelocity-time graph of a car having a constant 
velocity of +5 m s™, If the velocity were negative, the graph would 
be below the time axis. 

To draw the position-time graph of the motion of the car, let x(0) 
be its position at time t = 0. Let us suppose that x(0) = 4 m from 
the origin. The position-time table can now be prepared for a few 
selected yalues of time f, as follows. 


Time ¢ j 0 FAIN AERE 4 
(s) 
Position x(t) _ Ea 4 S TAES 19 a324 
(m) 


When x(t) is plotted against ¢ we obtain the” 
motion of the car. This is shown in Fig. 3.5 


position-time graph of the 


1 
i xt) -X(t,) 


oy st 1: 
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p =S 


Fig. 3,5 position-time graph for uniform motion 


This graph has been drawn for a positive x(0 
are advised to draw a position-time gr 
negative. 


) and a positive v. Students 
aph when both (0) and v are 


Velocity as Slope of Position-Time Graph 


Because the position-time graph for a uniform motion is a Straight line, 
it follows that for any two equal intervals of time on the z-axis, the 
coordinate x Res by equal amounts (if v is 

by equal amounts (if v is negative). It is clear from Fig. 3.5 that CB = 
¥(2—) — x(t) and BA =f, = 1,50 that z 


i 2) OB axl) X(t) 
Slope BA > eee 


Description of Motion in one Dimension 43 


which from Eq. (3.2) is the velocity v. Hence 
_ My) = Mt) _ B 
CU RSE BA 


Thus the slope of the position-time graph for uniform motion determines 
the velocity of the motion. 


Distance as Area under the Velocity-Time Graph 


The velocity-time graph for uniform motion shown in Fig. 3.4 gives 
us a geometrical method of calculating the distance covered in a time 
interval from f, to tz. Since 


Distance = velocity x time interval 
=v X (h — t) 


it follows from Fig. 3.4 that this is the area under the velocity-time 
graph between times ¢; and f2. This area is shown shaded in Fig. 3.4. 
Thus the distance covered by an object in uniform motion between times 
tand tis given by the area under the velocity-time graph of the 
motions between times t, and ty. This method of finding distance covered 
is applicable even if vis negative. 


Formulae for Uniform Motion 


The graphical representation of position as a function of time (shown 
in Fig. 3.5) can be expressed as a mathematical formula also. It 
follows from this graph that (for v = constant) 

X(t) = x(0) + oF, 

x(t) = x(0) + oh 
so that x(t) = x(t) + v(t, — t1) (3.3) 


Notice that formula (3.3) is just another way of writing Eq. (3.2). 
Speed 

Just as distance is-the magnitude of displacement, speed isthe magni- 
tude of velocity. Velocity can be positive or negative, 1.¢. it has both 
a magnitude and a direction. The sign of velocity specifies the direction 
in which the object is moving. Just as velocity is displacement per 
unit time, speed is the distance covered per unit time. Speed can never 
be negative, it can be positive or even zero. Thus 


Speed = |o} > 0 


Relative Velocity 


When two objects move in the same straight line, we compare their 
motions in terms of what is called ‘re/ative velocity’. Suppose you are 
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travelling in a train (labelled 1) and another train (labelled 2) moving 
in the same direction, on a parallel track, crosses your train. Train 2 
must be moving faster than your train 1. If you look through your 
window at train 2, it seems to move slower than when someone 
standing on the ground watches both the trains. If train 2 is moving 
with the same speed as your train, then it will appear to you as though 
it were not moving at all. On the other hand, if train 2 is moving in the 
opposite direction and crosses your train, it will seem to you to move 
much faster. In such cases we speak of the velocity’ relative to the 
observer. i 

Consider two objects labelled | and 2 moving with uniform speeds 


vı and v in the same straight line, i.e. in one dimension, Their positions 
¥,() and x (¢) are given by [see Eq. (3.3)] 


x(t) = x,(0) + at 
X(t) = (0) + aot 


At any time ¢, the relative displacement (i.e. distance Separating them) 
is x(t) — x,(t) which is obtained by subtracting the two equations: 


Fat) 524) = 220) =") + Ge — 0) t 


This equation tells us that the displacement from 1 to 2 changes by 
an amount (v) — vı) in each unit of time. This means that, as seen 
from object 1, object 2 has a velocity (v2 =), i.e. the relative velo- 
city of object 2 with respect to object 1 is (v3 — v). 

, Fo — n = 0, we find that ¥,(7) ~ X) = x,(0) — x4(0) which 
is constant independent of time. This means that two objects moving 
in the same direction with equal speeds, stay a constant distance apart. 


Their position-time graphs, will be parallel straight lines as shown in 
Fig. 3.6 (a). Remember that parallel lines have equal slopes. 


Fig. 3.6 (a) o = d, (b) vs > vi 


If v — v # 0, one graph will be stee 


er than tl er. Since the 
graphs are no longer parallel, they must : DOARA ee oa 


, dele meeting 
e meeting time x,(/) — x(t) 
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If the two objects are moving in opposite directions, then s and vz 
will have opposite signs as when two trains cross. each other moving 
in opposite directions. In this case, the relative velocity (ws — 2). is 
greater in magnitude than either |a| or [oz]: r 


EXAMPLE 3.1 Two parallel rail ‘tracks run’ north-south. Train’ A is 
moving northwards with a speed of 72 km h~t and train B is moving 
southwards with a speed of 108 km h~t. Find (a) the relative velocity 
of A with respect to B, (b) the relative velocity of the, ground with 
respect to A, (c) relative velocity of B with respect to the ground, and 
(d) the velocity of a monkey running southwards on the roof of train 
B (with a velocity of 18 km h~! with respect to'train B) as observed 
by a person standing on the ground, 


Solution Let us choose the positive direction of x-axis to be from 
south to north. Then 


va = 72 km hi! = 20 ms! 


vp = 108km ho! =). 30m s" 
(a) Relative velocity of A with respect to B = v4 — w= 20 — 
(— 30) = + 50 ms~!, ie, the train A appears to B to. move with a 


speed of 50 ms~! in the northward direction. 

(b) Relative velocity of ground with respect to A = vg — v4 = 0 
— 20 = — 20 ms“, i.e. the ground appears to A to move with a 
speed of 20 ms! in the southward direction. Í 

(c) Relative velocity of B with respect to the ground = vg — 1G = 
— 30 — 0 = — 30 ms“, ie. the train B is moying south at a speed 
of 30 mst. 

(d) Let vyr be the velocity of the monkey with respect to the ground. 
Now velocity of the monkey with respect to B= uy — op = T 
km ho! = — 5 ms”. 


ty = — 5 bog — 5 + (= 30) = — 35 ms 


The relative velocity of the monkey with respect to the ground is 35 
ms™! in the south-ward direction. 


3.6 NON-UNIFORM MOTION WITH CONSTANT 
ACCELERATION 


Another important aspect of motion is ‘a¢celeration which refers to a 
change in velocity with time. This change may be due to two reasons 
—cither the magnitude of velocity (i.e. speed) is changing with time 
or the direction of the velocity. is changing with time. The acceleration 
due to a change in the direction of the velocity will be discussed in the 
next chapter. In one-dimensional motion (i.e. motion ina straight line) 
the velocity can change only due to a change in speed. 
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Just as velocity is defined as the rate of change of displacement [Eq. 
(3.2)] acceleration is defined as the rate of change of velocity. The term 
acceleration refers to ‘speeding up’ or ‘slowing down’ of the motion. 
Suppose a car is moving on a straight road with at velocity x(¢,) at a 
time t, when it is accelerated (or speeded up) at a constant rate and its 


velocity increases to v(t,) at a later time t» Then the constant accelera- 
tion is given by 


Acceleration a = Ata) — wh) (3.4) 
gh 


The dimensions of acceleration are 


Dimensions of velocity 
Dimension of time 
ISATA i ate 
Te LT 
_ The SI unit of acceleration is, therefore, ms~?. Notice that the velo- 
city of the car is changing at a constant rate in the time interval (t, — 
tı). During this interval the car has a velocity at every instant. This is 


called the instantaneous velocity, The speedometer of the car indicates 
its instantaneous velocity. 


Velocity—Time Graph of Uniformly Acceleration Motion 


Suppose a car is moving on a straight road at a speed of 5 ms™!. Let 

; tated at a constant rate of 3.5 ms~2. 
eed of the car increases by 3.5 ms~! in every 
me table of the motion of the car can now be 


Time 

(s) 0 1 2 3 4 5 
Velocity 
(ms-1) 5 8.5 12 15,5 19 22.5 


When the velocity is plotted against time we get the velocity-time 
graph of the motion of the car, This is shown in Fig. 3.7. 


Acceleration as Slope of Velocity-time Graph 


Slope of th = AC _ ot) = olh) 
pe of the graph CB arn 
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which is the acceleration as defined by Eq. (3.4). Thus the slope of the 
velocity-time graph of a uniformly accelerated motion measures the 
acceleration, 


1 


Fig. 3.7 Velocity-time graph for uniformly 
accelerated motion 


Formulae for Uniformly Accelerated Motion 


Distance-time relation Let us suppose that v(t,) and v(f,) are the velo- 
cities of the object at times f, and t; respectively (see Fig. 3.7). Since 
the velocity increases from v(f;) to v(t.) at a uniform rate, itis reason- 
able to expect that the average velocity during the interval (f2 — 11) is 


Yay = $ olt) + olta) (3.5) 
From Eq. (3.4) we bave 

olh) = olt) Fa (t — ti) (3.6) 
Using Eq. (3.6) in Eq. (3.5) we get 

Uy = ty) + 3af- ty) (3.7) 
Now we know that 

v hee ) Z zta) { ‘ : (3.8) 


Equations (3.7) and (3.8) give A 
x(t) — x(t) = ot > — ti) + 4 a (h = ti)? (3.9) 


This is the distance-time relation for a uniformly accelerated motion. 
The left-hand side of this relation is the distance covered by the object 
in a time interval (f — tı). 


Distance as area under velocity — time graph The relation (3.9) can 
also be obtained graphically. From the velocity-time graph (Fig. 3.4) 
of a uniform motion, we found a very useful result that the distance 
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covered during a time interval from ty to! f, is equal to the area under 
the velocity-time graph between times 4; and 7,. This result (which we 
obtained for a uniform motion; v = constant) is actually applicable 
to all motions, including that with a constant acceleration. We will 
use this method to compute the distance covered in a time interval 
(t — tı) from the area under the velocity-time graph between times tı 
and t, This area is shown shaded in Fig. 3.7. It is the area of the tra- 
pezium ABEDA. Therefore, the distance covered in time interval (fz 
— tı) is given by 
Area of trapezium ABEDA = area of triangle ABC + area of 
rectangle BCDE 


=+4AC x BC+ DE x CD 
= $ fot.) — o(t)} x (t — ti) 
+ (h — th) x v(t) 
= $ folh) + oft} (t — ti) (3.10) 
E vav X (= ti) ' (3.11) 


Notice that Eq. (3.11) is the same as Eq. (3.8) we have used above 
to find the distance x(t) — x(t), Thus our expectation that distance 
= average velocity x time is indeed correct. Now Eq. (3.10) is 


(4) = (4) = Y {a(te) + oly x (b= t) 
Using Eq. (3.6) in this equation gives 
I) — x(t) = of) x = 1) + pak (y= HP 
which is Eq. (3.9) obtained earlier, 


Distance in terms of velocities We can obtain another equation in 


which time ¢ does not appear explicitly. From Eq. (3.10) we have 


Ht) + oft) = GA x Ge (H) = e (3.12) 
Also from Eq. (3.6) we have 
a(t) — ot) = a (f = 1) O" (8.13) 
Multiplying Eq. (3.12) and Eq. (3.13) we get 
v(t) — (t) = 2a &(h) — x(t} (3.14) 


We will di ee ie es i 
energy in Cuma t interpretation of this result in terms of 


We will collect our results [Eqs. (3 
These equations can be ola Ai SO ana TDs ong oe 


NE ET alternative form if we replace Z1; by 
v(t) = v(0) + at (3.15) 
x(t), = x(0) = 0(0) £ +4 at? (3.16) 


PO — 20) = 2 a x(t) — x(0)} (3.17) 
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We will now apply these equations to solve a few numerical pro- 
blems. For this purpose, it is convenient to rewrite these equations in 
terms of a simpler (and more conventional): notation which is as 
follows. 


u = initial velocity at' time 0 = v(0) 
v = final velocity at time t = o(t) 
S = displacement (i.e. distance covered) in time ¢ 


= x(t) — x(0). 
In terms of this notation, Eqs (3.15), (3.16) and (3.17) read as follows: 
v= u+ at (3.18) 
S=ut +4 at? (3.19) 
and o — w= 2aS (3.20) 


A body moving with a velocity u (which we call the initial velocity) in 
a straight line is given a constant acceleration a at time t = 0. As a 
result of the acceleration, its velocity increases to v in time t (which 
we cll the final velocity) during which the body suffers a displace- 
ment S. 

While solving numerical problems, we will consider only the magni- 
tudes of u, v, a and S and take care of their direction by assigning a 
positive or negative sign to the quantity. For example + a will mean 
an acceleration and — a will mean retardation or deceleration. 

In the case of a body falling freely under gravity, the acceleration 
is due to gravity and is denoted by g: The value of g varies slightly 
from place to place on earth. The average value based on experimen- 
tal measurements is found to be’ (see Ch. 8). 


a =g = 9.8 m s”? 
If a body is thrown vertically upwards, it is retarded. Thus, in this 
case, the acceleration is (according to our convention) 


a= — 9,8 ms? 


EXAMPLE 3.2 A train is moving due east with a velocity of 72 km h. 
The brakes are applied and the train is brought to rest in 40 s. (i) 
What is the value and the direction of the acceleration, assuming it to 
be constant? (ii) How much distance does the train travel during this 
time? 

Solution Letius assume that the east is in the x-direction. Let us take 
the velocity and displacement to be positive along + x-direction, Thus 


: 72 x 1000 
Initial velocity «= + 72.km s~' = eae 


= 20 ms"! along + x-direction 
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Final velocity v = 0 (7 the train is brought to rest) 
Time t = 40s 


(i) The acceleration can now be obtained from Eq. (3.18), i.e. 


v-u 0-20 | 
ti ie 40 


a = 0,5) ms, 


Since a is negative, it means that the acceleration is directed along— 
x-direction (opp site to that of u), The magnitude (value) of accelera- 
tion is 0.5 ms“. It is a case of deceleration or retardation. 

(ii) The displacement S can then be found from either Eq. (3.19) or 
Eq. (3.20). Using Eq. (3.20), we have 


S eH O 0 
Dra aD ee (1055) 
Check Using Eq. (3.19), we have 
S = ut + hat? = 20.x 40+ 4(—.0.5) (40)? 
= 800 — 400 = 400 m 


S is positive. Therefore, a displacement of 400 m takes place in the 
aiaa direction; i.e. the distance moved in the direction of the velocity 
1S m, 


400 m 


EXAMPLE 3.3 A stone is thrown vertically upwards with an initial 
velocity of 14 ms~', After how long will the stone strike the ground? 
The acceleration due to gravity is 9.8 ms~. 


Solution Let us assume that all quantities acting along the upward 
direction ( + y-direction) are positive and those in the downward 
direction negative. Since the velocity is directed upwards and the 
acceleration due to gravity acts downwards, we have, 


u = + 14 ms! 
a= — 9.8 ms? 


Let us say that ¢ is the time taken by the stone to strike the ground. 
The stone starts from the surface of the earth at time, say, t = 0 with 
a velocity of 14 ms“. It rises to a certain maximum height and after 
that returns to earth striking it at a time ft, so that ¢ is the total time 
for its entire journey. It is clear that the displacement of the stone is 
zero. It has come back from where it started; although the distance 


travelled is not zero. Thus, 
S=0 
Now t can be calculated from the equation 


S = ut + 4 ar? 
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or 0 = 14t — 4.91 
et — 0.10) 
Th PEE Oort SeeUatis 
us = r EEE . 


Now, t = 0 is not possible, and hence the stone will strike the ground 
after 2.86 s. 


EXAMPLE 3.4 From the top of a multi-storeyed building 40 m tall, a 
boy projects a stone vertically upwards with an initial velocity of 10 
ms-! such that it eventually falls to the ground. (i) After how long 
will the stone strike the ground? (ii) After how long will it pass through 
the point from where it was projected? (iii) What will be its velocity 
when it strikes the ground? Take g = 10 ms”. 


Sohition (i) Let us assign a positive sign to quantities directed in the 
upward direction and a negative sign to those acting downwards. 
Referring to Fig. 3.8, let us say that the 
stone is projected upwards from a point. 
A at time ¢ = 0. It rises to its maximum 
height B, returns, passes through the 
point C from where it was projected and 
eventually strikes the ground at D. 

It is clear from the diagram that, 
although the total distance travelled by 
the stone is AB + BC + CD, the net 
displacement is only CD directed 
downwards, i.e. 


S= -CD =- 40m. 


Since the initial velocity u is directed 
upwards and the acceleration due to gra- 
vity acts downwards we have, ; 


u = + 10 ms! 
a= — 10 ms? 
Now using the equation 
S=ut + 4a? 
we have — 40 = 10t + $(— 10)? = 10¢ — 50? 
or 512 — 10t — 40= 0 
or t —21-8=0 
or t- 4¢+2t-8=0 


or ut — 4) + 2 - 4) =0 
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or (t+ 2)(t — 4) =0 
i.e. t=-—2s or 48 
The negative value of f is not possible. Hence, the stone will strike the 
ground 4 s after itis projected. 
(ii) It is clear that the net displacement suffered by the stone in 


going from, Ato B and back to A (the point from where it was pro- 
jected) is zero. Thus 


S=0 
Using Eq. (3.19) we have 
KNA 0 = 100 + 4(— 10)? 


= 10t — 5f? 
= 5t(2 — t) 
wi nti) 0j,.0f, 2,8 


Since t = Ois not possible because at t = 0 the stone was projected, 
t must be 2's, i.e. the stone passes through the point of projection after 
two seconds. 


(iii) Let v be the final velocity just before the stone strikes the 
ground. From Eq. (3.18) we have 


v=u-+ at 
= 10+ (~ 10) x 4 
10 — 40 
= — 30 m s~! 
The negative sign indicates that the velocity v is directed downwards. 


I 


EXAMPLE 3.5 A balloon is rising vertically upwards at a velocity of 
10 ms. When it is at a height of 45 m foun the eon glee 
tist bails out from it. After 3 s he opens the parachute and decelerates 
at a constant rate of Sms, (i) What was the height of the parachu- 
tist above the ground when he opened his parachute? (ii) How far is he 
en ae nme wes gi time? (iii) With what velocity does 
‘ound? (iv ter ho i 
after his exit from the balloon? Take ee Bae ie Broun 


Solution (i) Let us say that the parachutist bails out at time t = 0 


E P He serg the velocity of the balloon and has an upward 


u = + 10m s! 


a= — 10 ms”? (acting downwards) 
t= 3s 
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The displacement in 3 s is obtined from the equation 


S = ut + hat? 
10 x 3 +4(- 10) x (37 


` 


— 15m 


Since the displacement is negative, it is directed downwards, The para- 
chutist will be at B at time t = 3 s, the displacement from A to B 


being 15 m downwards. So the height 
from the ground when he opened his 
parachute is 30 m. 

(ii) In time 3 s, the balloon has risen 
through 30m (as the velocity of the 
balloon is 10 ms“! upwards). Hence, the 
parachutist is now 30 + 15 = 45 maway 
from the balloon at time t = 3 s. 

(iii) Let us now calculate his velocity 
at B. We use 


v=u-+at 
= 10 + (— 10) x 3 
= — 20 ms (directed 


downwards) 


To calculate the time taken for him to 
fall from B to C, the velocity of — 20m 
See F to be treated as the initial velocity 
at B, i.e. 


u = — 20 ms™! 


45m 


a= +5 ms (directed upwards) 


$— + 30m (from B to C directed downwards) 
Using S = ut +4 at, 
we have E 1008 ES 2 
or t — 8t+12=0 
or @— 6) -2)=0 
i.e, ea or 6h 


Let us take t — 6 s. Then the velocity with which he hits the ground 


should be 


yv=u+at 


= — 20 + (5) x 6 = + 10 ms 
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This is positive, i.e. v is directed upwards, which is not possible. Hencé 
t = 2s, and the velocity with which he hits the ground is 


y= —-204+5x2=-— 10ms" 


which is negative, as it should be. 
(iv) The total time he takes (after his exist) to strike the ground is 
3s +2s= 5s. 


EXAMPLE 3.6 A car starting from rest is given a constant accelera- 
tion and acquires a velocity of 20 ms™ in 4 s. The car stops accelerat- 
ing and travels with a uniform velocity of 20 ms™ for 6 s. The brakes 
are then applied and the car comes to rest with uniform retardation in 
a further 10 s. Draw the velocity-time graph of the motion. Use the 
graph to find (a) the acceleration of the car during the first 4 s (b) its 
retardation during the last 10s and (c) the total distance the car travels. 


Solution 


Velocity (ms!) —e 


2G Gi BE O12, thay 16 8), 20 
Time (s}-—e 
Fig. 3.10 


Figure 3.10 is the velocity-time graph of the motion: 
(a) Acceleration during the first 4s = slope of OA. 
_ AD _ (20 — 0) ms“! 


“OD (4-0)s 


—1 
Me 20 ms a8 ms? 

4s 

(b) Acceleration during the last 10 s = slope of BC 
_ BE 
EC 

_ Q0- 0m 20 ms? _ ta 

Wo we tos 


Therefore, the retardation of the car is 2 ms? 
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(c) Total distance travelled = distance travelled between O and 
4s + distance travelled between 4 sand 10s + distance travelled 
between 10s and 20 s. 


= area of triangle OAD + area of rectangle 
ADEB -- area of triangle EBC 

=40D x AD+ DE x AD x 4 EC x BE 

=4 x 4x 20046 x'20'-+ F X 10 x 20 

= 40 + 120 + 100 = 260 m 


EXAMPLE 3.7 Two stones are thrown up simultaneously from the 
edge of a cliff 200 m high with initial speeds of 15 ms“! and 30 ms!. 
Verify that the graph shown in Fig. 3.11 correctly represents the time 
variation of the relative position of the second stone with respect to 
the first. Neglect air resistance and assume that the stones do not re- 
bound after hitting the ground, Take g = 10 ms. Write down the 
equations representing the linear and curved parts of the graph. 


A 


4 6 8 10 
iss 


Fig. 3.11 


Solution Let us suppose that the position coordinate of the ground 
is x — 0 and that of the edge of the cliff is x9 = 200 m. The stone 
1 is thrown up with an initial velocity vı = 15 ms and the stone 2 
with initial velocity u = 30 ms~'. As, in Example 3.4, we find that 
the stone 1 hits the ground after 8 s and stone 2 after 10 s, Up to the 
first 8 seconds, the positions of the two stones are given by 


xy = Xo + wt + peg? 
and xa = Xo + wt +480 
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Subtracting them we get the separation between the stones: 
X3 — X, = (uy — u)t = (30 — 15)t 
or X = xy = 15t 


This is the equation for separation for the first 8 seconds. Notice 
that (x. — x1) is a linear function of t having a slope 15 ms~' which 
represents the linear part OA of the graph. 

Att = 8 s, stone 1 hits the ground and stops there. Hence after 8 s, 
xı = 0 so that, we have, for time between 8 s and 10 s 


Xa = X1 = Xo + mt +4 et? 
= 200 + 15t = 5 (1. g= 10 ms) 


This is the equation for the graph BC between t = 8 sand 10s. At 
t = 10s, stone 2 also hits the ground and stops. So after 10 s both the 
stones are at rest on the ground i.e. their separation is zero after 10 s 
which explains the part BC of the graph. 


EXAMPLE 3.8 A car starts from rest, accelerates uniformly with 
3 ms for 5s and then moves with uniform velocity. Plot the distance- 
time graph of the motion of the car up to t = 7 s, 


Solution Since the car starts from rest (u = 0), the distance covered 
during the first 5 s is given by 


S= hat = 30 à 


because a = 3 ms, Here S is in metres and f in seconds. At t = 55, 
the velocity of the car is 


v=u 4+at=0 +3 x 5= 15m! 


which remains constant at 15 ms~! after t = 5S, ae. after t = 5s, the 
car covers a distance of 15 m in each second up to 7s, The distance- 
time table of the car can now be prepared using Eq. (i) for ¢ up to 
5s and Eq. (ii) for t after 5 s. 


Time 0 1 2 3 4 SAU 59.6 v 
6) ? 

Distance 0 1.5 60 135 24 37.5 “52.5 61.5 
m) 


Figure 3.12 shows the distance-time graph of the motion of the car 
up to 7 s. Notice that during the accelerated motion (0 to 5 s) the graph 
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is a. parabola (part OA) and during uniform motion (after 5 s) the graph 
is linear (part AB). 


Time(s) —> 
Fig. 3.12 


3.7 GENERAL RELATION BETWEEN POSITION AND 
l- VELOCITY 


In Section 3.5 we have seen that in the case of a uniform motion 
(v=constant), we could easily get the velocity just. by knowing the 
positions at any two times and dividing the displacement by the- time 
interval. Since the position-time graph (Fig. 3.5) is a:straight line and 
the' velocity is givenoby the‘slope of the line, it does not matter at what 
time the'slope is found; it will always! be)the same, |)! 

The situation becomes very diffetént in’ the ‘case of anon-uniform 
motion with a constdnt acceleration. In this'case) as discussed in Sec- 
tion 3.6, we can define an @verage velocity which refers toan interval 
of time and not to any one time. The position-time graph of such a 
motion is a curve called parabola as shown in Example 3.8. The slope 
of a parabola changes from point to point on the curve, as the velo- 
city is changing with time. In such cases we can define what is called 
the instantaneous velocity, i.e. velocity at each instant of time, If we 
know the position x(t) of a moving object at each time 7, is it possible 
to calculate its velocity at each ‘time? The answer is yes. The method 
of calculating the velocity is explained below. 

Let us consider a general motion of an‘ object whose acceleration 
may not even be constant. The position-time graph of such a motion 
is not even a parabola; it is some kind of a curve, a part of which is 
shown in Fig. 3.13 near the instant of time t, at which we wish to find 
the velocity v(t). lo sqole ort zi y tos nl 

We consider a very small time interval between tandt + At, so 
that A z is very small. During this small interval Af, the part PQ of 


y 
4 
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the curve is very nearly straight, i.e. the motion is nearly uniform 
during this interval. The smaller the interval A f, the better is our 
approximation. 


t+ at t — 
Fig. 3.13 


We can therefore, calculate the velocity o(r) at time t by using the 
relation for uniform motion, i.c. from the slope QR/PR as shown in 
the figure. Thus 


u(t) me 5% (3.21) 


where A x is a small change in position in a small time interval At. 
Notice that we have used a sign œ which stands for ‘approximately 
equal to’ which means that there is a slight error in our relation bet- 
ween velocity and position given by Eq. (3.21). The error will become 
smaller and smaller if the interval A ¢ is made shorter and shorter, i.e. 
Q becomes closer and closer to P, Our result will become exact ‘in the 
limit’ when A t tends to zero, ie. Q coincides with P, Thus 


o(t) = velocity at P 


Pea A SE 

= Limit (5) 

At—0 At 
(ie. q > p) 


In the language of differential calculus it is written as 
dx 
at) = g ioi (3.22) 


i.e. velocity is the differential coefficient (or derivative) of the position 


; ; POA 
with respect to time. In fact, as the slope of the x-f curve at point P, 


that is, it is the velocity at P. u 


i 
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İn the supplement at the end of this chapter, we have shown how 
the formulae for uniformly accelerated motion can be obtained by 
using this new method of finding a(t) if x(¢) is known. 


3.8 ACCELERATION IN A GENERAL ONE-DIMENSIONAL 
MOTION 


The general one-dimensional motion of an object is one in which posi- 
tion x(t), velocity v(t) and acceleration all change with time so) that 
acceleration must be written as a(t) which says that acceleration a(t) is 
a function of time t. 

We have found above a new method of finding v(t) if x(t) is known. 
Having found z(t) as a function of t, can we find a(t) the instantaneous 
acceleration, i.e. acceleration at any instant of time ¢? The answer is 
yes. We have found g(t); it is given by the derivative of the position at 
time t. Thus we can find s(t) for every instant of time and plota graph 
of v(t) against t. We know that velocity-time graph of a uniformly 
accelerated motion is a straight line (see Fig. 3.7). If we plot o(¢) (cal- 
culated by the method described above) against ¢ for a non-uniformly 
accelerated motion, the graph will obviously not be a straight line; it 
will be some sort of a curve, a part of which around a time t is shown 
in Fig. 3.14. 


Fig. 3.14 


In exactly the same manner as discussed in Section 3.7 above, the 
acceleration a(t) at time ¢ is given by 


Aa 
p # tiene) 
a(t) arso\A? 


or at) = ge (3.23) 


ie. acceleration is the derivative of the velocity with respect to time. In 
fact, is the slope of the v-t curve at time f, i.e. it is the acceleration 


at time t. 
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We can now express acceleration a(f) directly in terms of position 
x(t). Using Eq. (3.22) in Eq. (3.23), we get 

d (dx x 

=z) = Ge 


In the language of calculus we say that acceleration is the second 
derivative of position with respect to time, 

For an application of this new (calculus) method of finding v(t) and 
a(t), the student is advised to refer to the following Supplement where 


we have derived Eqs (3.15) and (3.16) ofa uniformly accelerated 
motion by using this method. 


(3.24) 


SUPPLEMENT 
Application of Calculus Method . 


We will show how Eqs (3.15) and (3.16) of uniformly accelerated 
motion can be obtained using the calculus method. 


Derivation of Eq. (3.15) We have seen’ above that the acceleration is 
given by the derivative of velocity with respect to time, i.e. 


_ dy 
mmia 
do = a dt (i) 
Integrating from t = 0 tot we get 
t t t 
| dy = | adt = af dt (s. a = constant) 
0 0 0 
or v(t) — v(0) = at (i) 


which is Eq. (3.15) 


Derivation of Eq. (3.16) _ We know that the velocity is given by the 
derivative of position with respect to time, i.e. 
u(t) a 
oi dx = v(t) dt 
Using Eq. (i) we get ; 
dx = {v(0) + af} dt 
dx = (0) dt + at dt 
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Integrating from 0 to t we have (‘... @ and o(0) are both constant) 
t t "t 
CE fia ea | tdt 
0 0 0 


or x(t) = x0) = Oji H g ar? 
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(ii) 


which is Eq. (3.16). Equation (3.17) is obtained on eliminating ¢ 


between (i) and (ii), 


SUMMARY 


The three parameters which describe the motion of a moving, object 
are the position coordinate, velocity and acceleration. Velocity is the 
rate of change of position with time and acceleration is the rate of 
change of velocity. The velocity is the slope of the position-time graph 
and acceleration is the slope of the velocity-time graph of the motion. 
The distance covered by the moving object in a certain time interval 
is equal to the area under the velocity-time graph in that time interval. 
The equations of a uniformly accelerated motion in a straight line are 


v(t) = v(0) + at 
x(t) = x(0) + (0) t + 4 at? 
o (t) = (C0) + 2a[x(t) — x(0)] 


EXERCISES 


. Distinguish between kinematics and dynamics. 
. What is a ‘point’ object? 


Ww Ne 


. What do you understand by one-two and three-dimensional motion. 


Give one example of each. Which of the following motions is one-two or 


three-dimensional? 


(a) A bird flying in the sky, (b) a train speeding on along and straight 
track, (c) a boat in a rough, sea. (d)a ball dropped froma height and 
rebounding from the ground and (e) the moon revolving round the earth. 
4. Figure 3.15 shows two x—t graphs. Which graph represents a real situa- 


tion and why ? 
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5. Distinguish clearly between distance and displacement. 

6. Draw the position-time graph for a uniform motion. How will you use 
the graph to find (a) the velocity\of the moving object and (b), the dis- 
tance covered in a certain time interval ? 

7. Deduce the equations of a uniformly accelerated motion in a straight line 
from the velocity-time graph of the motion. 

8, Obtain the relation between position and velocity for a general one- 
dimensional motion. 

9 How can we find the acceleration at a time t for a general one-dimensional 
motion. 

10. Deduce the equations of a uniformly accelerated motion in a straight line 
using the calculus method. 


PROBLEMS 


1. Figure 3.16 shows the position-time graphs of three cars A, Band C. On 
the basis of the graphs, answer the following questions: 


Ng c BAA 
12 
10 
t 8 
exc 
= 
xh 
2 
o 
02 04 0-6 08 10 12 14 16 
t (hour) —> 
Fig. 3.16 


(a) Which car has the highest speed and which the lowest? 
(b) Are the three cars ever at the same point on the road? 
(c) When A passes C, where is B? 
(d) How far did car A travel between the time it passed cars B and C? 
(e) What is the relative velocity of car C with respect to car A? 
(£) What is the relative velocity of car B with respect to car C? 
2. A boy throws a ball vertically upwards with a velocity of 9.8 ms~! from 
the roof of a building 20 m 


Í 20 m high. How long will the ball take to reach the 
ground? What will be its velocity when it strikes the ground. 


10. 


11 
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A boy standing on the roof of a building 50 m high throws a ball verti- 
cally downwards with an initial velocity of 5 ms~* (i) What is the velocity 
of the ball 1.0 s after itiwas thrown? Gi) How high above the ground will 
the ball be after 2.0 s? (iii) With what velocity will the ball hit the 
ground? 

Solve Problem 4 for the case when the ball is thrown vertically upwards 
with an initial velocity of 5 ms-*. 

A balloon is ascending at the rate of 14 ms~ vertically upwards. A food 


packet dropped from the balloon is found to take 65 is to strike the 


ground, 

(i) What was the height of the balloon when the packet was dropped? 
(ii) With what velocity does it reach the ground? 

A parachutist bails out from an aeroplane and after dropping through a 
distance of 19.6 m, he opens the parachute and decelerates at 2 ms-*. If 
he reaches the ground with a velocity of 1.6 ms~!; for how long was he 
in the air? What was the height of the aeroplane when he bailed out from 
it? 

A man is running at a speed of 4 ms~? towards a stationary bus. When 
he is 6 m behind the door (at t = 0), the bus suddenly starts moving ata 
constant acceleration of 1.2 ms~*. How long does it take for the man to 
‘catch’ the bus? If he where initially 10 m behind the bus, could he ,catch 


the bus? 
A ball of mass 100 g is thrown vertically upward from the ground with a 


velocity of 49 ms™. At the same time, another identical ball is dropped 
from a height of 98 m to fall freely along the same path as followed by 
the first ball. After some time the two balls collide and stick together and 
finally fall together. Find the time of flight of the balls. 

At time z = 0, the driver ofa train moving ata speed of 108 km h~ 
sights another train at a distance x ahead of him moving at a speed of 54 
km h-t, He immediately applies brakes which give his train a constant 
retardation of 5 ms~®, What is the critical value of x that will just avert a 
collision? 
A car starting at time ¢ = 0 from rest, first moves for some time witha 
constant acceleration of 5 ms~? and then, after moving at a constant velo- 
city for some time, starts decelerating at the same rate to come to rest in 
a total time of 25 s. If the average velocity of the car over the entire jour- 
ney is 20 mst, for how long does it move with a uniform velocity? Draw 
the velocity-time graph of the motion of the car. 

. A body starts from rest at time t = 0 and undergoes 

shown in Fig. 3.17. 


an acceleration as 


ba 
E ; 
ae 
3 
4 


Fig. 3.17 
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12. 


13. 


(a) Draw the velocity-time graph of the motion during 
t=Otot=45,, >) 


(b) Draw the Ai epee graph of the motion during t:=10 to t = 
4s. M tuloy iW giii) 

A small ball is dropped vertically from the zero mark of a vertical scale. 
A ‘snapshot’ of thé falling ball is taken and shows that while the shutter 
is open, the ball falls from the 4.9 m'to’the 5:1 m:mark. How long is the 
shutter opèn? >i ETET ; 
If a, b and e be the distances moyed by a particle travelling with a uni- 
form acceleration during the xth, yth and zth, second of its motion res- 
pectively, show that 


ar a+b—Dte(x—y=0 


- A. particle traversed half the, distance with a velocity V, the remaining 


part of the distance was covered with a yelocity V’ for half the time and 
with a velocity V” for the other half of the time. Find the mean velocity 
of the particle averaged over the whole of its motion. 


15. A circus artist maintains four balls in motion making each in turn rise 
to.a height of 5 m from his hand, With what velocity does he project 
them and where, will the other three balls be at the instant the fourth one 
leaves his hand? (Take.g. = 10 m s—*), 

16: A steel-ballis dropped froma height of 78m ona perfectly elastic sur- 
face. Taking the speed of the ball at £ = 0 as zero, drawa graph repre- 
senting the velocity of the ball assa function of time from ¢ =: 0 to t = 
s. What is the velocity/of the ball att = 1 s and t = 7s? 

17: 


The ‘displacementiof a particle varies with time according to the relation 
= 211524 204-490 

Find the. position, velocity and acceleration of the particle at £ = 0. 
When..and where. will the velocity of the particle become zero? Can we 


‘reall the motion of the, particle as one with a uniform acceleration? 
h u 
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Description of Motion 
in Two and Three 
Dimensions 


4.1" INTRODUCTION: THE NEED FOR VECTORS 


In Chapter 3, we discussed’ motion in one dimension, i.e. motion in 
a straight line, We analysed the simplest kind of motion along a 
straight line, namely, the one with a constant acceleration. In such a 
motion, the displacement, velocity, and acceleration are all in the same 
direction. In this chapter, we shall consider those motions in which 
velocity: and acceleration are not in the same direction. The motion 
in this case follows a curved path, as we shall see below. Such a motion 
is called curvilinear motion, 

In everyday life, we rarely come across rectilinear motion. Vehicles 
move along a curved path while negotiating a curve; athletes run on 
circular tracks, planets move in nearly circular orbits and electrons, in 
an atom revolve around the nucleus. 

We will use the concepts of position, velocity and acceleration 
developed in Chapter. 3. In order to generalise these concepts to the 
case of two and three dimensions we need to use new mathematisal 
quantities called vectors. We therefore, begin this chapter with vectors. 
We will learn the important properties of vectors and vector 
Operations, | 


4.2 POSITION AND DISPLACEMENT VECTORS 
IN TWO DIMENSIONS 


In Chapter 3 we have learnt how we can describe the position of an 
object moving in one dimension. How can we describe the position 
ofan object moving in two dimensions, e.g. a plane surface such as 
the plane of this page? As before, we choose a convenient reference 
Point or origin O in the plane and describe the position of an object 
on this plane with reference to that origin. 
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Suppose at a certain instant of time t = f;, the object is at a point P 
in the plane. Then a straight line drawn from the origin O to the posi- 
tion P is called the position vector of the object at time t (Fig. 4.1). l 


Q 


P 
0 


Fig, 4.1 Position vector in a plane 


hs 
The position vector is written as OP will a tail at O and an arrow- 


head at the tip P. For every point in a plane. there is a position vector 
from O to that point. 


= 

The vector OP contains two items of information: (i) it tells us how 
far the point P is from the origin O, i.e. the straight-line distance 
from O to P and (ii) it tells us in what direction the point P is with 
respect to O or as seen from O. Thus it has a magnitude (i.e. length) 


as well as a direction, Figure 4.1 also shows another position vector 


00 whose length is the same as that of vector OP but its direction is 
different. The magnitude of a vector is rita as JOP] or simply as 
oP without an arrow above it. Note that JOP] = OQ] but OP and 
OQ are different vectors because their directions are different. 


The Displacement Vector 


Suppose the moving object is at point P, at time t, and at point Pz at 


> 


a later time t, then the vector P,P, with the tail at P, and the arrow- 


head (or tip) at P, is the displacement vector representing the motion 
during the interval from ti to tz. 


$] Position vector Rat ti 


Fig. 4.2 The displacement vector 
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It must be clearly understood that the displacement vector is the 
shortest distance (straight-line distance) ‘in’ the prescribed direction 
between the points P, and Pa. In actual motion, the object may not 
have travelled along the straight line, as discussed in Sec. 3.5. 


4.3 VECTOR AND SCALAR QUANTITIES 


All physical quantities can be classified into two broad categories— 
scalar quantities and vector quantities. Quantities that have only a mag- 
nitude and no direction are called scalar quantities or simply scalars. A 
few examples of scalars are: mass, time, area, volume, distance, speed, 
work, energy, power, heat, temperature, charge and potential. They 
are completely specified by merely stating a number (i.¢. magnitude). 
On the other hand, some, physical quantities;are specified not by 
merely stating a number but a direction as well. Quantities that have a 
magnitude as well as a direction are, called vector quantities or simply 
vectors. A few examples of vectors are: position, displacement, velocity 
acceleration, force, momentum, torque, ¢lectric field and magnetic field. 


4.4 VECTOR OPERATIONS 


We will now learn a few mathematical operations with vectors useful 
in the study of physics. We will learn operations like addition and 
subtraction of vectors. It must! be clearly understood that these opera- 
tions are carried out ; with vectors! representing the’ same physical 
quantity and in the same number of dimensions. For example, we can- 
not add a displacement vector to a yelocity vector or a displacement 
in one dimension to a displacement in two dimensions. These points 
must be kept in mind while developing the mathematics of vectors. 


Analytically, a vector may be represented by a single letter with 


a 
an arrow on top of it as A. Instead of putting an arrow, the normal 
practice is to write the letter in boldface to represent a vector (as in A). 


Equality of Vectors t 


—> > ; 
Two vectors A and B of the same physical quantity are equal, if and 
only if they have the same magnitude and the same direction, For exam- 


eRe 
ple, vectors A and B shown in Fig. 4.3 (a) are equal. We can test the 
equality by shifting B parallel to itself until its tail coincides with the 


tail of A. If the tips ef the two vectors also coincide, the vectors are 
equal. (Remember, the vector shifted parallel to itself is equal to the 
Original vector since the magnitude and the direction of the vector do 
not change when it is shifted parallel to itself), Equality of two vectors 
18 indicated in the usual, wey: 

ay 


kee 
A=B 
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=> E> 4 4 
The two vectors C and D shown in Fig. 4.3 (b) are equal in magni- 
tude but opposite in direction. Therefore 


Has > 


a 
Cn Dh Stor D=- C 


be 
Oi 
(>12 
n 
1 
oF 


(a) (b) 


Fig. 4.3 (a) Two equal vectors. 4 = B 
(b) Two vectors equal in magni- 
tude but opposite in direction, 
— > => 


C=-D or oc 


Multiplication of Vectors by Real Numbers 


When a vector is multiplied by a real number, the result is another 
vector, We will illustrate’ this by taking the example of position vectors. 
Let us first consider the multiplication’ of vectors by positive real 


numbers, Suppose two vectors OP and OQ are in the same direction 
(i.e. OPQ is a straight line) but the length of vector OQ is twice that 
of vector OP [Fig. 4.4 (a)]. We say that 


=> > 
OQ = 2 0P 


Fig. 4.4 (a) Multiplying a vector by 2 
(b) Multiplying a vector by—1, 


a 
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ER 
Thus th. multiplication of OP by 2 has dobuled its length but its direc- 
> 


tion remains unchanged. This means that if a,vector A, is multiplied 
by a real positive number A, the result is a vector, which is written as 


=> } 
À A whose direction is the same as that of A but whose magnitude 
is changed by a factor à: 


-> —> 
jad] = A if VSO 


Let us now consider multiplication by negative numbers. Suppose two 
points P and P’ on a plane are at the same distance from the origin O, 
but in opposite directions as seen from O, i.e. P’ OP is a straight line 

1 > 


“ie 
(Fig. 4.4 b). It is clear that vector OP’, is the negative of vector OP, i.e. 


> $ 
OP’ = (— 1) x OP. Thus multiplication of a vector by ~ 1, merely re- 
verses its direction without changing its magnitude. It follows that the 
multiplication of a vector by’ — 2 reverses its direction and also doubles 
its magnitude. Thus the general rule is that the multiplication of a 


= > 
vector A by a negative number À gives a vector AA whose direction is 
Opposite to that of A but whose magnitude is (— À) times ||: 


> > => 
Al = —Al4l = |À Já; if A<O0 


To summarise, the multiplication of a vector by areal number either 
leaves the direction unchanged (if the number is positive) or reverses the 
direction (if the number is negative); while the magnitude of the vector 
is scaled by the magnitude of the number. 

The number A need not be a pure number (suh as 2, 3, —1, —2, etc.) 
without any dimensions. In fact À could be a scalar having its own 


ast 
dimensions and A could be a physical quantity having its own dimen- 
sions which could, be different from those of A. Then the dimensions of 


—> => 
the product AA will be the product of the dimensions of \ and A. For 
example, if we multiply a velocity vector, (dimensions LT!) by a time 
interval (which is a scalar of dimension T), we get a displacement 
vector (dimension LT! x T= JL). | 


Addition and Subtraction of Vectors 


If we have 4 kg of rice ina bag and add'3'kg of rice to it, we will 
have a total of 4 -- 3 = 7.kg of rice in the bag. This is, how scalars 
add, but vectors do not add like this because their direction may be 
different. ; re 


Addition of Vectors We have already added two position vectors to 
define a displacement vector as shown’ in Fig. 4.2 (without knowing 
how vectors are added). We will now learn how this is done. We ' will 
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illustrate the addition of vectors by taking the example of displace- i 


ment vectors in a plane. 
The addition of vectors in one dimension is straight forward. Sup- 


; fies mee 
pose we give two displacements PQ and QR one after another to. the 
same object in the same direction. Figure 4.5 (a) shows a displacement 
— 


PQ of magnitude, say 4 cm to the ‘right’ applied to an object originally 
at the point P, which brings it to a position Q. Now a second dis- 
> 


placement QR of magnitude, say, 3 cm is applied to it in the same 
direction, which brings the object to the position R. Obviously the 


bor 
the same result could be obtained if a single displacement PR of magni- 
tude 4 + 3 = 7 cm were given to the object in the same direction in 
which the individual displacements are given. In the language of 
vectors, the result is written as 


PQ + QR = PR 
Era -> —> 
or A4+B=¢ 
Po bem Sp seal Pia ccm CO 
t Š 
> \ R Jem Q 
Cy é 
Sa Derren st ame 
P 7cm R R Tem R 


(a) (b) 


Fig. 4.5 Addition of vectors in one dimension 


Figure 4,5 (b) shows how “Yeotors in Opposite directions are added. 


x — 
The result is a vector; C. = PR = lem in. the) direction. of the bigger 
of the two vectors 4 and'B. T 


his tesult is also written as 

> "> a 

A+ B=C 
Since the vector € A 
Since the vector C alone produces the same tesult as the.vectors A and 
cil together do, we say that C is the resultant (or sum) of, yectors A and 
B, Thus it is clear that vectors do not add as the scalats do. 
5 We will now consider addition of vectors in two dimensions. We 

egin with the simplest case of two vectors at right angles to each other. 


Case J—Addition of Two Vectors at Right Angles to Each Other: 
Suppose a man walks a distance of 4 m from P to Q in the east and 
then walks a distance of 3 m from QtoR in the north as shown in 
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> —> 
Fig. 4.6. These two perpendicular displacement PQ and QR are res- 


+ < z + 
pectively represented by two vectors A and B. For convenience, 1 cm 
can be taken to represent a distance of 1 m. If we join P and R and 


> = 
measure the length of the vector C (or PR), we will find it tobe 5 cm 
which represents a displacement of magnitude 5 m. If instead of walk- 
inga distance of 4m from P to Qand then walking a distance of 
3 m from Q to R (a total distance of 4 + 3 = 7 m), the man walksa 


North eae. 
4 436-52 North of East 


Fig. 4.6 Addition of two perpendicular vectors 


distance of 5m from P to R, he would reach the same distination 

(which is R). Thus, the displacement of 5m along PR produces the 

same effect as the displacement of 4 m along PQ and 3 m along QR 
> > 


together do. We'say that the vector PR (or C) is the resultant (or 
> 


> > > 
sum) of two vectors PQ (or A) and QR (or Q). In the language of 
vectors, we may write 


> > > 
PQ + QR = PR 
> > > 
or A+B=C (4.1) 


_It is easy to see that the same resultant effect is obtained if the two 
displacements are applied simultaneously instead of one being applied 
after the other. This can be understood as follows: Suppose a displace- 


ment A of magnitude 4 mis applied to a particle originally at P in 


we 
the direction of the east and simultaneously another displacement B of 
Magnitude 3 m is applied to it in the direction of the north, as shown 


in Fig. 4.7 (a). The tails of the arrows of vectors A and B are at P. 
> 
Let us shift the vector B parallel to itself until the tail of vector B is 
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Es : =S 
at the head of vector “Aas shown in! Fig. 4.7 (b). Figure 4.7 (b) is the | 
same as Fig. 4.6 which represents the case when the displacements 1 
were applied one after the other. Hence the resultant is the same as | 
before. The resultant displacement has a magnitude of 5 m and its 
direction’ is 36° 52' north of east. 

‘Thus the method (or rule) for'vector addition is: shift (if necessary) 
one vector parallel to itself until its tail is atthe head ofthe other vector. 
The resultant is then given by the vector drawn from the tail of the first 
vector to the head of the second. 


ok 


(a) (b) 
Fig. 4.7 Vector B shifted parallel to itself 


Case ey of two Vectors Inclined "to ‘Each Other; Consider 
aS 


ee 
two vectors A and B represented by PQ and OR respectively and | 
inclined to each other at a certain'angle as shown in Fig. 4.8 (a). Shift 
sae a 


B parallel to itself till the tail O of B touches the head Q of Anas 
shown in Fig, hei (b). Then the resultant vector is given by PR which 
joins the tail of A to the head of B. Now complete the parallelogram 
PQRS. Since PR is the resultant of PO and QR, we have 


R 
8 
0 
Pe Ga hh 
P } Q 
(a) (b) 
Fig. 4.8 Parallelogram law of vector addition 
> AN, ; => ; A 
PQ + QR =PR 
> > > => —> 
But S = QR = Bo. (e. PS.and QR are equal and 


parallel) 
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=> —> > 
cea PQA- PS = PR 
Ees -> > 
or At B=C 
J > > í H> — 
Now PQ and PS (which represent the two vectors A and B respec- 
tively) constitute the two adjacent sides of the parallelogram, meeting 
> 
at point P and the resultant vector PR is the diagonal of the paralle- 


logram passing through the same point P. 


This procedure of finding the resultant. of two vectors is known as 
the) parallelogram law of vector addition and. may be stated as follows. 

If the two vectors are represented in magnitude and direction by the 
two adjacent sides of a parallelogram drawn from a point, then their 
resultant is represented in magnitude and direction by the diagonal of 
the parallelogram passing through that point, T t 


a [at > — xli nsi è 
Notice that A + B = B + A. The reason is the following. Instead 


—> —> 2 A? 

of shifting |B, we'could’shift A parallel to’ itself If you ‘do that, ‘you 
can easily see that the resultant remains the same, no matter which, of 
the two vectors is shifted. 


Case II—Addition of More than Two Vectors; Polygen Law of 
Vector Addition; Suppose we wish to determine the resultant of four 


SoS => ioil t í ; 
vectors A, B, C and Das shown in Fig. 4.9 (a). These vectors may 
be the four displacements or’ forces applied to a body. The procedure 
=> => => 


to find the resultant is that we shift vectors B, C and D parallel to 

> à —> —> 

themselves so that the tail of B touches the head of A, the tail of C 
> 


j => " > j 
is at the head of B and the tail of Dis at the head of C. The result 
of this shifting is shown in Fig: 4.9 (b). 


=> > > E > 
The resultant of vectors A, B, C, and D is given by vector Æ as 


EEPE EE et ee | ag 
E=A+B+C+D a 7 
> at + > iy 
POP OR ese ere, = T R 
—> =e € = z 
=PR + RS + ST | aN E B 
> os > eee aS = 
(PR = PQ + QR) iy A PRAE a 
; (a) (b) 
> > > ie 
or E=PS'+ ST = PT Fig. 4.9 The polygon law of 


25 ous i vector addition 
C. PS = PR + RS) 

Thus, if a number of vectors are represented in magnitude and direc- 
tion by the sides of a polygon, taken in order, then the resultant is repre- 
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sented in magnitude and direction by the closing side of the polygoit 
taken in the opposite order. This is called the polygon law of vector 
addition, 


> > > => => saan 
Note: Equation PQ + QR = PR or A + B=Cisa vector equa- 
tion. It is important to understand that this equation does not say that 


> ; 
the sum of the magnitude of 4 and B is equal to the magnitude of 
=> ‘ 
C. This kind of simple addition holds only for scalars. In, fact, â vec- 


me . 
tor equation prescribes an operation. The equation A + B= C sim- 
ply says [see Fig. 4.8(b)] that the operation of moving a body from P 
to Q and then from Q to R is equivalent to a simple operation of 


=: 
moving it from P to R, It may be mentioned that in writing A + B 
= C it is assumed that all vectors lie in the same plane\ which, in our 
» is the plane of the paper, 


iy 
Subtraction of Vectors Suppose we wish to subtract a vector B from 
a vector A. Since 
By 


> > > 
4-B=A+(-B 
; > ee 
the subtraction of vector B from vector A is equivalent to the addi- 


. A z 
tion of vector — B to vector Á. Hence the procedure to find (A — B) 
is as follows; 


Choose a convenient scale and draw the vectors A and B as shown 
in Fig, 4,10fa). If B is to be subtracted from A, draw the vector nega- 
tive of B, ie. draw the vector — B [see Fig. 4,10(b)]. Now shift the 
Vector — B 3 parallel to itself so that the tail of — Bis at the head of 


A. Vector Cis the sum of vectors A and — B, i.e. [sec Fig. 4.10(c)]. 


> > 
CA ta oot he 


8 i 4 -Ê 
A 
$ 
) tc) 


(a) (b 


De 


f > 

Fig. 4.10 Subtraction of vector B from vector sq 
SSS S 
C= A-B 
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4.5 ZERO VECTOR AND ITS PROPERTIES 


Just as the real number zero is significant and necessary in real 
number operations, the zero vector is a very useful concept in vector 
operations. 


+ > age > o>, 
If two vectors A and | B are equal, their difference (4 — B) is defi- 


aie 
ned as the zero or null vector and is represented by the symbol 0. Jt 
has zero magnitude and no specific direction. A yector which is not 
null is called a proper vector, Thus if 


> > 
A= B 
Se S 
then A- B= 0 
The main properties of the zero vector are: 
> > 
A+ 0 ='A 
>> 
and A0=04A= 0 


-> 
Physical Meaning of 0 


Let us go back to the definition of a position vector as illustrated in 
Fig. 4.1. What is the position of the origin 0; it is the zero vector. 
Similarly, what is the displacement vector of a stationary object (see 
Fig. 4.2) from time f, to time fz; it is the zero vector. Similarly the 
acceleration vector of uniform motion is the zero vector. Thus we see 
that it is useful and necessary to have the zero vector. 


EXAMPLE 4.1 A passenger arriving in a new town wishes to go from 
the station to a hotel 10 km away on a straight road from the station. 
A dishonest taxi-driver takes him along a circuitous route 25 km long 
and reaches the hotel in 30 min. What is (a) the average speed of the 
taxi and (b) the magnitude of the average velocity? 


Solution From Fig. 4.11 we find that, although the total distance tra- 
velled (along the circuitous route) is 25 km, the displacement (i.e. the 
shortest or straight line distance) is only 10 km. 


Circuitous 
route=25km 


Station 10km Hotel 
Fig. 4.11 
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Now, Total tie taken = 30 min = 0.5 h 
; _ Total distance 25km _ PAE 
(a) Average speed of taxi Time ol Ge 50. km h 
Lyne y — Displacement _ 10 km 
(b) Magnitude of average velocity Time 05h 
= 20 kmh! 


Notice that the average speed is not equal to the average velocity. 
N 


EXAMPLE 4.2 A car travels due east on a level road for 30 km. It then 
turns due north at an intersection and travels 40 km before stopping. 
Find the resultant displacement of the car. 
> 
Solution Referring to Fig: 4.12 vector A represents ‘a displacement 
> 
of 30 km due east and vector B represents a displacement of 40 km 
> 
due north. The resultant displacement of the car is C. 


North 


Fig. 4,12 


— ane a ) i 
Now, Magnitude of Č = VAEB v BOZ (40)==50. km 
The direction of the resultant displacement is given by 


3 _4 
tang = 3 =3= 1.33 


0 = tan! (33) 353° 


Thus the resultant displacement has a Magnitude of 50 km and 
makes an angle 53° north of east. 


EXAMPLE 4.3 Show that addition of vectors is commutative, i.e. 


> Se 5S 
A+ baby 
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Solution Suppose we wish to add the two vectors oF and B shown 
in Fig. 4,13 (a). Let us first add B to a by the method of vector | addi- 
tion discussed. above. Shift $ parallel to itself until the. tail of Bi is at 
the head of A [Fig. 4. 13 (b)]. The sum pei resultant) Či is given by 


AA B 
(S) 
3 ee 
E 8 
Se = 
A A 
(a) : (b) (c) 


Fig. 4.13 Vector addition is commutative 
> > > > 
(A+,B= B+ A) 
> 
Now let us reverse the order of addition, i.e. let us now add A to 
B Shift 4 parallel to itself until the tail of A touches the head of B 
[Fig. 4.13(c)]. The resultant vector C is given by 


3 Se os 
C= BHA 
Comparing Figs 4.13(a) and 4.13(b) it is clear that the > magnitudes 


as well as the directions of the resultant vectors č and Č. ate ‘the 
same, i.e 


CSMS 
C = c" 


Hence 
Se ee 
A+ B=B8B+A4 
This is the commutative law of vector addition which states that the 

sum of vectors remains the same in whatever order they may be added. 
EXAMPLE 4.4. Show that vector addition is associative, i.e. 

ios oii! Jio S 

(A+ Bt G A +O 

aly bs 

Solution Let us add three vectors 4, B and C represented respectively 


=> > > 
by PQ, OR and RS as shown in Fig. 4.14. The resultant of these veç- 
tors can be found in two ways. 
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> > y maa = 
(i) We first add A and B. The resultant (i.e. sum) is (A + B) re- 
—> * 
presented by PR. We'then add this resultant to C, Ma is the 
final resultant vector D. Thus 
=> > > 
D=PR+R 
> => > 
= (PQ + QR) + RS 


CHT PR = PQ + QR) 


> > lh > è 
or D= (A+B) +C © 


Fig. 4.14 Vector addition S >r me 
a is associative i.e. (ii) We now add B and C to get the 
=>, > eee 
A au D x € resultant (2 + C) represented by QS. 
> 
ig G+ ©. We then add A to this resultant, 


the result is again the same resultant 
E 
vector D. Thus 


D =PO + OS 
=PQ+(QR+RS) (e QS=QR + RS) 
=A+LE+0) (ii) 


From Eqs (i) and (ii) we have 
> => > = > > 
(4+ 8)+ C=4A+(B+C) 
This is the associative law of vector addition. 
Thus the order of addition of vectors is immaterial. 


4.6 RESOLUTION AND COMPONENTS OF VECTORS 
IN A PLANE 


So far our treatment of yectors has been largely geometrical (graphi- 
cal). However, in many situations it is more useful to use the algebraic 
method of describing and using vectors. This is possible if we learn 
how to resolve (or split) a vector into its components. We shall first 
discuss the general case and then consider the yery special and useful 
case of rectangular components, 
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Resolution of a Vector along Two Arbitrary Directions 

From the parallelogram law (Fig. 4.8) we have seen that the resultant 
of two vectors A and B inclined at an angle « is given by vector C, ‘the 
diagonal of of the parallelogram. In other words, vector Č is equivalent 


to vectors pi and p together, Thus we can resolve any giyen vector 
into two other vectors in any two given directions by working the par- 
allelogram rule backwards—starting with the diagonal and drawing 
the adjacent sides in the chosen directions. Let us see how this can be 
done. 


pka 
Suppose we have a vector A and we wish to resolve it along two 


directions prescribed by vectors a and Bi inclined to each other at an 
angle, say, x as shown in Fig. 4.15(a). 


or 
(a) (b) 


aie 
Fig. 4.15 Resolution of vector A along the directions of 
> > 
vectors a and b 


With vector A as diagonal we complete the parallelogram with adja- 
cent sides in the direction of vectors a and b. This construction is 
shown in Fig. 4. 15(b). Vector pa OQ i is then the sum (or | resultant) 
of vectors OP and OR. Notice t that the magnitudes of OP and OR 
may not be equal to those of “fhe Vani P respectively, but their direc- 
tions must be the same. Since OP differs from a only in magnitude, it 
follows that OP = = da a where A is a real number by which a must be 
multiplied to get OP. Similarly OR = =p $ where » is also a real 
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number. The numbers:Aiatid: w are different from zero. It follows from 
Fig. 4.15(b), that 


> > => 
Aves as: p bitoni i (4.2) 
f { Eri Í , ee ree oa 
and we say that A has been resolved along a and ‘b. Vectors. x a and 
WB Are called the resolved parts or components of A alonga and b. 
b 


iW i i shy s i 
Uniqueness of resolution , If vector A is given then, there is, only one 
pair of numbers (A, p) which satisfy Eq. (4.2). In order to prove this 


uniqueness, let us say there are two equivalent ways of resolving A 
> =r 
along a and b so that 
> m 
A=Xa +u b (4.3) 
From Eqs (4.2) and (4.3) we have 


—> > ‘> => 
A a+pb=Natyp' b 


A ` > => 
a @ sive = ts — n'y (4.4) 
Condition (4.4) can be satisfied if (i) either a = b =O 


c or (ii) (A—A‘) 
= (p — ü) = 0, i.e. à= A and u = p'. 


> -> 
The first possibility, namely, a and b are both zero vectors does not 
exist because zero vector has no specific direction, therefore, the reso- 
lution of a vector along two zero vectors has no meaning. Thus for 
resolution of a vector along two vectors, the latter vectors must be 
non-zero and different. Hence the only possibility is 
V=A w= py 


This shows that there is one and only one way in which a given vector 
— > 


—> 
A can be resolved along vectors a and b inclined to cach other at any 
arbitrary angle. 


Resolution of a Vector into Two Rectangular Components 


From the practical point of view, the most important case of resolution 
. ai + . Ais in ; 

of a vector is one in which a and b are at right angles to each other 

and are unit vectors, The components of a vectors resolved along two 


unit vectors at right angles to each. other are called the rectangular 
components of the vector. 
Conventionally two perpendicular unit vectors” in 4 plane are writ- 


ten’ asi and j. Since they are unit perpendicular vectors, they obey 
the properties: Kig i : 
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Direction of i = perpendicular to direction of j 
and li] = lil 
Ae A 7> aga) 3 : 
So we write i and j in place of a and b. The usual practice is to take 


i along the x-axis and j along’ the y-axis of a cartesian rectangular 


. a 7 
coordinate system. Figure 4.16 shows how a vector A is resolved along 
x and y axes. It is also usual to. write A, and A,instead of A and p. 
So that.we have | 


Fig. 4.16 Rectangular components: 
a a) oe 


SEREA 
OP = Axi, PQ = 4,}, 
me, a A 
ALATAS 


E IRCE SAINE VEEE AERE 
Since fand j are unit vectors; OP and PQ'liave magnitudes Ax and 
A, respectively. Applying Pythagoras’ theorem to right-angled triangle 
OPQ we.can relate the magnitude of vector A to A, and A, as 


| Aj 
A = Ml = vV 42+ 45 (4.5) 


—_ 
We can also relate 4, and A, to magnitude A of Aand angle ĝin 
triangle OPQ as 


A, = A cos 0 (4.6) 
and A, =A sin 6 
Squaring these equations and adding we get (since sin? @ ++ cos? @ = 1) 


Ab == Ad + A Gp 


which is Eq. (4.5) obtained above. Also from Eqs (4.6) and (4.7) we 
find that 
a (4.8) 


tan b= T 
ad 


dees! (eal ee 
or 6 = tan (2) 
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EXAMPLE 4.5 Assume that water is flowing at a constant velocity of 
4 km h™! as shown in Fig. 4.17. A person wants to cross the river by 
a boat at point P to a point R directly opposite on the other side of 
the river. In which direction should the person row the boat so as to 
ultimately arrive at R? Assume that 
a R he can row at a constant velocity 

of 8, kam h7! in still water. 


Direction 
of flow 


Solution Let PQ be the direction 
along which he must row the boat. 
The velocity of the boat along PQ 
«= together with the velocity of water 


P along QR, should yield a resultant, 
Fig. 4.17 velocity in the direction PR. Thus 
—> 
Vector PQ = 8 kmh"! along PQ 
=% 
and vector QR = 4 km h~! along QR. 
From triangle PQR, we have, (see Fig. 4.17) 
QR = PQ sin 0 
: R 4 1 
p Rh 
sin PQ. 8 2 
E 6 = 30° 


Thus, the person must row the boat upstream ina direction PQ 
making an angle 30° with the direction PR. 


EXAMPLE 4.6 Inaharbour, the wind is blowing ata specd/of 72 
km ho! and the flag on the mast of a boat anchored in the harbour 
flutters along the N-E direction. If the boat 

starts moving at a speed of 51 km h“! to North 

the north, what is the direction of the flag i 

on the mast of the boat? 


Solution Refer to Fig, 4,18. 


Wind velocity v, = 72 km h! = OP 
Boat velocity v, = 51 km h-! = oQ 


The flag will point in the directi 
making an angle 0. n 


In triangle OPQ we have 


OP: 900 
sinô sing Fig, 4.138 
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Now « +10 -+ 45° = 180°; therefore a = 135° — 0 
sin (135° — 8) __ OQ __ Sl 


sin 0 OP 72 

Fii _1. (sin 135° cos 0 — cos 135° sin 0) = > 
vane 72 

i ii KE ) 51 

Ba fab Si a pascal pt nes 

ee sin 0 (Ze GOB Serta ape 72 

or cot 0 = VZ xŠ} — 1 = 0.002 
0 = 90° 


i.e, the flag will point nearly to the east. 


4.6 MOTION IN TWO DIMENSIONS 


In Chapter 3 we developed the concepts of position, velocity and ac- 
celeration in relation to motion in one dimension. These quantities were 
not taken to be vectors because they acted only in one direction, 
namely, the direction of motion of the object. Quantities in the direc- 
tion of motion were taken as positive while those against the direction 
of motion were taken as negative. In relation to two (and three) dimen- 
sional motion, position, velocity and acceleration are vectors. Now that 
we have learnt the necessary vector operations, we can describe motion 
in two (and later) in three dimensions. We shall denote the position, 


> -> 
velocity and acceleration vectors by r (t), v (t) and a (t) respectively. 
Their rectangular components in a plane will be represented as 
{x(t), »(}, for. position vector, {0x(t);v(f)} for yelocity vector and 
{a,(t), a,(t)} for acceleration vector. 


Let r (ti) be the position vector at time ¢, of an object moving in 


a plane. Let r (t) be its position vector at a later time t2. Then the 
displacement vector from ft; to tz 1s 


— > 
Displacement vector from #; to fz = r (t,) — r (ti) 
The rectangular components of the displacement vector are the diffe- 
rences of thé rectangular components of r (t2) and r (tı). Thus 
Fe) -Fe = eDit eD 
= e) — xT E Oe) - YOST 
We can simplify this if we choose fı = 0 and t, = t. Then 


TH -rO =A) Oi DOOS 49) 
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We will now discuss the following two special cases of motion in two 
dimensions, i.e. motion in a plane. 


Case I—Motion with Uniform Velocity ‘The simplest case is one in 
which the magnitude as well as the direction of the velocity of the 
object moving in a plane-do not change with time. The object is 
moving in a straight line in the plane with a constant speed, i.e. the 
velocity is a constant vector. For sucha motion, the velocity is sim- 
ply the rate of change of displacement, ite. 


Z-T O-O 
t 


or FO- rO: (4.10) 


Compare this formula with Eq. (3.3) of Chapter 3. We find that Eq. 
4.10) is a generalisation in two dimensions of Eq. (3.3) of Chapter 3 
for one dimension. t e i 


It must be clearly understood that the Object is moving with a con- 


stant velocity in a plané. The velocity (v) can be expressed in terms of 
its rectangular components v, and v, as: 


Hidi ey A 
s ROT Pah Tr Py deo 


The speed v of the object, i nih i a i 

given by [see Eq, Gs sis the magnitude of its velocity 7 and is 
f > 

Speed (0) = lol = (03 + 23)” (4:11) 


We could also write Eq. (4.10) in terms of rectangular components 
(x, y) of r as follows: 


Wit 10 {= x0) 44094 Oi 4 pt 
which may be rewritten as ; 


PO = x0) — nfl? + b@ = y(0) — v,t)f = 0 


. A 
ince i j i i i 
Since i and j aro non-zero unit vectors, this equation can be satisfied 


only if the coefficients of î and fare separately zero, i.e, if 
x(t) = x(0) + ot 
and Y(t) = yO) + ot (4.12) 


If "we compare these equat; i 
ar equations with Eq. (3.3) we find that each 
rectangular position coordinate of the motion in ae dimensions varies 
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With time exactly as the position coordinate in one-dimensional motion 
with constant velocity. 


Graphical Representation of Motion: To represent the motion on a 
plane graph paper, we plot the position Coordinates x(t) and Y(t) 
along x and y axes respectively for each instant of time between 0 and 
t. At cach value of time, the position of the object is a point on the 
graph. As time passes, this point moves in the plane and we watch the 
motion of the point. This graph is shown in Fig. 4.19. 


j í j 


y-axis 


Displacement = F(t)-Tlo) 
vector 


YO) Fis sis ce ea eee 


i 
, 
’ 
x-axis 
x (0) x(t) 
Fig. 4.19 Graphical representation’ of uniform motion | 
in a'plane 


The points Po and P on the graph correspond to the positions of 
the object at times t = 0 and t = t. As time passes the object moves 


as 
along the line PoP. PoP is the displacement in the plane. 


Case 1I—Motion with Uniform Acceleration We will now study uni- 
formly accelerated motion in a plane. The velocity vector in Eq. (4.1 0) 
is no longer constant; but changes with time and we denote it by v(t). 
Since the acceleration is assumed constant, the velocity vector changes 
at a constant rate from 0 to t. We can then define an average velocity 
vector during the time from 0 to t as ifs 


+ 70-70 
t 


ay — 


(4.13) 


? 


rA . 
The acceleration vector a (assumed constant) is defined as the 
rate of change of velocity with time, i.e. 
> = 
Grad!) =o Oh (4.14) 


bron ol 
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uş = H 
or v(t) =v O + at (4.15) 


a 
In terms of the rectangular components a, and a, of vector a, we 
have, as before 


as A s 
a= aita j 


> > : > 
Since a is constant, each component of ais constant and Eq. (4.15) 
in the components form is written as 


a(t) = v,(0) + a,t 


and v(t) = v,(0) + at (4.16) 
> 
The magnitude a of acceleration vector a is 
a = ja] = (a + ay!” (4.17) 


A — 
We will now find out how the position vector r (t) of a uniformly 
accelerated motion in a plane changes with time. This can be done by 
using the method discussed in Chapter 3 for one-dimensional motion. 


te 
Since v (t) changes at a constant rate in the time interval 0 to 4, it 


is reasonable to except that, the average velocity during the time inter- 
val is the average of the velocities at t — 0 and at t, so that 


— -> -> 
Yay = 4 [o (0) -+ v @)] 
Using Eq. (4.15) in this equation, we get 


> H5 => 
Yay = v00) +4 at (4.18) 
Now, Displacement in time interval (t) 
= average velocity in time interval (t) x time interval (£) 
Š Fr: AN > 
ies r (t) e (0) FF Ugy * t 


Using Eq. (4.18) we then get 


TO 10) ~o O14 ban (4.19) 
The two rectangular components of the displacement are: 

i X(t) — x(0) = 2,(0) ¢ 4- $ at? 
and XA) = VO) = 0,0) t + 44,02 (4.20) 


Notice that each of these equations is just like uniformly accelerated 
motion in one dimension; the first equation represents displacement 
along the x-direction and the second along the y-direction. 
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The path of the object moving in a plane with a constant accelera- 
tion can be found by plotting y(t) and x(1) at each value of time in 
the time internal 0 tot and watching how the point moves on the 
plane. It is clear from Eqs (4.20) that the path will not be a straight 
line because the displacements no longer vary linearly with time t 
(notice the presence of t? term in these equations). The path of the 
object, in general, is a parabola, 


4.8 PROJECTILE MOTION 


An important practical example of motion with uniform acceleration 
in two dimensions is the motion of projectiles‘on the earth’s surface. 
Projectile is the name given to a body which, after having been given an 
initial velocity, is allowed to move under the influence of gravity alone. A 
few examples of projectiles are: a stone thrown from the topofa 
building, a bullet fired from a rifle, a bomb released from a plane, a 
javelin thrown by an athlete, etc. The path of a projectile is called its 
trajectory. A body can be projected in two ways: (i) It can be projected 
horizontally from a certain height, or (ii) it is thrown from the ground 
in a direction inclined to it. We shall consider these two cases separately. 


In relation to projectiles, we take y(t) — y(0) to be the vertical height 
of the projectile above the ground level and x(t) — x(0) to be the 
horizontal distance from a chosen point in the vertical plane in | which 


the projectile flies. In the case of projectiles, the acceleration a has 


only one component a, = — g, which is directed downwards; here g 
is the acceleration due to gravity. Thus. 

— 

a= (0, — 2) 
ie, a = 0, ,,and | jay = haig 
Thus, for a projectile, Eqs (4.20) simplify to 

x(t) — x(0) = vx(0)t (4.21) 

and y(t) — yO) = 2,(0)t — 4 gt? (4.22) 


Body Projected Horizontally from a Certain Height 
Suppose a body is projected horizontally with a velocity of 0.1 ms"! 
from the top of a tower as shown in Fig. 4.20. The body acquires the 
following two motions simultaneously: 

1. Uniform velocity with which it is projected (i.e. 0.1 ms~') in the 
horizontal direction OX. 

2. Uniform acceleration vertically downwards along OY. 

The'x)'y coordinates at thé point O of projection are taken, for con- 
venience “to” be (0, 0), i.e, x(0) = 0 and y(0) = 0. Since the body is 
Projected’ horizontally, 1,(0) = 0 so that 


x(t) =0,(0)t and AS S- 48h 
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These two motions are independent of each other, i.e. the horizontal 
velocity of the body does not depend on whether it is’ falling or'not 


Fig. 4.20 Path of the projectile 


and the downward acceleration does not de i 
t 0 pend on whether the body is 
moving or not. Clearly the distances Ox,, Ox», Ox;, etc. covered in ‘he 
peroneal direction in 1,2, 3 S$, etc. are respectively 0.1 m, 0.2 m, 
-3 m, ete. ('.',v = 0.1 ms“), Similarly, the distances Oy;, Oy2, Oy, 


ete. covered by the body in 1 s, 2s, 3 s, etc i initi 
in the downward direction is zero). Pity ey ee tel velo 


Oy: = — $2 = — 4.0.8) Gy = — 4.9m 
Oy. = — 4 (9.8) (2 = — 196m 
Oy; = — (9.8) (3)? = — 44.1 m 


and so on 


Since the body possesses these two i i it i 

} s motions simultaneously, it is 
antone oon under the influence of two displacements at right angles 
ta a other (one along OX and the other alone OY). It is. clear from 
Jagram that the resultant displacements at the end of I s, 2 s,,3$ 


etc. are given bi IO OONMOO 
EL id y oe 00;, 00;, 003, etc. with: their tail at O and 
1» O2, Os, etc. These vectors are not shown jin, the dia- 


gram, they are the diagonals of the 
} parallelogtams Ox,Q,y,, 0x02 
Y2» Ox;Osy3, ete. respectively. Hence. the sh of the ioe after 


z A 3s, etc. will be O;, O2, Os, etc, The trajectory of the body is OO: 
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Since the horizontal and vertical motions are independent of each 
other, the time taken to reach the ground by the body projected hori- 
zontally is the same as if it were just dropped freely from that height. 


Nature of the trajectory Let us suppose that the body is projected at 
t = 0 horizontally with a velocity vo (so that vx (0) = vo) from a point 
O above the’ ground (Fig. 4:21). 


Then the horizontal and vertical distances covered are 


í x(t) =a t 
and X= — tt? 
Eliminating t from theseequations, we get u^ i 
= - BY (D) = k (e) 
09 
where k = — Be is a constant. The equation y(t) = kx? (t) 
0 


represents a parabola. Thus the trajectory of a body (projected hori- 
zontally from any height above the ground isa parabola. This is 
shown in Fig 4.21. 


x 


Ground 


=Y > Í 
Fig. 4.21 Trajectory of a projectile is a parabola 


Resultant velocity’ The resultant velocity of the body at any time, 
say, t seconds, after it'is projected, can be calculated by determining 
the resultant of the horizontal and vertical velocity vectors at that 
time. Let us say that at time ¢ the body has reached point P (Fig. 4.21). 
The horizontal velocity, being uniform throughout, remains vo. Since 
the initial downward velocity is zero, the vertical velocity directed 
downwards at time ¢ is gt, where g is the acceleration due to gravity. 
Therefore, the magnitude of the resultant velocity of the body at time 
tis given by fe Y 


0 = (ohg, ; (4.23) 
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Let £ be the angle which the resultant makes with the vertical direc- 
tion. Then 


O. 
tan B it 


Thus, the direction of the resultant velocity is inclined with the ver- 
tical direction at an angle given by 


B Stan (2) (4.24) 


Body Projected at an Angle with the Horizontal 


Let us suppose that a body is projected with an initial velocity zp at 
an angle 8 with the horizontal direction OX (see Fig. 4.22). The body 
describes a trajectory OAB and hits the ground at B. Let max be the 
maximum height attained. 


ons 1 » one along the’ horizontal 
direction OX and the other along the vertical direction OY. The com- 


ponents along OX and OY are respectively given by (see Fig. 4.22), 


vs = vo cos 0 
and v, = v sin 0 


Thus, the trajectory of the body can be regarded as the combination 
of the two component velocities vx and v,. The horizontal component 
vx remains constant throughout, along the horizontal, The vertical 
component v,, however, continuously changes due to the effect of gra- 
vity. This component is initially directed upward and decreases with 
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time, becoming zero when the body is at the highest point A of its 
path. After this, the vertical component v, is the directed downward 
and increases with time till the body strikes the ground at B. 


Equations of motion We have seen that the magnitude of velocity 
along the horizontal direction OX is, 


Ux = vo cos 0 (4.25) 


which remains constant. The distance x moved in the horizontal direc- 
tion in time ¢ is, therefore, given by 


x(t) = (up cos 0) t (4.26) 
The velocity along the verticle direction OY at time f, is 
vy = a sin 8 — gt (4.27) 


The distance moved along the vertical direction in time ¢ is given 
by 


y(t) = (vo sin 6) t — 4 gt? (4.28) 
The magnitude of the resultant velocity at time t is given by 
p= (v2 +03)? (4.29) 


The direction of the resultant velocity at time ¢ is given by 


tan a == 2 (4.30) 
Ox, 

where « is the angle which the direction of the resultant velocity 

makes with the horizontal. 


Equation of Trajectory of Projectile Equations (4.26) and (4.28) give 
us x(¢) and y(t), the coordinates of the projectile at time ¢ from the 
start. From Eq, (4.27) we have, 


a 
T v9 cos 8 
Substituting in Eq. (4.28), we get 
gx (i) 
or y(t) = (tan 6) x(t) — Z2 cos? 6 
at yO) = px(t) — 9x°(t) (4.31) 


where p = tan 0 and q = g/(2vê cos? 0) are constants of the motion. 
Equation (4.31) is the equation of a parabola. Therefore the trajectory 
of the projectile is parabolic. 
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Maximum Height Attained The highest point A is reached when the 
magnitude of v, becomes zero, From Eq. (4.27) this happens at a time 
t given by 


0 = usin 0 — gt 
or. t= sin 9 
E 


At time t, the magnitude of V(t) is = hy x, the maximum height attai- 
ned. Substituting this value of t in Eq. (4.28) and setting the magni- 
tude y = hax, We get 


i in 6)2 
hoax = (oy sin 6) QD _ he (vo sin 0) 


g 
2 
aa sin? 0 — 4 2 sin 6 
ee h ug sin? 6 


‘max = Oe (4.32) 


A is zero. Setting y(t) = 0 in Eq. (4.28) and putting t = t,, we 


0 = (w sin 0) tp-4.¢ 2 
2v sin 0 
ae y= un (4.33) 


Horizontal Range It is the maximum horizontal distance between the 
E ane the point where it strikes the horizontal plane 

0 £ tne point of projection. Thus, horizontal R is the 
distance OB as shown in Fig. 4.22; j A 


It is clear that the X-coordinate at t, the ti li i j- 
> f the time of flight, is the hori 
zontal range R. Setting x(t) = Randi = in Eq. (4.57) we have 
R= (vo cos 0) ty 


Substituting for t; from Eq. (4.33), we get 
R = (v cos 0) Qvosin 0) 
& 
và 
a a (2 cos 8 sind) 


2 
v o 
or R= z sin 2 6 (4.34) 
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It follows from Eq. (4.34) that, for a given speed of projection vo, 
the range of a projectile is maximum if sin 20 is maximum. Since the 
sine function has a maximum value of 1 for an angle of 90°, it is clear 
that R is maximum when 


sin 20 = 1 
or sin 20 = sin 90° 
or 20 = 90° 
or 6 = 45° 


Hence, for a given speed of projection,’ the angle of projection for 
maximum range is 45°. The maximum range Rmax is thus given by 


2 2 
RAE A sin 90° = - (4.35) 


Figure 4.23 shows the range of a projectile fired with the same speed 
(%) at different angles with the horizontal direction. 


ight — 


He 


0 3 Range —> x 


Fig. 4.23 Range of a projectile for different angles 
of projection; the speed of projection 
being the same 


Further, when the angle of projection is Gj = o), it follows from 
Eq. (4.34) that the horizontal range is given by 
2 vhs 
Lo A) =p sin m — 20) 
Imai f G gol 
oF R= gin 20 [sin @ — 20) = sin 26] 
£ 


Thus, we conclude that for a given zo, the horizontal range R is the 


same for angles of projection @ and 5 = 4), i.e. (90° — 8). 
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We see from Fig. 4.23 that the value of R is the same when 
0 = 15°, 75° and when @ = 30°, 60° 


It is worth noting that we have obtained the equations for a projec- 
tile under the following approximations. We have assumed that 
1. the earth is flat. 


2. the acceleration due to gravity remains the same at all heights 
and does not change from place to place, and 


3. the friction due to air is negligible. 


E 
It is interesting to see that the direction of the velocity v, of a prop 
jectile is different at different points on its trajectory. The acceleration 
due to gravity is vertically downwards. Only when the body is at its 
maximum height is the acceleration perpendicular to the. velocity. 


EXAMPLE 4.7 A bomb is dropped from an aeroplane when it is direc- 
tly above a target ata height of 1402.5 m. The aeroplane is moving 
horizontally with a speed of 500 km h`". By how much distance will 
the bomb miss the target? 


Solution Since the aeroplane is moving horizontally, the initial down- 
wards speed of the bomb is vy (0) = 0. 


a=g=-98ms” 

The time taken by the bomb to hit the ground is obtained from 
S = 4 et? 

where S = — 1402.5 m 

Thus, — 1402.5 =0 xt- ł4 x 98 xr? 

or en mage = 15s 


Now the horizontal velocity of the plane (and also of the bomb) is 
500 ki h-! | 500.1000, 2 1250 


= a ee) SSS =) 
60 x 60 ore 
Horizontal range = Horizontal velocity x Time 
1250 
= ROEY x 15 
= 2083.3 m 


EXAMPLE 4.8 A ball is projected horizontally from the top of a build- 
ing 19.6 m high. How long will the ball take to hit the ground? If the 
line joining the point of projection to the point where it hits the ground 
is 45° with the horizontal; what must be the initial velocity of the ball? 
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With what vertical velocity does the ball strike the ground? Given g = 
9.8 m s~?, 


Solution We know that the time taken to reach the ground is inde- 
pendent of the horizontal velocity of projection, vy. Since the initial 
downward velocity is zero, we have 


v,(0) = 0 
g= — 9.8 ms? 
Height h = — 19.6 m 
The time of flight is given by 
h = pgr 
which gives t= 2! = (? he) Teas 


Referring to Fig. 4.24, let B be the point where the ball hits the 
ground. Since Z ABO = 45°, AB = OA = 19.6 m. Let the horizon- 
tal velocity be vp, then clearly; AB = 19.6 mis the distance travelled 
in the horizontal direction in a time 2 s. Hence 


0 = can = 9.8 ms? 
0 Yo 
Trajectory 
h=19-6m 
A B 
Fig. 4.24 


_Let v, be the vertical component of the velocity of the ball when it 
hits the ground, Now 


or vy = (2 gh)? 
=(2 x — 9.8 x — 19.6)" 


= 19,6 ms! 
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Exampre 4.9! Aniintercontinenital ballistic missile (ICBM) is fired for 
maximum range at your city from a place in the enemy country at a 
distance of 8000 km from your city. Suppose the missile is first detec- 
ted’at its halfway point: 
(i) How much warning time will you have? ; 

(ii) How fast will the missile be travelling when detected? 

(iii) What will be its maximum height? 

(iv) With what velocity will it strike the target? 


Solution Since the missile is fired for maximum range, the angle 4 
(see Fig. 4.22) is 45°. 
Rmax = 8000 km = 8 x 10°m 
The initial velocity of the missile (v) can now be obtained from Eq. 
(4.35) which gives 
0 = (g x RLY)? = (9.8 x8 x 109! 
= 8.854 x 10? ms! 

(i) Since the missile is first detected at its halfway point, the | warn- 
ing time f, is half the total time of flight tp. From Eq. (4.33), we have 
t, = pe = 25m 8 _ 8.854 x 10% x sin 45° 

4 f g 9.8 
= 639 s = 104 minutes 
(ii) At its halfway point, the missile is at its maximum height (point 


A in Fig. 4.22). The vertical component v, of the velocity at this point 


is zero; the velocity is, therefore, given by only the horizontal compo- 
nent vy which from Eq. (4.25) is given by 


Dy = v Cos 0 = 8.854 x 103 x cos 45° = 6.26 x 10° ms! 
= 6.26 km s~! 
(iii) From Eq. (4.32), the maximum height is given by 
panel 2 sin? 0 ha (8.854 x 103)? (sin 45°)? 
ap 22 2x 9.8 
= 2.00 x 106 m = 2000 km 


(iv) The final velocity is the same as the velocity of projection vo. 
Thus, the velocity with which the missile will strike the target is 8,854 X 
10° m s~ = 8.854 km s"'. Notice that at its maximum height, of 2000 
km, the missile is somewhere in the stratosphere. 


4.9 GENERAL POSITION-VELOCITY-ACCELERATION 
RELATIONS FOR MOTION IN TWO DIMENSIONS 


So far we have discussed two kinds of motion in a plane, namely, 
one with uniform velocity (zero acceleration) and the other with con- 
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aot 
stant acceleration. In the first the position! vector r(f) changes with time 
= 
but the velocity vector v remains constant, i.¢.| the magnitude and 
> i > > 
direction of v do not change with time. In Sec. 4.6 both r (f) and a(t) 
> 


change with time but the acceleration vector@ ‘remains constant, lie. 
either the magnitude or the direction or both'themagnitude and direc- 
=r 
tion of v (t) change at a constant rate with time. 
The most general motion in a plane is the one in which the posi- 


= AES > 
tion vector -r (t), velocity vector .v (t) and the-acceleration vector a(t) 
all change with time in some way. 


Ba 

Suppose the position vectors r(t) of an object moving in a plane are 

known for all times.,Then, from this knowledge, can we find the velo- 
> 


= 
city vector v (t) and the acceleration vector a(t) at any instant of time? 
The answer is yes. We use the calculus method developed in Chapter 3 
in the general analysis of motion in one dimension. 


Calculation of Velocity Vector 


-> 4 one) i f . 
To calculate o(t), we consider two’ positions P and Q (of the object 
in a plane) very close to. each other at times ¢ and (t + At) where 
At is very small and assume that the velocity is constant during A f. 
> 


Let r(t) and ki t + A t) be the corresponding position vectors so that 
) lov odd Yous 


Ararat an rd 


i > Red ? : 
18 small, where Ar is the displacement in time interval A t. The velo- 
city vector;| by definition, is l 


PORU tem 200o 04,36) 


a 
The error in the calculation of v (t) from relation (4.36) will become 
smaller and smaller if the time interval Aż is made smaller and 
Smaller, as explained iti Chapter 3. Relation (4.36) will! become exact 
in the limit Q —> P or At + 0 (see Fig. 4.25a) 


Thus, we haye 


b (1) GaSe aeons a (4.37) 


Ai>0 A dt 
ER: ijs Z 


$ { 
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In terms. of rectangular components, we have 


ERNEA OE (f) 
A r E ar 

olen, AOSA 438 

and 9) = Limit a = a 
y t 


vy 


Vy(trat) 
of” 
yun aa 


x(t) x(teat) Vit) Vylt+ At) V” 
ee 

Ax AV x 

(a) (b) 


> > 
Fig. 4.25 (a) Calculation of v(t) from r) 


=> => 
(b) Calculation af a(t) from x(t) 
h aie } È t 
Notice that the velocity vector v (t) at any time ft is along the tangen 
at time t (i.e. at point P) to the curve. 
Calculation of Acceleration Vector 


> EPS, 
Having calculated v(t) for all values of t, we can now calculate a(t) in 


Bay > 
exactly the same way. We take two velocity vectors v(t) and ¿(t +41) 
at two close instants of time and assume that the acceleration is prat 
tically constant during the small time interval A t. Let 


Avo + At — vt) 


Then, by definition, the acceleration is given by 


In the limit At > 0, this becomes (see Fig. 4.25b) 


TO= Limet 2 _ dot) (4.39) 
At>0 At dt 
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In terms of the rectangular components, we have 


a) = 20 


and a(t) = a (4.40) 


It is worthwhile to recall that for the caso on = 0 and a= con- 
stant dealt with in Sec. 4.6 we first found how wt) changed with time 
and calculated the path of the moving object described by P(t) from 
the knowledge of ‘oy: We are now adopting the opposite point of 


nts 

view, ie. knowing r(t) we calculate v(t) and. a(t) as described above. 
We will use this point of view in the following case of circular motion 
where the path of the object in circular motion is known. 


4.10 UNIFORM CIRCULAR MOTION 


If an object moves in a circle at a constant speed, it is said to be in 
uniform circular motion, for example, the moon revolving round the 
earth, a satellite in circular orbit round a planet or a cyclist moving at 
constant speed on a circular track, ete. 

Let us choose the centre of the circle as the origin in the plane. 
Let R be the radius of the circle (see Fig. 4.26). The time period (T) of 
circular motion is the time taken by the object to go once round the 


v 

Qat t+at 
AAN 
Ads Patt 


Fig. 4.26 Circular motion with constant speed. 


circle. The frequency (v) of the motion is the number of revolutions 
completed in one second. Obviously » = 1/7 if is measured in seconds. 
The angular velocity (or angular frequency) of the motion 1s the angle 
Swept out by the radius vector per second, If the radius vector 
sweeps out an angle A 0 (measured in radians) in a time interval A f, 
then angular velocity (usually denoted by w) is given by 
_ A? 
rene 
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if A t = T, then A @ = 2 m radians. Hence 


I 


o= r S 2 v (4.41) 


Angular velocity is expressed in radianyper, second (rad s~'), 


Calculation of Velocity Vector 


oe jì 
To find the velocity vector v.(t) at time t when the object at. P, we 
divide the displacement PQ.= Arby a small time interval At dur- 
ing which the object moves from P to Q by the time interval’ At and 
take the limit A t-> 0 (see Fig. 4.26), (x) 


G 
Let us find the magnitude of `A rii Arc PQ‘subtends'an angle A@-at 
the centre of the circle. Hence 
Are PQ = R Ad’ 
where A@ is measured in radians.. As Q. approaches P or as At > 0, 


the arc PQ becomes closer and closer to the chord PQ and in the limit 
” = 0, they become equal; Hence the magnitude of velocity vector 


v (t) is given by 


is 
»=p (| =A Rao 
Ad 
But At = 
Hence u= wR (4.42) 


Calculation of Acceleration (Centripetal Acceleration) 


Consider an object moving in a circle with a constant speed v. Since 
the’ direction of motion changes continuously, so does the velocity of 
the object, although its magnitude (i.e. its'speed) remains constant. 

Now, according to Newton’s fitst law of motion (see Chapter 5)'a 
forcë must be acting on the object, for otherwise its velocity Gould not 
change. Thus,'4'force must act continuously on an object moving in a 
circle so as to bring about ‘a change in its’ direction of motion. 

What is the direction of this force? It is obvious that this force 
could not be acting along the path followed by the object (i.e. along 
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the circumference of the circle) because, if it did, then according. to 
Newton’s second law of motion, it would produce an acceleration along 
the circle and the circular motion would hot be uniform any more. 
Hence the direction of the force must be such that it has no effect on 
the direction of motion of the object. This can happen only if the 
force,acts at right angles to the direction of motion, because if it acted 
in any other direction, it would have a component along the direction 
of motion which would change the speed of the, object, 

It is evident (see Fig. 4.27) that if this force is removed, the object 
(due to inertia) will tend to fly off in the direction of the tangent to 
the circle at that point’ with a uniform speed. Thus the direction, of, 
the velocity is tangential to the circle atevery point. It follows that 
the force must act at right’ angles to the tarigent to the citcle at every’ 
point. Now, we know that the radius is perpendicular to the tangent! 
Hence the force must act along the radius of the circle at every point, 
Le, the force is always directed towards the centre of the circular path 
as shown in Fig. 4.27. Such a force is called centripetal force. The 
word “centripetal” in Greek means “centre-seeking”’. Now according to 
Newton’s second law of motion, a force produces an acceleration ina 
body of finite mass. It is obvious that the direction of the acceleration 
is towards the centre of the circle. This acceleration is called centri- 
petal acceleration which is not due to the change in magnitude (speed) 
but due to the change in the direction of the velocity vector. We shall 


now calculate the magnitude of centripetal acceleration a. The magni- 
tude of centripetal force is given by F = ma, where m is the mass of 
the particle. 


Fig. 4.27 Centripetal force 


Magnitude of Centripetal Acceleration Consider’ a parlicle moving 

frond a circle of radius iR with a constant speed v. Suppose it moves 

ee F to Q in small time interval Af. then the length of arc PQ cover- 
this time is given by (see Fig! '4.28 a). 


PQ =o At 
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> 
The velocity of the object at P is represented by the vector vı drawn 
> 
along the tangent at P. Similarly, v2 represents the velocity at Q. It 
> 
must be remembered that the magnitude of v; is the same as that of 


5 

va but their directions are different. Let A@ be the angle Z POQ (in 

radians). Since the tangent is perpendicular to the radius, the angle 

between two tangents is equal to that between the two corresponding 
> 


G 
radii. Thus the angle between vı and v is also A8. Now the change 
in velocity 4 v (due to change in direction) as the particle moves from 

—> > 


P to Q in time At is clearly given by the difference between vı and vx 
In other words, 


> > > 
Av = n- 


> > 
= n +(- 4) 
% 
> 
Be 
A8 
P77 
(a) 


Am 
‘2 
/ 
A 46 
S 
~M 


(b) te) (d) 


Fig. 4.28 Acceleration in uniform circular motion 


G Thus, the change in velocity anton be obtained if we add vecto! 
v, to the negative of vector a Figure 4.28 Mhows-21 and ar a sepa 
rate diagram. The vectors ae and Ea in Fig. 4.28a and Fig. 4.28b a 
equal and parallel. Figure 4.28c ihop i! and aly which is the neghi 
tive € of a. Now we use the method of vector addition to add i vz W 
— vy. Shift v, parallel to itself until its tail is at the head of — v1. TH 


/ 
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is shown in Fig. 4.28d. Complete the parallelogram ABCD. The 
> 


diagonal AC is the resultant vector A v. 


Now triangles POQ and ABC are similar because they have the 
same vertex angle. Hence 


AC _ BC 
PQ OQ 
BC 
or AC= oQ PR 
Av v 
or PQ” R 


2S i > => 
where Av is the magnitude of Av and v is the magnitude of vz or 2. 
If At is small, the chord PQ becomes very nearly equal to the arc 
Q i.e. 


PQ = PQ = vAt 
Therefore, we have 
Ao lv 
vt R 
Av _ o 
4 aR 
ri —> 
When Ar > 0, “ i = a gives the magnitude of the acceleration 4 of 
of the object moving in a circle, i.e. 
Av _ dv 
aiH Lim aies ee 
At->0 At dt 
i) 
Thus a= z (4.43) 


Notice that in the limit At > 0, angle A@ also approaches zero and 
as BA = BC, the change AC (= A v) will beat right angles to AB. 
Thus, the change in velocity (and) hence the acceleration) will be at 


right angles to the scoured at P. In other words, the acceleration is 
along the radius, directed towards the centre. This acceleration is call- 
ed centripetal acceleration and its magnitude is given by Eq. (4.43). 
Centripetal Force If the mass of the object is m, the magnitude of 
the centripetal force is given by 


2 
Peta (4.44) 
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In terms of angular frequehcy w, we have (since j = Rw) 
F= mR w? Al 5 (4.45) 


H 
EXAMPLE 4.10 A satellite is revolving around the earth in a circular 
orbit at an altitude of 6 x 105 m' where: the acceleration due to gra- 
vity is 9.4 ms~?, Assuming that the)earth is a sphere of radius 
6.4 x 10° m, calculate the time period of the satellite. 


Solution Let m be the mass of the satellite. The centripetal forée 


necessary to keep the satellite in orbit is provided by the gravitational 
force mg. Thus, we have, 


2 
w2mR = ape Fe ng 
hit Nai me sA to abt h 
a | perya LOT hioo ont 
& 
Here R= (6.4,« 1064 0.6, x 105) = 7.0 x 106m 
g = 9.4 ms? 


ad 
.'. Time period of T= 2 x 3,14 X eye)" = 5.42 x 10°s 


=15h 


i ; 
EXAMPLE 4.11 A string can withstand a tension of 25 N. What is 
the greatest speed at which a body of mass 1 kg can be whirled ina 
horizontal circle using a 1 m length of the string? 


Solution Since the body is whirled in a 


H > horizontal circle, the gravit 
acting vertically towards, has no effect o ; : n 


n the motion. 


Here F=25N 
m= |1 kg 
R=1m 


If vis the greatest speed with which the body can be whirled, the 
maximum centripetal force (or tension) in’ the string will be Me eich 


ape . R 
must balance the minimum tënsioh F the string can withstand: 
Thus! | w agair sats 
R 
i 2 { à i] J 
or 251 XY» is 
l 1 
or 
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ExAMPLe 4.12- A'body of mags 0.5 kg'is’ whirled in a Vertical citélé 
at an angular frequency of 10 rad s~!, If the radius of the circle is 
0.5 m, find the tension in the string when the body is (i) at the top of 
the circle, and (ii) at the bottom of the circle. Take g = 9.8 ms, 


Solittion Í 
Here i pum = 05 kg 3 ae 
R= 0.5 m ae 
w = 10 rads"! 


Fig. 4.29 


(i) Refertitig to Fig. 4.29, it is clear that when the body is at A, 
the top.of the. circle, its).weight,mg and the tension T, in the string 
act downwards, towards the centre O of the circle and the sum, of the 
two provides the necessary centripetal force. Thus 


a (1) 
T, + mg = mR a? ; 


a T, = m(Ru? ~ 8) 
š í 0,5 [0.5 x (10)? — 9.8]: 
bridi ait) nons OLIN] isih : i 


to sani ast) s -e ardt ot 1nhssiby 
(ii) When the body is at the bottom of the circle (point B), the ten- 
sion Ty is opposite, to weight mg and. the difference, (Tz =, mg) pro- 
vides the necessary centripetal force. Hence het 
T, — mg = MRa? 
7, Lim (Ria Pg) 
| OS 105.4, 00? 4.9.8 
= 29.9N 


5 
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411 MOTION OF OBJECTS IN THREE-DIMENSIONAL 
PACE 


Objects do not always move in one or two dimensions. An object 
moving in space, such as a kite flying in the sky, has a three-dimen- 
sional motion corresponding to the three coordinate axes x, y and Z 
of a rectangular coordinate system. The position, velocity and accele- 
ration vectors have three rectangular components—two in the x-y 
plane (as in the case of two-dimensional motion) and one perpendi- 
cular to this plane, as shown in Fig, 4,30. 


=------ -a 
`, 


z 


Fig. 4.30 Rectangular coordinates of a point in 
three dimensions 


To describe any physical quantity of the motion in three dimensions, 
e.g. the position vector r (£) of a moving object, we choose an origin 


at some point O in space and three unit vectors i, i, k at O which are 
mutually perpendicular, Using the ideas of the two dimensional case, 


we can write r (t) as 
> PEN aR AR Ra A, 
r (0) =x Oi + 905+ z0) k 
where x(t), 29 and 2(t) are the rectangular coordinates of the posi- 


tion vector r (t). Notice that the z-direction (the third dimension) is 
perpendicular to the x—y plane (the plane of the paper). 
The corresponding expressions for the velocity’ vector v (¢) and the 
OF ji 
acceleration vector a (t) are: ; Bae: f 


TO sal) i tN) Nk 
ani TO =) 24 an] + a(t & 
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Their three components are: 


v0 = 22 

a(t) = at) 

oft) = A 

ang a,() = 20 = DW 
at) = 2) = oo 


aft) = edt = 20 


If the object moves in space with a constant velocity, i.e. with a 
constant speed in a straight line, its motion is unaccelerated. If it does 
not move with a constant velocity, the motion certainly has some kind 
of acceleration. 


SUMMARY 


Quantities which have a magnitude as well as a direction are called 
vectors. Scalars have only a magnitude but no direction. Scalars add 
algebraically but vectors add geometrically by using the triangle or 
parallelogram law of vector addition. Vectors 10 a plane can be resol- 
ved along any two directions. Vectors in space are resolved in three 
directions. In Cartesian coordinates, these directions are mutually per- 
pendicular to each other. i ; ahs 
Motion in two and three dimensions i$ described in terms of the 


ae = i : 
position vector r (t), the velocity vector v (#) and the acceleration 
i i í 
vector. a (t) of the moving object. They are related as 


0 = a 
eee) 


at) = re ae 


—> > Sy joai 
calculate r (t) and a (t). If r (t) is given, we 


e first method has been used to analyse 
to discuss circular motion. 


> 
If v(t) is given, we can 
-> 


a 
can calculate v (t) and a (t). Th 
projectile motion and the second 
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9. 


10. 


11, 


12, 


13, 


ds 


2. 


EXERCISES * 


- What are scalar and vector quantities? Pick out scalars and vectors from 


the following list: mass, volume, surface area, speed, velocity, distance, 
displacement, acceleration, density, angular velocity, number of moles, 
temperature, pressure, impulse, time, power, energy, coefficient of frict- 
ion, charge, potential, gravitational field, force, momentum, work, 
current, magnetic moment, and relative velocity. 


- What are equal vectors? What is the negative of a vector? 


— > Ke 
- A particle is subjected to two vector displacements A and B. How will 


you find the magnitude and the direction of the resultant displacementit 


-> > > —> ee 
(a) A and Bare Perpendicylar to cach other, and (b) A and Bare inclin- 
ed at an angle? ( 


: a 
Show that vector addition is (a) commutative, and (b) associative, 


acceleration. 


What is a projectile? Show that when a body is projected horizontally 
from a certain height above the ground, its path isa parabola, Deduce 


an expression for the magnitude and direction of its velocity at any 

instant of its: motion, ib 

A projectile is fired at an angle @ with the horizontal, 

(a) show that its trajectory is a parabola, 

(b) Obtain expressions! for (i). the maximum height attained, (ii) the 
time of its flight, and (iii) the horizontal Tange. 

(©) At what'value'of 0 is the horizontal range maximum)? 


(d) Prove that, for a given velocity of Projection, the horizontal range is 
‘the same for 6 and ( ° AMansrnify D ban ow 


What is angular velocity? What are its) units? Establish a. relation be- 
tween angular and linear velocity, j 

What is centripetal accelétation? How will’ you ‘account for it? Deduce 
an expression for it in the case of a body moving around a circle with a 
uniform speed, vd 


How do we describe the Motion of objects in three-dimensional space? 


PROBLEMS 
An aeroplane takes off at an angle of 30° 
ponent of its Say along the horizontal js 200 kmh- 
actual velocity? What is the Vertical component of velocity? 
Arbody is given a displacement; of 12 myin; the east and 5 min the north 


and then 9m vertically upwards. Find the Magnitude of the resultant ~ 
displacement. 


6. 
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Rain is falling vertically downwards at a speed of 30 ms-'. A body is 
running, at a speed of 10 ms-! in the north-to-south, direction, In which 
direction must he hold his umbrella? sizent 

From the top of a building 19.6.m high, a ball, is projected horizontally. 
After how long will it strike the ground?) If the line joining the point of 
Projection toj the point where'it, strikes ,the | ground is 609, with the hori- 
zontal, what is'the velocity with whichsthe ball is projected? 


- A shell is fired horizontally with a _velocity..of 200 msr} from the top of 


a tower. In hits a, target on ithe ground after 2 s..,(i) What is the height 
of the tower? (ii) Where is the target situated? (iii) With what vertical 
velocity does the shell strike the target? 

A body of mass 0.5 kg is whirled in a vertical circle of radius 0.5 m. If 
the tension in the string when the body is at the top of the circle is 20.1 
N, what is the time period of revolution? 

A string of length 0.5 m is used to whirl a 0.5 kg stone in a horizontal 
circle with a speed of 5 ms~*. Calculate the tension in the string. 

A ball leaves a bat at an angle of 37° to the horizontal at a speed of 
50 ms~*, How high does it go? How much forward is it at its highest 
point? If the ball is caught at a horizontal distance of 175m from the 
point where it was struck, find how far above the leyel at which the ball 
was struck, was it caught? 


9. A bullet is fired at an angle of 45° with the horizontal and with a velocity 


10. 


ii bs 


13, 


14, 


of 900 ms~*, How high will it rise and what will be its horizontal range? 
What can you say about the horizontal range of the bullet ifit is fired 
at an angle of (i) 33° and (ii) 57°? 

An aeroplane flying horizontally with a speed of 490 ms-', releases a 
bomb when at a height of 1960 m. When will the bomb hit the ground 
and what will be its velocity then? If the bomb was aimed at a target at 
a horizontal distance of 10 km from the point vertically below the point 
of its release, by how much distance will the bomb miss the target? 

A projectile is fired with a muzzle velocity of 400 ms-* at an angle of 
elevation of 15° above the horizontal. At what height will it strike a 
vertical cliff distant 5000 m horizontally from the cliff? What will be its 
velocity when it strikes the cliff? 

A water hose on the ground shoots a stream of water at an angle of 
40° to the horizontal with a speed of 20 ms-1, Find the height at which 
the water stream will strike a wall 8 m away. 

A ball has to be thrown horizontally from a window 152.4 m above the 
ground in one tall building so as to enter a window 15.24 m above the 
ground in a second tall building that is at a horizontal distance of 90.96 
m from the first building. What is the speed with which the ball must be 
thrown? 

An observer on the ground finds that an object is falling vertically with a 
constant acceleration g. How is the motion of the object described by an 
observer in the train moving along a straight track with a constant velo- 
city v? Assume that the ‘origins’ of the two observers are coincident at 
t=0, 
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A string of length'1 m is fixed at'one end and carries a mass of 100 g at 
the other end. The string makes 2/7 revolutions per second about a verti- 
cal axis passing through its second end. Calculate (a) the angle of incli- 
nation of the string with the vertical, (b) the tension in the string and 
(c) the linear velocity of the mass. 

A small body slides down a frictionless track after being released from 
rest from a point at a height A. The track ends in a circular loop of 
diameter D in the vertical plane. The body remains in contact with the 
Joop as it moves along it. Find the relation between k and D. 


(Hint; Use conservation of energy). 


5 


Law of Motion 


5.1 INTRODUCTION 


In the last two chapters we studied the motion of a body in one and 
two dimensions, We described it in terms of the position, velocity and 
acceleration of the body. Our discussion was largely geometrical. Such 
a description of motion in which we are concerned with the measure- 
ments of position, velocity and acceleration of bodies and their varia- 
tion with time is called kinematics. In the last two chapters, we have 
thus studied the kinematics of motion. 

In this chapter we will be concerned with the causes that influence 
the motion of bodies. We will introduce two new concepts—mass and 
force, These words have a special meaning when used in a scientific 
sense. For the layman, however, mass is the quantity of matter in a 
body and force is some kind of a pull or push. 

The aspect of motion concerning the causes of motion is called 
dynamics. In this chapter we will study the dynamics of motion. 

The subject of motion was placed on a sound scientific footing by 
two great men, Galileo Galilei (1564-1642) and Sir Isaac Newton 
(1642-1727). Galileo laid the foundation of the modern scientific 
method. He was of the opinion that every theory of nature should be 
put to an experimental test. He studied the simplest examples of the 
natural phenomenon of motion and set up simple experiments to 
examine them. Only after Galileo had clarified the idea of motion 
was the world of physics ready for the great work ofi Isaac Newton. 
In 1687 he published a work called the Principia in which, for the 
first time, he gave a scientific meaning to the concepts of mass and 
force. He used these concepts to formulate the three fundamental laws 
governing all motions. These laws are called Newton’s laws of motion. 
The greatness and genius of Newton can be assessed from the fact 
that his laws of motion are applicable not only to the motion of the 
poets on or near the surface of the earth but also to that of heavenly 

odies, 
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5.2 GALILEO’S EXPERIMENTS ON THE MOTION OF 
OBJECTS 


Galileo studied the simplest examples of the motion of objects and 
set up simple experiments to examine their motion. On the basis of 
his experiments (described below he came to the following conclusion: 

“A body continues to move with the same velocity (i.e. with the same 
speed.and in the\ same iyectionifrmozur alanced force acts on it”. 

‘Nobody at that time, bélieved “this Conclusion to be valid because it 
is contrary to common experience. A ball rolled on the ground moves 
some distance and then comes to rest. But now we know that the 
above conclusion is absolutely correct. How did Galileo arrive at this 
revolutionary conclusion? Let us look at some of his observations 1 
his experiments described as follows. 


1 
yi 


Galileo’s Experiments with Inclined Plane i 

) ? í RI Ot i thal W 719. ) . 
Galileo first studied the'motion of objects.on\ ah inclined. plane. oHe 
observed that when an object moves down‘an inclined plane, its speed 
increases (Hig, 5.1a). But when the objects is. moved: up. the inclined 
plane, its speed decreases (Fig. 5.1b). 


(b) 
| Fig. 5.1 Galileo’s inclined plane experiment 
Tito bry yi REND) 
| He also observed that when the inclined plane was made less’ steep, 
the increase in the speed of the object was less than when ‘the inclitied 
plane was steeper (Fig: 5.2a). tee 


f Fig. 52 


i He then asked himself the following question: What would happen 
if the plane were made less and less steep until it became a flat surface 
(Fig. 5.2b). The obvious answer was that the increase in the speed would 
become less and less until it (i.e. increase in speed) became zero on a 
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flat surface. In other words, the speed of a body, moving ona flat sur- 
face, would remain unchanged. 


Galileo’s Thought (Imaginary) Experiment 


Galileo next thought of an imaginary experiment not with real balls 
or planes but with imaginary ones. He had earlier observed the motion 
ofa pendulum (a lamp hanging from the celling of a church). He 
observed that the pendulum rose to the same height on either side of 


the rest position (see Fig. 5.3). 


bS 


Sh a E ER th 


Fig. 5.3 


Considering this observation, he argued that if a ball were allowed 
to move along the side of a hemispherical vessel, it would reach the 
ae side of the vessel and rise to the same height on that side also 

ig, 5.4). 


wh 


0 
Fig. 5.4 


He then asked himself what would happen if the slope of the vessel 
to the right of O were reduced as shown in Fig. Ons 


Q ti Flat 
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The obvious answer was that the ball would rise to the same height) 
but it would have to travel a longer distance to reach that height. This 
thought experiment shows that the more we decrease the slope at the 
other side of the vessel, the longer would be the distance the ball has to 
travel to reach the same height (see Figs 5.5a and b): 


He finally wondered what distance the ball would have to travel to 
attain the same height if the slope on the other side of the vessel were 
decreased to zero, i.e. if that side of the vessel were flattened? This is 
shown in Fig. 5.5c. The obvious answer would be that the ball would 
have to travel an exceedingly large (infinite) distance to attain the 
same height. This could happen only if the speed of the ball on the flat 
surface remained unchanged. 

On the basis of these experiments, Galileo arrived at the then un- 
belie vable conclusion that: 

“A body moving in a straight line with a certain speed will continue 
moving in the same straight line with the same speed in the absence of 
an external force”. 


This is known as Galileo’s law of inertia. 


5.3 NEWTON’S FIRST LAW OF MOTION: THE LAW OF 
INERTIA 


Newton’s first law of motion states that “every body continues in its 
State of rest or of uniform motion in a straight line unless it is compel- 
led to change that state by an external unbalanced force”. 


Interpretation of First Law 


The first part of the law, namely, “ 


rt every body continues in its state of 
rest unless it is compelled to chan : 


Re ige that state by an external unbal- 
anced torce , 1s a common experience and hence is easy to under- 


stand. If we place a book ona table, it stays there unless someone 
removes it, i.e. applies a force on it, 

The second part of the law, namely, “every body continues in its 
state of uniform motion in a Straight line unless it is compelled to 
change that state by an external unbalanced force” is difficult to 
understand because it is contrary to our common experience, A stone 
solled along a road comes to rest after going only a short d stance. 
We then replace the stone with a smoother body, e.g. a ball bearing 
and the road by a smoother surface, e.g, a long sheet of glass. Now 
if we roll the ball bearing on the glass sheet with the same push oF 
force as before, it travels a much longer distance before coming to 
rest. If we do this experiment in a chamber from which ait has been 
removed, we should expect the ball to go still farther. We are trying 
to reduce friction which offers resistance to motion. If we imagine 
friction to be completely absent, then it is easy to understand why @ 
body in a state of uniform motion must continue in that state for all 
time. It should never come to rest, The clos: st approximation to this 
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_ ideal situation is motion of a star in free space. Observations taken 
over many decades show that the motion of the stars is uniform and 
will continue to be so. In other words, the speed of a body can be 
changed only if a force acts on it. 

The phrase “in a straight line”, which occurs in the statement of 
the first law, must be carefully noted. The direction as well as the 
speed of a moving body will remain the same (i.e. the velocity remains 
the same) unless a force acts on it. 

Hence, from the first law, we may qualitatively define force as some- 
thing which, while acting on a body, changes or tends to change its 
state of rest or of uniform motion. 


Mass and Inertia 


Inertia is the inherent property or tendency of abody to resist any 
change in its state of rest or of uniform motion in a straight line. The 
name inertia was given by Galileo. The first law is sometimes called 
the law of inertia. A body ig said to havea large inertia if it is diffi- 
cult to change its state of rest or of uniform motion. An object, such 
as a heavy truck or a heavy stone, has a large amount of inertia. If it 
is at rest, it is difficuit to make it move; if it is moving, it is difficult 
to stop it or change its direction of motion, i.e. it is difficult to change 
its velocity. Thus, the term mass is a measure of inertia of a body, The 
More inertia a body has, the greater is its mass. 

The following examples illustrate the inertia of rest or of motion. 

„1. We place a coin on a card which is placed on a tumbler and 
flip the card quickly with a finger. The coin neatly drops into the tum- 

ler. This shows the inertia of the state of rest of the coin. 

2. We place a toy car on smooth steel tracks. If we jerk the track 
quickly to the left or right, the wheels of the car turn but the car 
itself has a tendency to stay at rest, ie. the car has inertia of rest. 
Now, if the track is long enough and the car is given a jerk, it will 
roll along the track with the same velocity for a considerable length 
of time, if the friction is negligible. A railway wagon detached from 
the engine can travel a few kilometres before coming to rest. It would 
never come to rest if the friction between the wheels and the track and 
that offered by air were absent. 

3. We have the first-hand experience of the inertia of our body 
When we travel in a bus. When a moying bus suddenly stops we are 
thrown forward. The reason is that our body is in motion with the 

us and tends to stay in motion even after the bus has stopped. On 
the other hand, when the bus suddenly starts, we are thrown back- 
Wards, because, in this case, our body is at rest and tends to stay at 
Fest even after the bus has started moving. 


5.4 NEWTON’S SECOND LAW OF MOTION 


Newton’ : i t force is exerted 
S first law of motion tells us that, if no, net tore 

na body, it will continue to stay at rest (if it is already at rest) a 
continue to move with a constant velocity (if it is already moving): 
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Newton’s second law of motion tells us what happens when a force is 
actually exerted on a body. Newton introduced a new concept called 
momentum, Before we give the statement of the second law, it is neces- 
sary to understand the meaning of the term momentum. 


Momentum 


Suppose we have two cars, a toy and a real car. Imagine that 
they are moving with the same velocity. We try to stop them by pull- 
ing at a rope tied to the back of each car. The effort (or force) requir- 
ed to stop the real car is obviously much more than that required to 
stop the toy car. The reason is that the real car has a greater mass (or 
inertia) than the toy car. Thus, we conclude that the force required to 
stop a moving object depends on its mass. It is a matter of common 
experience that the force required to stop a moving body depends also 
on its velocity. Suppose the real car is moving very slowly, a small 
force will be needed to stop it. But if it is moving with a high velocity, 
a much greater force is needed to stop it. 

Thus, we have seen that the force required to stop a moving body 
depends on two factors: (i) its mass and (ii) its velocity. Newton defi- 
ned momentum as the product of the mass and yelocity of a body. 


=> 
In symbols, the momentum p of a body of mass m moving with a 
> 


uniform velocity v is given by 
= > 


p=my (5.1) 


. . . + . Fai 
Since the body Is Moving a straight line, p is called the linear mo- 
mentum to distinguish it from angular momentum (see Chapter 7). 


BS 
Momentum p ee a vector quantity since it is the product of a scalar 


i 7 = a 
m and a vector v, The direction of p is the same as that of v. 
The unit of momentum in the SI system is kg ms“, A body of 


mass 1 kg moving with a constant velocit we linear 
momentum of 1 kg m s"!, |e i lag 


Statement of the Second Law 


Newton’s remarkable genius and foresight is evident from the fact 
that he was the first to recognise that a force will change the momen- 
tum of a body and that the change will take place in accordance with 
a law which is known as Newton’s second law of motion. The law 
states that, the rate of change of momentum of a body is directly pro- 


portional to the applied force and the chan i direc- 
tion in which the force acts, Sd cei 


Interpretation of the Second Law 


ap 
Suppose a force F acts ona body of mass m. The velocity and hence 
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the momentum of the body changes. We know that the momentum is 
given by 

LS iy 

p=m v 


ICE 
where v is the velocity at a certain instant of time, Differentiating 
this equation with respect to time, we get 
> > 
dp =m dv (ek 
dt dt 
> 
= ma 


mis constant) 


es 
a dv. z 
where a= as the acceleration produced. But according to New- 


dp. 
ton’s second law the rate of change of momentum use is propor- 
> 


tional to the impressed force F, i.c. 


> > 

Fama 

> 

AA 

or AiG 


m 


We, therefore, conclude that the effect of force on a body is to pro- 
duce an acceleration which is directly proportional to the applied 
force and inversely proportional to the mass of the body, the accelera- 
tion taking place in the direction in which the force acts. We can now 
give a physically meaningful and a quantitative definition of force as 
Something that produces an acceleration in a material body. 


Alternative Statement of the Second Law 


The acceleration produced by an unbalanced force acting on a body is 
directly proportional to the magnitude of the applied force and inversely 
Proportional to the mass of the body; the acceleration taking place in 
the direction in which the force acts. 


Unit of Force 
We have seen that 


—> =e 
Fama 
ua > 
F=km a 


where k is a constant of proportionality, whose numerical value will 
> 


depend on the units used for F, mand a. For convenience, we choose 
a unit of force in such a way that a unit force produces a unit accele- 
Tation in a unit mass, i.e. 

L=ksr xA 
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which gives k = 1. If the unit is fixed in this niantiét, 
=> > 


F=ma (5.2) 


In the SI system, the unit of force is the newton (symbol N). A 
newton is defined as that force which produces an acceleration, of 
1 ms~ in a body of mass I kg, The dimensions of force are MLT”. 


The first law is a special case of the second law. If no net force acts 
> 


on a body, the value of F = 0. Substituting in Eq. (5.2), we have, a= 
0, i.e. the body is not accelerated. In other words, the velocity of 
the body remains constant. If the velocity is zero, it remains zero 
and the body stays at rest. On the other hand, if the velocity is finite, 
say, 10 ms“, it will remain 10 ms~!. Thus, if no net force acts ona 
body, its state of rest or of uniform motion in a straight line remains 
unchanged. But this is the first law of motion. Thus, the first law is a 
special case of the second law because it can be directly deduced from 


gael 
the second law by putting F = 0. 


5.5 CONCURRENT FORCES 


Forces acting at the same point on a body are called concurrent forces. 
The resultant of these forces is equal to their vector sum, obtained 


es 

according to the method explained in Chapter 4. The resultant R of 
> —> — 

several forces F, Fy, F;,.. . is 


> > > > 
R=F, +h + Fo + 


If the forces are coplanar, say in the x-y plane, the x and y com- 
Ponents of the resultant are given by 


R, = Fi cos % + Fy cos a, + Fy cosa; +... 
and R, = Fy sina, + Fy sino, + Fy sine +... 


where aj, %, %;,.., respectively are the angles the forces 
> > lS i y 
Fi, Fp, F,...subtend with the positive x-axis. 
=> 
The magnitude of the resultant vector R is given by 
R= VRE R 
and its direction is given by 


tan « = Ry 
x 
where « is the angle subtended by the resultant with the positive x- 
axis. Look at Example 5.1 below. 
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if the magnitude of the resultant turns out to be zero, the concur- 
rent forces are said to be in equilibrium and no net force acts on the 
body. But, if the magnitude of the resultant is finite, the body will 
accelerate in the direction of the resultant unbalanced force. 


EXAMPLE 5.1 Find the magnitude and the direction of the force 
acting on a body at point O (Fig. 5.6). Force Fi = 5 N, F = 4 N, F; 
=1N and F, = 3 N. The directions are shown in the figure. 


Fig. 5.6 


Solution The x-component of the resultant vector wR is given by 
R, = F, cos % + Fo cos % + Fs cos «s + F4 cos y 
where œi = 0°, a = 40°, «s = 90° 4 30° = 120° and 
a4 == 180° + 50° = 2307. 
Notice that the angle of each force is measured i in the counter-clock- 
wise sense with respect to the positive x-axis. 
The y-component of the resultant vector Ris given by 
R, = F, sin % + F sin «z + % sin % + Fy sin t4 
Substituting the values of forces and angles we get 
R, = 5 cos 0° 4-4 cos 40° + 1 cos 120° + 3 cos 230° 
= 5 + 3.064 — 0.5 — 1.928 
= 5.636 N 
R, = 5 sin 0° + 4 sin 40° + 1 sin 120° + 3 sin 230° 
= 0 + 2.571 + 0.866 — 2.298 
= 1.139 N 
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The magnitude of the resultant is given by 
R= RF R 
= {(5.636)? + (1.139)7}12 = 5.75 N 


The angle « which the resultant subtends with positive x-axis. is given 
by 


KETO 
uaia oe 0.202 
giving « = 11.4° 


5.6 NEWTON’S THIRD LAW OF MOTION 


The first law of motion simply says that the state of motion of an 
object can be changed only if a force acts on it. The second law tells 
us how much change in the state of motion of an object can be brou- 
ght about by a given force. The third law tells us how forces are exer- 
ted. We know that a horse pulls a cart anda hammer drives a nail, 
etc. We observe these actions very casually. But Newton carefully 
analysed what he observed. In these examples, one object exerts a 
force and the other feels it—the horse exerts a force and the cart feels 
it; a hammer exerts a force and the nail feels it. But, is it really so 
simple? Is one body the pusher and the other body, the pushed? New- 
ton could not believe that nature would have preferences. He was Jed 
to believe that the two bodies must be treated on an equal footing. 
This led him to the third law of motion which states that, whenever 
one body exerts a force on a second body, the second body exerts an 


equal and opposite force on the first, or to every action there is an equal 
and opposite reaction, 


Action and Reaction Forces 


The most important point to recognise is that the action and reaction 
forces act on different bodies. We are easily confused if we make, the 
mistake of assuming that action and reaction forces act on the same 
body. If they were to act on the same body, they would add up to 
zero (because they are equal and opposite). Let us illustrate this by the 
following example. 

No action can take Place in the absence of a reaction, Everyone who 
has played the game of tug-of-war knows from experience that he can 
exert a force only if there is somebody on the other end of the rope. 
No force can be exerted if the other endis free. One team provides 
the action force and the Opposite team provides the reaction force. 
Now replace the Opposing team by a wall by fixing the other end of 
the rope, to the wall. The third law says that if you exert a force on 
the wall, the wall will exert an equal and opposite reaction force on 
you. Now remove the rope and exert a force directly on the wall by 
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pushing the palm of your hand against it. Now look at your hand. It 
is distorted a little. Only a force can distort the shape of an object. 
But you are not exerting any force on your hand, you are in fact exert- 
ing a force on the wall. Then which force has distorted your hand? 
It is the force exerted by the wall on your hand. 

How can the wall exert a force on your hand? The wall can exert a 
force because it is elastic. It is because of elasticity that a non-living 
object can exert a force. A spring, for example, has elasticity. We take 
a ball and press it against a spring fixed on a table. The spring is com- 
pressed by the force exerted on it. When the ball is released, it flies 
off due to the reaction force of the spring which is called into play as 
the spring begins to regain its original size. Similarly, when we press 
against the wall, the wall is compressed. The compression of the wall 
is very little and cannot be noticed. Due to this compression, a reac- 
tion force is called into play. 


More examples of the third law Some more examples of the third law 
are as follows. 


1. When an ice-skater strikes against the|wall of the skating-rink, 
he is pushed backwards. When he strikes against the wall, he exerts a 
force on it. The wall in turn exerts an equal and opposite reaction 
force on him. 

2. While swimming, a person pushes the water backwards and as a 
result he himself is pushed forward by the reaction force exerted by 
the water on him, ory 

3. The motion of rockets depends on action and reaction. A rocket 
expels gases by exerting a force on them. The gases in turn exert an 
equal and opposite force in the rocket. A space vehicle can accelerate 
or change the direction of its motion just by firing rockets in the pro- 
per direction (see the Supplement at the end of this Chapter). 

4. We would not be able to walk if there were no reaction force. 
In order to walk, we push our foot against the ground. The earth in 
turn exerts an equal and opposite force. This force is inclined to the 
surface of the earth. The verrical component of this force balances 
our weight and the horizontal component enables us to walk forward. 
(See Fig. 5.7). 


y 
Vertical ; 
component |... Reaction 
8 7 x 
3 i Horizontal 
y Y component 
Action p i 


Figs 5.7 | 
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Two apparent paradoxes 1. We push a wooden block of mass m against 
> 
solid wall with a force Z as shown in Fig. 5.8. 
A 
According to Newton’s second law, the acceleration a is (from the 
-> => 

equation F= m a), 


> 
a= 


sla} 


Thus, the block should accelerate and start moving. But from 
experience we know that the block will not move. What is wrong? 
=> 


The mistake is that in the equation F = 
=>> 


m a, F is not just the force exerted on 
the object but the net force experience 
by it. In addition to the applied force 
> > 


Wall 


F 
F, there is a second force F” exerted by —e 
the wall on the block. The net force on 


the block is Œ + F). Now according i vel pea if 
to Newton’s third law F’ is equal and opposite to F, ie. F = F. 
The net force experienced by the block is T = (E + F’) N 
(- F) = 0. Hence, the acceleration of the block is 


=> 

TE 

a= Fee = 
m 


2. We place two blocks A and B of masses m, and m, respectively 


on a frictionless surface as shown in Fig. 5.9 and apply a force F to 

A. The block B also experiences a force due to its contact with A: ‘By 

Newton’s third law, the block B must exert an equal and opposite 
=> 


aie 
force F on block A. Thus the net force on A is F + (~F) = 0, so that 


me > 

a = Fret =Q. pa A B 

m F Ye 
— Mo 

Thus, we conclude that block A can Li 

never move, no matter how large a force 7777777777777 777 777771171711 
aint 

Fis applied to it which obviously is Fig. 5.9 

not true. 


This paradox arises because we have made a mistake in our argu- 


ae 
ment. We have assumed that the force F exerted on A is transmitted 
through it and is thus also applied to B. Newton’s laws do not say that 
if a force is applied to a body, then that body in turn must exert the 
same force on another body in contact with it. Let us, therefore, say 
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pes 
that A exerts a force F’ on B. From the third law B will exert a force 
— oS a fi => 
—F’ on A. Thus, the net force on A is F — F’ and its acceleration a 
is given by 


> > > 


F-F'=m a 


A 
Since B is in contact with A, it will have the same acceleration a 
which is given by 
-> > 


F' = m,a 


Adding the two equations, we get 


=> => > => 
F= m; a + m a= (m, + m) a 
> 
ar F 
; AENEAN 
or eer ain 
Kel Acceleration = APPENDICE 


Total mass 


Which is what we expect. 


5.7 THE LAW OF CONSERVATION OF LINEAR MOMENTUM 


In physics we come across a variety of conservation laws. The law of 
conservation of momentum is the most fundamental conservation law. 
We might ask why Newton took the trouble of defining a new quan- 


. ai A 
tity called the momentum p as the product of mass m and velocity 
me 


v. The reason is that this particular combination is useful for under- 
Standing of the laws of nature. What makes momentum so important 
is the fact that it is conserved (i.e. it remains constant). 

The law of conservation of linear momentum may be stated as ‘when 
no net external force acts on a system consisting of several particles, 
the total linear momentum of the system is conserved, the total linear 
momentum being the vector sum of the linear momentum of each parti- 
cle in the sytem’. 

This law can be deduced from Newton’s laws of motion when gener- 
alised to a system of more than one particle (or body). 


One Body System 


For a system consisting of a single particle, Eq. (5.2) of Newton’s 
Second law can be rewritten as 
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w 
aS 
=m N C a= ek where v is the velocity of the body) 


renga A 
ae (m v). mass m is constant) 


or De 


Bs 
where p =m vis the linear momentum of the particle. Now if the 
> 


external force F applied to the particle is zero, it is clear that 
eB 
Co a 

cn 


om 
or p = constant, showing that in the absence of an external force, 
the linear momentum of a particle remains constant. 


2. Two-body System 
Consider a system of two particles of masses m, and m, moving with 
Sy => 


velocities vı and v respectively in the same straight line. These par- 
ticles may collide with each other, and as a result their velocities may 
change. At any instant of time, we have 


y —> -> 
Linear momentum of mass m; (pı) = m, vı 


: > => 
Linear momentum of mass m; (p) = m, v2 


a . 
Thus the total lincar momentum (p) = vector sum of the indi- 
vidual lincar momen- 

tum of each particle 


> > > 
or P = m; v + M vg 
Differentiating with respect to time, we get 
dp_d 
Pp —> —> 
di T g ma t mo) 
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-b 

ay at ont, 25 
=m, a + m a, a a= + ) 


= > > > 
aS ial (© F= ma) (5.3) 


— peg 
where F, and F, are the forces acting on m, and m, respectively. In 
a system consisting of two particles, there can be two kinds of forces: 
(i) internal forces and (ii) external forces. Znternal forces are the forces 
that the particles exert on each other during their interactions (e.g. 
collisions). From Newton’s third law, these forces always occur in 
pairs of action and reaction. Since these forces are equal and oppo- 
site, they bring about equal and opposite changes in the momentum of 
the particles. Thus, internal forces cannot bring about any net change 
in the momentum of a particle. The external forces, on the other 
hand, are the forces exerted from outside the system of two particles. 
From Newton’s. second law, these external forces will change the mom- 


ie 
entum of the particles. Thus, we conclude that forces Fy, and F, in Eq. 
(5.3) are actually the external forces acting on the particles. 


ss 
The resultant external force Fax is given by the vector sum 


> raha Aer 
Fa = Mt A 
Hence, Eq. (5.3) becomes 
as 
dp oes 
dt cr TURARE, 
=" 
If F = 0, we have 
PF 
SR = 
dt Y 


> 
orp = constant 


=> => > 2 

This implies that the vector sum (p = pı + P2) of the linear mom- 

entum of the particles remains constant, if the net external force is 
zero, 


Many-body System 


The law can be extended to any number of particles. These particles 
may be the particles of a rigid body in which their positions are S 
te they may form an assembly and be free to move freely in any direc 
ion 


r 
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Let m, My . . . , M, be the masses of the different particles and, in 
addition to internal forces due to their own interactions with each 
other, let there also be external forces acting on them, so that they 

> > > 


acquire velocities 7;,02,...,v, respectively. Then, clearly their total 
aie re oe 
momentum pis equal to the vector sum of their individual momenta 
=> 


—> —> 


Bis Pry + + +s Pry 1.0. 


Ss 5S SS > 
P =P + Pattee. + Pa 

> > 29 
= m o + mM n +... + M, v, 


Co p = m) 


Differentiating with respect to t we have 


> > > => do 
= ma +m, a +... + Mady ae Ce ae 


=> —> ad 
where a, @,..., a, are the respective accelerations. Now from New- 
=> 


25 
ton’s second law, F= ma, Thus 


a 


d — > -=> 
d= Ath... +F, 


> > 

where Fi, Fz... , F, are the forces acting on individual particles. 
These forces include both internal and external forces. As mentioned 
earlier, the internal forces, which arise due to mutual inter-particle 
interactions, always occur in pairs. Since these action and reaction 
forces are equal and opposite, they bring about equal and opposite 
changes in the momentum of the particles of the system. Thus, the 
internal forces cannot change the momentum of the particles. We, 


> > > 
therefore, conclude that F, F,..., F, are only the external forces act- 
— 


ing on the particles. The net external force Fy is clearly equal to the 
vector sum of all these forces, i.e. 


> 


> 25 
Fae = FFE + Ey 


= 
UN a ems 


Thus di Fe, 
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ie 
<a s dp ig h 

If Faxe = 0, it follows that ae ah Oor p = constant, i.e. _ the 
total linear momentum (which is equal to the vector sum of the mo- 
menta of individual particles) of the system is constant, if the net ex- 
ternal force acting on the system is zero. This is the law of conserva- 
tion of linear momentum. 

A system which is free from the influence of any external forces is 
called an isolated system. 

We have seen that the law of conservation of linear momentum can 
be derived from Newton’s second law of motion. We shall now show 
that Newton’s third law is a consequence of the law of conservation of 
linear momentum. 


Deduction of Newton’s Third Law of Motion from the 
Law of Conservation of Momentum 


Consider an isolated system of two bodies of masses m; and m, mutu- 

ally interacting with each other. These interactions cause a change in 

the velocities and hence a change in the momentum of each body. Let 
-> 


—> 
Ap,and Ap, denote the change in momentum of m; and m, respec- 
tively, brought about in a time interval At. 
Now, according to the law of conservation of linear momentum, 
the net change in the linear momentum in an isolated system must be 
Zero, i.e. 


-> => 
Ap, + 4p, = 0 


> para 
S Ap: =- Ap 
Dividing by A t and taking the limit as At -> 0, we have 
> > 
Ap 
Lim A Py Lim iia 
at+o At At>0 
> => 
or EDs is d py 
dias dt 
i.e. rate of change of momentum of m, = — rate of change of mo- 
mentum mı 
a Force on m, = — Force on™, 
9r Action = — Reaction 


ie. the action and reaction are always equal and opposite. This is 
ewton’s third law of motion. 
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Some Illustrations of Conservation of Momentum 


The following examples illustrate the law of conservation of momen- 
tum. 


Recoil of a Gun The gun and the bullet constitute a single system. 

Before the gun is fired, both the gun and the bullet are at rest. There- 

fore, their total momentum is zero. When the gun is fired, the bullet 

moves forward and the gun recoils backwards. If m, and m, are res- 
> > 


pectively the masses of the bullet and the gun and if v, and vg are 
their respective velocities, the total momentum of the bullet-gun sys- 
> > 


tem after firing is mv, + Mvg- According to the law of conservation 
of momentum, the total momentum before firing must be equal to that 
after firing, i.e. 


> > 


Mvp + Mgvg = 0 
eae = 
m 
or dg = — = % 
Mg 


. . . rig . . ; . Tae 
It is clear from this equation that v, is directed opposite to vs. 
— 


Knowing m,, m, and vp, the recoil velocity v, of the gun can be deter- 
mined. 


Rockets The propulsion of rockets and jet planes is an interesting 
application of the conservation law. When the fuel of the rocket is 
exploded, gases escape with a large velocity and hence a large momen- 
tum. The escaping gases, in turn, impart an equal and opposite mo- 
mentum to the rocket. 


Explosion of a bomb Suppose a bomb is at rest before it explodes. 
Its total momentum is zero. When it explodes, it breaks up into many 
parts, each part having a particular momentum. For a part flying in 
one direction with a certain momentum, there is another part moving 
in the opposite direction with the same momentum. If the bomb 
explodes into two equal parts, they will fly off in exactly opposite 
directions with the same velocity (since each part has the same mass). 


EXAMPLE 5.2 A rocket consumes fuel at the rate of 100 kg si The 
exhaust gases are ejected at a speed of 4.5 x 104 ms, What is the 
thrust experienced by the rocket? 


Pipl Mass of the fuel consumed and, therefore, ejected = 100 
g s~. Velocity of ejected gases = 4.5 x 10* ms! 
i Change of momentum of exhaust gases per second 

= Mass ejected per second x velocity 


es kg 
= 100 Æx 4.5 x 104 5 = 4.5 x 10 kg ms 
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From Newton’s second law 
Force = change in momentum per second 
= 4.5 x 10°N 


The rocket exerts this force on the escaping gases and, in turn, will 
experience a thrust equal to 4.5 xX 10°N. 


EXAMPLE 5.3 A truck of mass 1000 kg is pulling a trailer of mass 
2000 kg as shown in Fig. 5.10. The retarding (frictional) force on the 
truck is 500 N and that on the trailer is 1000 N. The truck engine 
exerts a force of 6000 N. Calculate (i) the acceleration of the truck 
and the trailer, and (ii) the tension in the connecting rope. 


Connecting 
rope 


Trailer 


Solution Referring to Fig. 5.10, the net force F, exerted on the trailer 
in the direction of motion is Fj = (T — 1000) N where T is the ten- 
Sion in the connecting rope. Using F = ma, the acceleration of the 
trailer is given by 


T — 1000 = 2000 a (a) 


It is clear from the figure that the net force F, exerted by the engine 
of the truck is F, = (6000 — 500) — Tin the direction of motion. 
Since the mass of the truck is 1000 kg, its acceleration a (which 
must be the same as that of the trailer) is given by 


6000 — 500 — T = 10004 (b) 
(i) Adding Eqs (a) and (b) to eliminate T, we get 
4500 = 3000 a 
4500 5 
or a= 3000 1.5 ms 


(iii) Using the value of a in Eq. (a) we bave 
T = 1000 + 2000 x 1.5 = 4000 N 


EXampLe 5.4 Two objects A and B of masses 5 and 3 kg respectively 
afe-Connected by a light cord passing over a frictionless pulley. Calcu- 
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late (i) the acceleration of each mass and (ii) the tension in the cord. 
Take g = 9.8 ms. 


Solution Referring to Fig. 5.11, we see that the object A moves 
downwards and object B upwards each with an acceleration, say, 4. 


Object A: Net Force F, experienced by A in the direction of its 
motion is given by (m; = 5 kg) 


AVS SK OS 
Hence, its acceleration a is given by (net force = mass x acceleration) 
Fi =ma 
5 x 9.8 — T = 5a (a) 


where T is the tension in the cord. 


Object B: Net force F, experienced by B in the direction of its 
motion is given by (m, = 3 kg) 


h=T—3 x98 
Its acceleration a is given by 
T—3x 9.8 = 3a (b) 
(i) Adding Eqs (a) and (b) we have 
5x 9.8 —- 3 x 9.8 = 8a 


2x 9.8 
FON B 


ci) Using this value of a in either Eq. (a) or (b) W° 
ge 


or a = 2.45 ms 


T = 36.75 N 


| sx9-8N 


Fig. 5.11 EXAMPLE 5.5 A shell explodes into three fragments of 

equal masses. Two fragments fly off at right angles t0 

each other, with a velocity of 9 ms‘ and 12 ms"!. What is the direc- 
tion and speed of the third fragment? 


Solution The momentum of the shell before explosion is zero. The 
total momentum of the three fragments after explosion must also b° 


> > 


yi 
zero, Let m kg be the mass of each fragment and vy, vz and o3 thei 


i 
! 
i 
: 
i 
i 
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a > 
velocities so that pı, Pz and p; are their respective momenta (see Fig. 
5,12). 


> > 
Py = nw 
> —> 
P2 = My 
> => 
P3 = mi; 


= 
where v; = 9 ms along, say, the x- 
> 


direction and v, = 12 ms~! along 
the y-direction as shown. 


=> > 
The resultant of pı and pa has a 
magnitude give by 


P= (pi + p32)? = my + o) 


and the direction of the resultant is 
given by 


tan 6 =% Amis 
Pi mo 

12 
sou 1.33 


Fig. 5.12 


0 = 53° 8’ (approx) 
Now since the total momentum is zero, it is clear that 


> > 
P +p=0 
a -> 
or P3=—-D 


The magnitude of ee is equal to that ofp but the direction is oppo- 
site, (180° — 0) with x-axis, Therefore, magnitude of p; is 
p, = magnitude of The 
= m (of + 09)'? 
= m (9? + 12)” 
= 15 m kg ms? 


The velocity of the third fragment is = a = 15 ms.. 


The direction of this velocity is (180° — 6) = 180° — 53°8" 
= 126°52’ inclined with the x-axis. 
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EXAMPLE 5.6 Two blocks connected by an inextensible string passing 
over a light frictionless pulley rest on two smooth inclined planes as 
shown in Fig. 5.13. Determine the acceleration of the blocks and the 
tension in the strings. Assume the string to be massless. 


Fig. 5.13 


Solution The forces acting on each of the two blocks are shown in 
Fig. 5.14 (a) and (b) respectively. The components of the weights of 
each of the two blocks perpendicular to their respective inclined planes 
a balanced by the normal reactions N and N’ respectively at these 
planes. 


55g cos 30° 


55g 
(a) 


Fig. 5.14 (a) and (b) 


The tension in the string and the acceleration of both the blocks are 
the same, as the blocks are connected by a light and inextensible string 


passing over a frictionless pulley. Writing the equation of motion for 
the two masses, we have 


55 g sin 30° - T= 55x a 
and T — 35 g sin 60 = 35 x a 


Solving, we get 


g (55 sin 30° — 35 sin 60°) = (55 4 35) a 
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a — 9:8(55 x 0.5 — 35 x 0.866) 
90 


__ 9.8(27.5.— 30.311) 
a 50 


= — 0,306 ms-? 


Therefore 


The negative sign shows that, contrary to our original assumption, 
it is the 35 kg mass that moves downwards. Thus the 35 kg mass des- 
cends and the 55 kg mass ascends from their respective planes. 

Tension T is given by 


T = 55 g sin 30° — 55 x (— 0, 306) 
== 55 (9.8 x 0.5 ++ 0.306) 
= 55 x 5.206 
= 286.33 N 


5.8 IMPULSE 


Consider a collision between two bodies A and B moving in the same 
straight line. Let tbe the duration of the collision, i.e. the time for 
which the bodies were in contact during which time the transfer of 
Momentum took place. We assume that the bodies continued moving 
in the same straight line after the collision with velocities different from 
their initial velocities, : 

During collision, the force exerted by A on B or vice versa is usually 
not constant but varies with time in a complicated way. In such cases, 


the net effect of the force is measured by what is called the impulse 
of the force. 


Let us consider the force exerted on body B during a collision of 
duration ¢ during which its momentum changes from say, P; to Po. 


“rom Newton’s second law, the force acting on B at any instant of 
time is given by the rate of change of momentum at that instant, i.e. 


da 
> 
— 4p 
ier al 
pe 
or do E a 
Integrating we have 
"i 
is —> jp. t > 
it ap=| Fda or P|, =| Fdt 
PA 0 Py 0 
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t 

or j Fdt = p — M 
0 


[ee : 
We find that ‘the integral f F dt is equal to the change in momen- 
0 ` 
tum of the body brought about in time t and is a measure of the 
-> 


impulse of the force. It is denoted by symbol J. Thus. 


> t +> 
ie Fat =p,— ps 
0 


nae 
Since the dependence of F on ¢ is not known, this integral connot 
be evaluated. 


= 
If F,, measures the average force during collision, we can then treat 
it as constant and write 


Thus J= Fy, t= P P 


Thus, impulse of a force is the product of the average force and the 
time for which the force acts and is equal to the change in momentum 
of the body during that time. Impulse is a vector and is measured in 
kg ms! or Ns. 


Exampie 5.7 A cricket ball of mass 150 g is moving with a velocity 
of 12 ms“! and is hit by a bat so that the ball is turned back with a 
velocity of 20 ms '. The force of the blowacts for 0,01 s. Find the 
average force exerted on the ball by the bat. 


Solution The impulse of the force exerted by the bat is given by the 
change in the momentum of the ball. Now 


Initial momentum of the ball = ian x 12 kg ms“! 
= 1.8 kg ms“! 
Final momentum of the ball = — i CAL 20 kg ms“! 
1000 
= — 3.0 kg ms! 
Change in momentum of the ball = [1.8 — (— 3.0)] kg ms“! 
= 4.8 kg ms“! 


This equals the impulse of the force exerted by the bat. Since 


Impulse = force x time 


Laws of Motion 135 


we have 
impulse 
time 
4.8 kg ms! ifs 
= Tools = 480 kg ms 


= 480 N 


Average force exerted = 


5.9 FORCES IN NATURE 


We come accross various kinds of forces in nature. They are 


. mechanical force 
. gravitational force 
. frictional force 
electrical force 
magnetic force 
nuclear force 


AARON = 


Mechanical force is one exerted by active or living objects, e.g. 
human beings, animals, engines, moving objects, springs, etc. Fric- 
tional force comes into play when the surface of a body moves over 
the surface of another. Mechanical and frictional forces are contact 
forces. The body exerting a force comes into contact with the body 
experiencing it. The other forces mentioned above act at a distance. 
The body exerting one of these forces need not come into actual 
contact with the body which experiences it. 

In this chapter we will discuss frictional force in some detail. In 
Chapter 8, we will deal with gravitational force. 

The force between charged bodies is electrical and that between 
Magnets is magnetic. These forces are not independent „phenomena. 

Ve know that a moving charge (i.e. current) has an associated magne- 
tic field. Electrical and magnetic forces are two facets of a more gene- 
tal electro-magnetic force, 

The nucleons in the nucleus of an atom are held together by a strong 
attractive force called the nuclear force. This is the strongest force in 
Nature; the gravitational force is the weakest. 


5.9 FRICTION 


Place a block of wood on a table and give it a push. The block moves 
a little distance and then comes to rest. According to Newton’s first 
law, the block should have continued to move with a uniform velocity. 

Ut this is not what we observe. Newton’s second law tells us that a 
Tetarding force must be acting on it as it moves. This force opposes 
Motion. It is always tangential to the surface in contact, acting in a 
direction opposite to the motion of the body and is called the Spots 
Nction. Thus, the force of friction (or simply friction) is the force which 
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comes into play when one body slides or rolls on the surface of another 
and acts in a direction tangential to the surfaces in contact and oppo- 
site to the direction of motion of the body. 


It must be remembered that when the surface of one body slides 
over that of another, each body exerts a frictional force on the other. 
The direction of this force on each body is opposite to its direction of 
motion relative to the other. In our example of a block sliding over a 
horizontal surface, if the block slides in the direction AB (see Fig. 
5.15a) the force of friction (f) acts in the opposite direction. If the 
direction of motion is reversed and the block moves in the direction 
AC the force of friction (f)is reverse and acts opposite to AC 
(Fig. 5.15b), 


Frictional Applied Frictional 
| force force force 
ay 
bm m 


Fig. 5.15 Friction opposes motion 


The Origin of Friction 


Friction is a surface phenomenon. The surfaces of bodies are never 
perfectly smooth. Even a highly polished surface, when viewed undet 
a microscope, reveals dents and irregularities of the surface (see Fig. 
5.16). When a body is placed over the surface of another body, there 
is some degree of interlocking of these irregular projections on the 
two surfaces. When a force is applied on one body to make it slide 
over the surface of the other, the relative motion is resisted due to 
the interlocking of the surface irregularities and an opposing force 1 
developed. This is the force of friction. As the applied force is increas: 
ed, the resistive force also increases, but a stage is reached when the 
body begins to slide over the surface of another. 


PD» > 7 
Fig. 5.16 Origin of friction 
Limiting Friction 
A rectangular block of wood is placed on a flat surface and one end 
of a string is attached to the block, the other end of which carries * 


pan, as shown in Fig. 5.17. Now if we place a small mass in the pa, 
a horizontal force F acts on the block. We will see that the pan dow 
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tot move. The force of friction f which comes into play completely 
balances the force F applied. Only so much force of friction is called 
into play as is sufficient to balance the applied force. These forces are 
equal and opposite. 


R 
Frictionless 
F ulle 
í pulley 
w 
© => 
Fomg 


Fig. 5.17 Limiting friction 


Now, if we add more mass to the pan, the block still does not 
move. The force of friction increases to balance the increased applied 
force. If the mass added in the pan is gradually increased, a stage is 
reached when the block just begins to slide over the horizontal sur- 
face. At this stage, the force of friction (which is equal to the applied 
force) is given by the total weight (= mg), where m is the mass of the 
pan and the mass added to it. After this stage, the force of friction 
cannot increase any further because it has just been overcome by the 
applied force. The maximum or limiting value of the force of ‘friction 
which comes into play when a body just begins to slide over the surface 
of another body is known as limiting friction. Thus, the force of friction 
has a remarkable property of adjusting its magnitude so as to become 
exactly equal to the applied force tending to produce motion. 

It may be mentioned that the block exerts its weight W (= Mg, 
where M is the mass of the block) on the table in the downward 
direction and the table exerts an equal and opposite reaction force R 
vertically upwards normal to the surface. The magnitude R of the re- 
action force acting normally to the surface is usually called the nor- 
mal reaction. These forces are in equilibrium. There is no other hori- 


zontal force on the block except the applied force F. 


The Laws of Limiting Friction 


From the results of the vatious experiments relating to friction between 
different surfaces, the following three empirical laws are found to be 
obeyed by limiting friction. 

1. The magnitude of limiting friction depends upon the nature of 
the surfaces in contact and on their roughness (or smoothness). It is 
independent of the areas of the surfaces in contact. 


. 
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2. The force of friction is tangential (or parallel) to the surfaces 
in contact and its direction is opposite to the direction of motion of 
the body. 


3. The value of limiting friction between two given surfaces is pro- 
portional to the normal reaction between them, or 


fR 
or TEE 


_ f _ Limiting friction 
R Normal reaction 


i.e. E 


where y is a constant of proportionality and is known as the coeffi- 
cient of limiting friction. 


Experimental Verification 


The experiment illustrated in Fig. 5.17 can be used to verify the laws 
of friction. 

Take a fairly smooth regular block of wood and place it on a hori- 
zontal smooth surface. Weigh tke block in a balance. Let its mass be 
M. The normal reaction R is given by R = Mg, where g is the acce- 
leration due to gravity. 

Now gradually add weights in the pan until the block just begins 
to slide on the surface. Weigh the pan along with its contents. Let 
the total mass be m. The applied force, F= mg. The value of Fis 


the limiting static friction f,. The coefficient of limiting static friction 
is given by 


Bs R 


For fairly smooth wooden surfaces (i.e, wood on wood), n, is found 


to be nearly 0.2. 


Now place another identical block on the first block. The nor- 
mal reaction is doubled. It will be seen that twice the force is require 
to just make them slide over the same surface. In other words, the 
limiting friction is proportional to the normal reaction. The ratio » = 
S/R remains unchanged, 

Now, connect the two block: ind 
the other. The surface areas ee ote bets 
value of the limiting frictio 
independent of the areas of 


: Finally, take blocks of identical surface are 
rials such 


are equally smooth. This shows 
nature of the surfaces in contact. 
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Fable 5.1 shows approximate experimental values of the coefficient 


of limiting friction for some surfaces. The yalue of friction changes 
with the condition of surfaces, grain, contamination, moisture, etc, 


Table 5.1 Coefficient of Friction (approximate) 


Surfaces in contact Coefficient of friction 
Limiting Kinetic 
p pe 
Steel on steel 0.25 0.18 
Steel on glass 0.30 0.20 
Steel on wood t 0.40 0.22 
Wood on glass 0.46 0.24 
Wood on wood 0.50 0.26 
Leather on wood 0.55 0.40 
Car tyre on metalled road 
(for small speed) 0.60 0.40. 


Steel on steel (greased) 0.10 0.05 


Kinetic or Sliding Friction 


The applied force required to just make a body slide over the surface 
of another measures the limiting value of the static friction, We have 
denoted this maximum or limiting value by the symbol f,. But the force 
necessary to maintain a body in uniform motion over the surface of an- 
other body, after the motion has started (i.e. after the limiting state 
friction has been overcome), measures the kinetic or sliding friction 
between the two surfaces. We denote this force by fy. The ratio 


Ek =% 


is called the coefficient of kinetic friction and is usually denoted by the 
symbol u, (see Table 5.1). Notice that py is always less than p,- 


Rolling Friction 


Rolling friction is a form of kinetic friction and it comes into play 
when one body rolls over the surface of another. The frictional force 
developed is called the force of rolling friction and the corresponding | 
coefficient is called the coeficient of rolling friction (u,). It is a matter 
of common experience that it is much easier to roll an object on a 
surface than to slide it. For example, you require less effort to roll a 
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drum full of coal-tar than to slide it over the surface of the road, 
Rolling friction is much less than sliding friction, i.e. p, < py. Itis 
for this reason that all vehicles are provided with wheels. 


Methods of Reducing Friction 


Friction can never be completely eliminated. It can only. be reduced. 
The various methods used for reducing friction are polishing of sur- 
faces, lubrication with oil or grease, use of ball bearings, etc. 


Friction, a Necessary Evil 


Friction produces heat. The excessive heat produced in a machine 
may cause damage; hence there is a need to reduce or minimize fric- 
tion. But friction playsa very important role in our daily life. If it 
were absent, we would not be able to walk; we would not be able to 
travel in vehicles, for the wheels of the vehicles would rotate without 
Moving, and if somehow, we succeded in moving we could not have 
stopped because the brakes would not function; we would not be able 
to light a match-stick, etc, Thus, friction is a necessary evil. 


ground is 0.2. Assume that the p! 
take-off. What is the minimum 
plane for take-off? 


Solution The engine needs force to (i) accelerate the plane from rest 
to a speed of 80 km/hour (= 200/9 ms™!) over a distance of 100m 
and (ii) to overcome the force of friction (= uR = umg). The total 
force needed is the sum of the forces needed in (i) and (ii). 


To calculate the force needed for accelerating the plane, we note 
that, since o? — u? = 2 aS, we have 


200 \2 
(7) -@W=2xax 100 


— 200x200 iix, 
“9% 9 x 299 ms? 


= 2.469 ms-2 
The force needed for Providing this acceleration is 
Force = mass x acceleration 
= 10,000 x 2.469 N 
= 24690 N 
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The force needed to overcome the force of friction is 
pang = 0,2 x 10,000 x 9.8 N 
= 19600 N 


Hence the total force needed = (24690 + 19600) N 
= 44290 N = 4.429 x 10*N 


Exampte 5.9 An object is first sliding down an inclined plane of in- 
clination ô with a constant velocity v. It is next projected up the plane 
with an initial velocity u. Calculate the distance upto which it will 
rise before coming to rest. What will happen to the object after it has 
come to rest? 


Solution Let m be the'mass of the object. The forces acting on it 
when it is (a) moving down. and (b) moving up the ‘incline, are {fas 
shown in Figs 5.18 (a) and (b) respectively. 


Fig. 5.18 (a) and (b) 


Case (a): Since the object is sliding down with a constant velocity, 
the net force acting on it must be zero, Thus 


F= mgsin 0 

Also F = py R = pg Mg cos 0 

where, 1, is the coefficient of friction (kinetic). Therefore, 
by, mg cos 9 = mg sin 9 

9r py = tan 0 


, Case (b): Since the body is projected upwards with an initial velo- 
City u, it experiences a downward acceleration of magnitude 


(mg sin. 6 + uy mg cos 0)/m or (g sin 8 + pg 8 cos 8) 
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But jt, = tan 9, therefore, 


Downward acceleration = g sin 9 + tan 6g cos 6 
= 2g sin 0 


Let x be the distance moved up the plane before the object comes 
to rest. We then have 


0 — u2 = 2 x (— 2g sin 0) x 
x = w fág sin 0 


Once the object comes to rest, the frictional force to be overcome 1S 
that of static friction. The object can, therefore, slide down the plane 
if its inclination is tan! p, Since u, > mw, and the inclination of the 
given plane is tan”! up, the object will stay at rest and. will not slide 
down again. 


EXAMPLE 5.10 Two blocks A and B of masses M, and M, respect- 
ively are placed on each other and their combination rests on a fixed 
horizontal surface C. A massless string passing over a smooth pulley 
as shown in Fig. 5.19 is used to connect A and B. Assuming the co- 
efficient of sliding friction between all the surfaces to be p, show that 
both A and B will move with a uniform speed if A is dragged with 
a force » (3 M; + M3) x g to the left. 


sy A 


Fig. 5.19 


Solution When A is dragged to the left with, say, a force P, the 
block B starts moving to the right. The forces acting on A and B are, 
therefore as shown in Fig. 5.20 (a) and (b) respectively. Here T is the 
tension in the connecting string, 


R=(m,+m2)9 
YZ) 
DU, 


Fig. 5.20 (a) and (b) 
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When both A and B move with a uniform speed, the net force acting 
oneach must be zero. We, therefore, have 


P=T + p Mig 

and T = p (M, + M) g + pMig 
= p (2 M, + My) g 

Hence, P = p (2 M; + M) g uM 


= p (3 Mı + M) g 


EXAMPLE 5.11 A block of mass 5 kg is resting on an inclined plane. 
The inclination of the plane to the. horizontal -direction is gradually. 
increased. It is found that, when the angle of inclination is 30°, the 
block just begins to slide down the plane. (i) What is the coefficient 
of friction between the surface of the block and that of the inclined 
plane? (ii) What must be the minimum force applied parallel to the 
plane that would just make it move up the plane? Take g = 9.8 ms~. 


Solution The weight W of the block can be resolved into two rec- 
tangular components, one along the plane (W sin 0) and the other 
perpendicular to it (W cos 0), as R 
shown in Fig. 5.21. Here @ is the 
angle of inclination. 

(i) Let R be the magnitude of the 
normal reaction and f, the force of 
sliding friction. 

It is clear from the figure that when \ 
the block just begins to slide, the N° 
forces are in equilibrium, i.e. a 


Block 


f, = W sin w et 9 
R = W cos 0 Fig, 5.21 A block on an 
inclined plane 
by = 4 = tan 0 
= tan 30° 
= Dah. 


(ii) Let F be the value of this minimum force (applied parallel to 
the plane) needed to move the block up the plane. The force F must 
not only overcome the force f, of limiting friction but also the com- 


ponent W sin 6 of the weight W along the plane. Thus 
F=f, + Wsin @ 

But f, = Wsin 6 

De F=2Wsin?é 
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Now W = Mass of block x Acceleration due to gravity 
=5 x 98=49N 
F=2 x 49 x ‘sin 30°='2 x 49 x = 49 N 


We have seen that there is a particular minimum value of the angle 
of inclination @, at which sliding begins. This angle is called the 
angle of limiting friction and its value depends upon the nature of the 
surfaces in contact. It may be noted that the coefficient of limiting 
friction u, is given by the relation 


Hs = tan 9, 


5.11 INERTIAL AND NON-INERTIAL FRAMES 


In Chapter 3 we have learnt how we can define the position of a par- 

ticle in two or three dimensions in terms of a system of coordinate 

axes called a frame of reference. The simplest frame of reference is the 

Cartesian system of coordinates in which the position of the particle is 

specified by its three coordinates x, y and z along the three perpendi- 
> 


cular axes. The position vector r of the particle with respect to the 
origin is given by 
ay 
rs 


ix+jy+kz 


where i, j and k are the unit vectors along the three axes. The velo- 
city of the particle is 


shy 
Fra at 
2 
and its acceleration is 


= > 
TE 
OE igen ae 


We know that rest and motion are relative; there is nothing like 
absolute rest or absolute motion. The position or state of motion of a 
body may appear different from different frames of reference. For 
example, the passengers and everything else in a moving train are at 
rest in a reference frame situated in the train but they are in motion 
in a reference frame situated on the platform. Similarly a stone drop- 
ped by a passenger from the window of a railway carriage in uniform 
motion appears to him to fall vertically downwards, but to a person 
outside the carriage, it appears to follow a parabolic path, as shown 

in Fig. 5.22. 
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Fig. 5.22 


Inertial Frames 


Newton’s first law of motion is not applicable in all frames of reference. 
It is often called the law of inertia and the reference frames in which 
it holds good are called inertial frames. Such frames are either fixed 
with respect to distant stars or moving at a uniform velocity with res- 
pect to them. 

It is worthwhile to recall that the first law makes no distinction 
between a body at rest and a body with a constant velocity. Both these 
motions can exist in the absence of forces. The reason for this is easy 
to understand. Consider a body at rest in one inertial frame and viewed 
from a second inertial frame that is moving with a constant velocity 
with respect to the first frame. An observer in the second frame finds 
the body to be at rest; an observer in the second frame finds the same 
body to be moving with a constant velocity. Thus both observers find 
that the body has no acceleration, i.e. no change in velocity. Both 
conclude from the first law that no force acts on the body. 

We can go a step further and say that newton’s second law also 
holds for such frames of reference, i.e. if a body has a finite accelera- 
tion with respect to one inertial frame, it will have the same accelera- 
tion in a second inertial frame which is moving with a constant velocity 
with respect to the first frame. 

Suppose we have an inertial frame S and another inertial frame S’ 
(whose coordinate axes may or may not be parallel) which is moving 

pes 


with a constant velocity v with respect to S. Suppose their origins O 
O’ coincide at time ¢ = 0 and move to positions shown in Fig. 5.23 


> lS 
at time tso that OO’ = R =vt, 


` 
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— — z 

Let r and r’ be the position vectors of a particle P corresponding 
to the two frames of reference S and S’ respectively, It is clear from 
the figure that 


or 


Fig. 5.23 


> 
Differentiating with respect to time we have (since v is constant) 


—> —> 
need tn: tar 


Gna are 
if ay er 
a Gt dz 


i.e. acceleration in frame S$’ = acceleration in frame S. 


Thus we conclude that a frame of reference moving with a constant 
velocity with respect to an inertial frame is also an inertial frame. The 
first two laws of motion hold only for such frames. 


Non-Inertial Frames 


Consider a frame of reference $’ 
velocity with respect to an inerti 
to it. If a body is at rest in fram 
frame S’, i.e. its motion appears to be accelerated in S’. We know that 
a circular motion is an example i i 

leration). Thus no force acts on 
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fictitious force (called centripetal force) acts on the body in frame S’. 
This implies that Newton’s first two laws of motion do not hold in the 
reference frame S’. Such frames of reference in which Newton’s first 
two laws do not hold, are called non-inertial frames. A non-inertial 
frame may be defined as one which is accelerating with respect to an 
inertial frame. Notice that a rotating frame is also an accelerating 
frame. Thus we conclude that inertial frames are non-rotating and non- 
accelerating frames. 

A frame of reference is known as an inertial frame if all accelera- 
tions of any particle in it are caused by ‘real’ forces. On the other 
hand, a frame of reference is called a non-inertial frames if the accele- 
rations are caused by ‘fictitious’ or ‘pseudo’ forces. 

A distant fixed star may be taken to be an inertial frame. For most 
practical situations, dealing with particles moving with small velocities 
Fae for small time intervals, we may treat the earth as an inertial 

rame. 


SUPPLEMENT 


Rocket Propulsion 


The propulsion of a rocket is one of the most interesting examples 
of Newton’s third law and momentum conservation. In a rocket, gases 
at high temperature and pressure, produced by combustion of fuel, 
are ejected from a nozzle. The reaction of the escaping gases provides 
the necessary thrust for the launching and flight of the rocket. 

The gases are ejected at an almost constant velocity with respect 
to the rocket which implies that the rate of change of momentum is 
nearly constant. But the mass of rocket-fuel system keeps on decreas- 
ing due to the escaping mass of the gases. Hence the acceleration will 
not remain constant; it will keep on increasing. 

A quantitative estimate of the acceleration of the rocket at any 
instant of time during its flight can be made as follows. 

We will neglect the effect of gravity. Let My be the initial mass of 


the (rocket + fuel), and let be be the rate of loss of mass due to 
escaping gases. After a time interval ż, the mass of the rocket will be 


Am 
(My — aN -t) 

Let us say that during the next time interval Ar, gases of mass Am 
escape with a velocity u with respect to the rocket. We assume that 
the velocity v remains constant during firing. This mass Am of escap- 
ing gases gives an additional velocity Av to the rocket while its mass is 
reduced by an amount Am. Hence the forward momentum gained by 


the rocket is 
{Me - (F) am} a 
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and the backward momentum of the gas is (Am) u. From the principle 
of momentum conservation, we have 


{Mo — (T) — Am} Av = (Am)u 


If Am < Mb, this reduces to 


Dividing both sides by At, we have 
Av _ Am u 
At At Am 
po- (x) } 
Now a is the acceleration of the rocket which, from Newton’s 
second law, should be equal to force divided by mass. The force term, 


therefore, is u ( nA which is the product of a constant velocity and 
the rate of change of mass, The mass term is 


Am 
Haa } 
which appears in the denominator. Since the rocket keeps ejecting 
gases, the mass term keeps decreasing with time. Hence, although the 
force remains constant, the acceleration of the rocket increases due 
to decrease in mass. Thus the velocity and acceleration of the rocket 
both increase with time. 


SUMMARY 


Newton’s first law of motion states if no net external force acts on a 
body, its state of rest or of uniform motion in a straight line cannot 
change. The tendency of a body to resist any change in its state of 
motion is known as inertia. The mass of a body is a measure of its 
inertia. 

Newton’s second law of motion tells us what happens when a force 
is actually exerted on a body. It changes the momentum of the body 
producing an acceleration. The rate of change of momentum is direct- 
ly proportional to the applied force and the change takes place in the 
direction in which the force acts, 

Newton’s third law of motion tells us how forces are exerted. It 
States that whenever one body exerts a force on a second body, the 
second body exerts an equal and Opposite force on the first, or to 
every action there is an equal and opposite reaction, 
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If a systerii Consists of several particles, the total linear momentum 
of the system is equal to the vector sum of the linear momenta of all 
the particles of the system. The principle of conservation of linear 
momentum states that when no net external force acts on a system, 
the total linear momentum of the system is conserved. 

Forces acting at the same point on a body are called concurrent 
forces. Their resultant is obtained by the method of vector addition. 

Impulse of a force is the product of the average force and the time 
for which the force acts and is equal to the change in momentum of 
the body during that time. Impulse is a vector and is expressed in kg 
ms™ or Ns. 

Friction always opposes motion. The force of friction between two 
surfaces in contact depends on the roughness and material of the sur- 
faces and on whether or not there is a relative motion between them. 
The rolling friction is much less than the sliding friction. 

Inertial frames are non-accelerating frames. Accelerations of parti- 
cles in inertial frames are caused by real forces. Accelerating frames 
are called non-inertial frames. In such frames, the accelerations of 
particles are also caused by fictitious forces responsible for accelerating 
the frames, 


EXERCISES 


1. State Newton’s first law of motion. Why it is called the law of inertia? 
Give two illustrations. 

2. State Newton’s second law of motion. How does it help measure force? 
Define the SI unit of force. 

3. State the law of conservation of linear momentum. How will you deduce 
it from Newton’s second law of motion? Give two illustrations of the law. 

4. State Newton's third law of motion. How will you deduce it from the 
law of conservation of linear momentum? Give two examples to illustrate 


the third law. : 
5. Define the impulse of a force. Show that the total change in the momen- 


tum of a body measures the impulse of a force acting on it. 
6. What are concurrent forces? How will you find the resultant of such 
forces? Explain with the help of an example. 
. Name the different kinds of force we come across in nature. 


7 . 

8. What is frictional force? What is it due to? i 

9, What do you understand by the term ‘limiting friction’? State the laws of 
limiting friction. How are the laws experimentally verified? 

10. Explain what is meant by kinetic friction. 

11. ‘Friction is a necessary evil’, Comment, i i 

. What are inertial and non-inertial frames? Explain with the help of 


examples. 


PROBLEMS 


off mass of 2 x 10° kg developed an initial accelera- 


t with a lift- 
Bae -off. Calculate the initial thrust developed. 


tion of 2 ms~? at lift 
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2. A man whose mass is 70 kg is standing ona weighing machine inside a 
lift. What is the reading in the machine if the lift starts moving with (i) 
an acceleration of 2.2 ms~, (ii) a retardation of 4.9 ms~® and (iii) a uni- 
form velocity? 

3. A bullet of mass 0.01 kg is fired horizontally with a speed of 200 ms-* 
into a 4 kg wooden block at rest on a horizontal surface. The bullet re- 
mains embedded in the block and the combination moves a distance of 
20 m before coming to rest. Calculate the coefficient of kinetic friction 
between the bullet and block. 

4. Two blocks of mass 1 kg and 5 kg are connected bya string and placed 
on a horizontal smooth surface. The combination is pulled to the right 
with a force which produces an acceleration of 2 ms-?. Find the force 
and the tension in the string. 

5. A jet engine takes in 50 kg of air per second at a velocity of 50 ms- and 
burns 2 kg of fuel per second. If the exhaust gases are ejected at a velo- 
city of 400 ms~ relative to the aircraft, find the thrust developed in the 
engine. 

6. Figure 5.24 shows a block of mass m ona smooth horizontal surface. 
It is connected to another block of mass ma by a string which passes over 
a frictionless pulley. Find the acceleration of the system and tension in 
the stringin terms of mı, ma and g where gis the acceleration due to 


gravity. 


mz 
Fig. 5.24 


7. Two masses m, and ma are connected by a string which passes over a 
frictionless pulley as shown in Fig. 5.25. If ma > mi, find the tension in 
the string and the acceleration of the masses. 


Fig. 5.25 


10. 


11. 


42. 


13, 


14, 
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. Acar is moving on a horizontal road with a speed of 20 ms~, If the 


coefficient of friction between the tyres and the road is 0.4, what is the 
shortest distance within which the car can be stopped? Take g = 10 
ms-%, 


. The head of a hammer moving at a speed of 10 ms- strikes a nail and 


drives it into’ a wooden block, and the duration of the impact is 0.005 s. 

If the hammer head weighs 1.5 kg, find the average impact force and the 

distance the nail has penetrated into the wood. 

A discrof mass 20g is kept floating horizontally by throwing 20 marbles 

per second against it from below. Assuming that the marbles strike the 

disc normally and rebound downwards with the same speed, calculate 

the speed, with which the marbles strike the disc, 

Two masses m and 2 mare connected by a massless string which passes 

over a light frictionless pulley. The masses are initially held with equal 

lengths of the string on either side and are initially 13.08 m above the 

ground. Find the velocity of masses at the instant the lighter mass moves 

up a distance of 6.54 m. The string is suddenly cut at that instant; calcu- 

late the velocities with which the two masses hit the ground. Also calcu- 

late the time taken by each mass to reach the ground. 

A block of mass 2 kg slides on an inclined plane which makes an angle 

of 30° with the horizontal. The coefficient of friction between the block 

and the surface is »/3/2 

(a) what force should be applied to the block to that it moves down 
without any acceleration? 

(b) what force should be applied to the block so that it moves up without 
any acceleration? 

(c) calculate the ratio of the power needed in the above two cases, if the 
block moves with the same speed in both the cases. 


A block of mass 2 kg slides on an inclined plane making an angle of 30° 
with the horizontal. The coefficient of friction between the block and the 
surface is 1/3/2. Calculate the force to be applied to the block so that 
it moves (a) down and (b) up without any acceleration. 

A mass of 500 kg is kept in equilibrium on a rough inclined plane of 1 in 
4/5 by a horizontal rope. Show that the maximum and minimum ten- 
sions in the rope are in the ratio 7: 3 when the coefficient of friction 
between the surfaces is 0.2. 


6 
Work, Energy 
and Power 


6.1 INTRODUCTION 


Energy plays an important role in the modern world. The concept of 
energy, though abstract, is useful in the study of physics, chemistry, 
geology and biology. There are many forms of energy—heat, light, 
sound, mechanical, nuclear, electrical, magnetic, etc. In this chapter, 
we will discuss only mechanical energy. 


In normal conversation, we use the words ‘energy’ and ‘work’ rather 
vaguely. For example, we say that a child who runs around a great 
deal is very ‘energetic’ or aiperson who can doa lot of ‘work’ has a 
lot of ‘energy’. Energy is thus associated with motion. But we also say 
that food contains (or gives) energy which is used in our bodies so 
that we can do work. Thus energy is also associated with objects at 
rest, e.g. food, petrol, coal, etc. Work and energy are two very closcly 
related concepts of vital importance in physics. In physics, work and 
energy have a precise definition. 


6.2 SCALAR PRODUCT OF TWO VECTORS 


=> as 
The scalar (or dot) product of two vectors 4 and B is defined as the 
—> 


—> 
product of the magnitudes of A and B and the cosine of the angle 
between them, i.e. 

> > 
A- B= AB cos 0 (6.1) 
The scalar product is represented by putting a dot between the two 
vectors. The scalar product of two vectors is a scalar quantity. In 
order to understand the meaning of a scalar product, we consider two 


pics 
vectors A and B represented by OP and OQ respectively and inclined 
to each other at an angle 9 as shown in Fig. 6.1. According to the 
definition (6.1), we have 


> > 
A+ B= AB cos 6 = A (B cos 8) 
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It is clear from Fig. 6.1 that (B cos 0) is the magnitude of the com- 
ponent of B along the direction of A. Therefore, 


> —> 
A: B= A (OL) 
where OL = Reor 


OST aS Stee 


OL Bosal A 
(a) 


=> 
Fig. 6.1 Scalar product of two vectors A and B 


Notice that Eq. (6.1) may also be written as 
=> S 
A+B= AB cos 0 = BA cos 0 
= B (Acos 6) 
(C. A and B are magnitudes, so AB = BA) 


But (4 cos 0) is the magnitude of the component of 3 along the direc- 
tion of B and is equal to OM (see Fig. 6.1 b) 
Therefore, 


=> — 
A- B= B(OM) 


Hence, the 'scalar product of two e e i and B may be defined 
as the product of the magnitude of vector A and the magnitude of the 


component of vector B in the direction of vector ve or, vice versa, 
Work (see Sec. 6.3) is an example of a physical quantity ee isa 
scalar product of two yeo pbs dang 


Properties of the Scalar Product 
US 


d if ot l = ->m 
(i) The scalar product is commutative, i.e. A: B=B. A, 
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This follows from the definition of the scalar product, namely, 


>> 
A B= AB cos 6 
Therefore, 


—> > 
B» A = BA cos 0 
Now, since A and B are magnitudes (i.e. numbers), AB = BA. 


Hence, 


> > 


=> > 
ASB BA 


=> > 
(ii) A: A = A?, i.e. the scalar product of a vector by itself is equal 
to the square of its magnitude. This is true because in this case, 0 = 0° 
and cos 0° = 1, and therefore, 


> = 
Ais A — AJA cos.0°.— A? 


—> > 


or A=A-A 


> > 
(iii) If two vectors A and B are perpendicular to each other, then 
0 = 90° and we have 


> SS ; 
A+B= AB cos 90° = 0 CG. cos 90° = 0) 


> SS ” — ark 
Note that A - B can be zero even when neither A nor B is zero. 


6.3 WORK 


In physics work is defined in a specific manner, describing what is 
accomplished by the action of a force on an object. Work is said to be 
done if the force applied on the object succeeds in moving it. If no 
motion takes place, no work is said to be done, For example, a horse 
pulling a cart does work, an engine pulling a train does work, a 
person lifting a stone does work, a cyclist pedalling a bicycle does 
work and so on. 

However, a person may exert a force and yet do no work, in the 
specific sense of the word, because the force may not produce any 
motion. For example, a man pushing against a wall does no work if 
the wall does not move. He may sweat and tire but he does no work 
if he does not succeed in moving the wall. Similarly, if you hold a 
heavy object in your hand and stay motionless, you do no work even 
though you may get tired holding it. Thus for work to be done, two 
conditions must be fulfilled. 
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(a) A force must be exerted, and 
(b) The force must produce motion or displacement. 
Only that force which gives rise to motion does work. 


Measurement of Work 


The work done by a force on a body is given by the product of the force 
and the displacement produced in the direction of the force. If the force 


Bs 
F is applied in such a way that the body moves in the direction in 
which the force acts (see Fig. 6.2), then the work done is given by 


W = FS 


-> 
where F is the magnitude of Fand Sis the magnitude of displace- 
> 


ment S. 
Horizontal $ 
smooth ee ee ae 
sur face rere & : < 
VE yi 


Fig. 6.2 


The displacement need not always take place in the direction of the 


force. For example, consider a force F acting ina direction inclined 
at an angle 0 with a horizontal smooth surface along which the body 


TE . 
moves (Fig. 6.3a). Let S be the displacement along the surface as the 
body pes from position A to B, The work done by the force can be 
calculated in the following two equivalent ways, 


Fig. 6.3 Measurement of work 


1. From Fig. 6.3b it is clear that the component of the displacement 
> 


vector S in the direction of the force = AC = S cos b. Hence, the 
work done is given by 
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W = Magnitude of force x component of the displacement in the 
—> 
direction of the force vector F 
= F x AC = F (S cos 6) (6.2) 
peg . 
2. From Fig. 6.3c itis clear that the component of the force F in 


the direction of the displacement = AC = F cos 0. Now Eg. (6.2) can 
also be written as 


W = (F cos 0) S 
= component of the force in the direc- 


ZS 
tion of the displacement vector S x 
Magnitude of the force 


Thus, measured either way, work is given by 
W = FS cos 0 
Tn vector notation this is written as 


—> -> 
W= F- S= FS cos? (6.3) 
i.e. work is the scalar product of force and displacement. 


> => 
If F and S are in the same direction, 0 = 0 then W = FS. On the 


other hand, if Fa and Sareat right angles to each other, 0 = 90°, 
in which case 


W = FS cos 90° = 0 


As an example, consider a man carrying a bucket of water, walking 
on a level road with a uniform velocity, Since the velocity is uniform, 
there can be no force in the horizontal direction, ie. the direction in 
which the bucket is being carried. The force that the man exerts on 
the bucket is perpendicular to the direction of motion (i.e. against 
gravity). Since the force and displacement are at right angles to each 
other, no work is done on the bucket while carrying it. 


Unit of Work 


Work, being a scalar product of two vector quantities, is a scalar 
quantity. The SI unit of work is called the joule (symbol J). One joule 
of work is said to be done when a force of 1 newton acting on a body 
moves it through a distance of 1 m in the direction of the force, 


6.4 WORK DONE BY A CONSTANT FORCE 


=e tee 
Consider a body acted upon by a constant force F. Let S be the dis- 
placement produced in the body by that constant force. 
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_ The simplest case is the one in which the displacement occurs in the 
direction of the force. In this case, the work done by the force on the 
body is simply given by the product of the magnitudes of the force and 
the displacement, i.e. 


W = FS (6.4) 


_ However, a constant force acting on a body may not act in the 
direction in which the body moves (see Fig. 6.3 above). In this case, as 
explained above, the work is calculated from the scalar product of 

> 


LAS 
vectors F and S, i.e. 
o> 
W = F-S = FS cos 8 


k —> > 
where @ is the angle between the vectors F and S. 


When @ is zero, the work done is simply FS ('.* cos 0° = 1) in 
agreement with our previous equation (Eq. 6.4). 


6.5 WORK DONE BY A VARIABLE FORCE 


The magnitude of the force acting on a body may not always remain 
constant. Suppose a rocket is fired upwards from the earth. The force 
required to lift it and make it move away from the earth must be 
sufficient to overcome the gravitational attraction of the earth which 
decreases inversely as the square of the distance of the rocket from the 
earth. Thus the force necessary to keep the rocket moving away from 
the earth is not constant, it depends upon the position of the rocket 
with respect to the earth. Similarly, the force required to stretch a 
spring will depend on the amount of stretching. In such cases the 
work done by the force is calculated as follows. 

Suppose a variable force F acts on a body in the x-direction. The 
force F is a function of x, i.e. F depends on x. Suppose the force moves 
the body from a position x; to a position Xz, What is the work done 
by this variable force F in moving the body from x; to x3? 

We plot F versus x. Let Fig. 6.4 (a) represent the graph of F versus 
x. We divide the total displacement into a large number of small 
elements, each equal to dx, as shown in Fig. 6.4b. 


(b) (c) 


Fig. 6.4 Finding work done by a variable force 
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During a small displacement dv from x; to x, + dx, the force Fcan 
be treated to be nearly constant. Hence the work done by the force F 
to cause a small displacement dx is 


dW = F dx (6.5) 


Likewise, during another, small displacement dx from (x; + dx) to 
(x; + 2dx), the force Fis nearly constant and the work done by’ it is 
dW = Fdx where F'is the value of the force at x, + dx. The total 
work done by F'in displacing the body from x, to x» is clearly equal 
to the sum of a large number of terms like that in Eq. (6.5) in which 
F has a different value for each term. Thus 
W= § Fdx 
xı 

The smaller the value of dx, the better will be the result of our calcu- 
lation of W. Hence the exact result is 


W = Lim $ F dy 


dx>0 *1 


In the language of integral calculus, this relation is expressed as 
x: 
W = j * (Fas) (6.6) 


Numerically, this quantity is equal to the area between the force 
curve and the x-axis between the values x, and x. This area is shown 
shaded in Fig. 6.4c. 

If the body is moved from x; = 0 to X, = x,a displacement of x, 
then the work done by the variable force to cause a displacement x 
is given by 


W= Í k (Fdx) (6.7) 
0 


EXAMPLE 6.1 One end of an elastic spring of force constant k is fixed 
to the wall and the other end is attached to a block lying ona hori- 
zontal frictionless surface. The mass is pulled to the right (along the 
x-direction) by a distance x. Find the expression for the work done. 


Solution If we stretch an elastic spring by a distance x, the spring will 
exert a force on us during stretching. This force is called the restorin g 
force and is given by 


F = — kx 
where k is the force constant of the spring (see Fig. 6.5). This force 
depends on the displacement x and is opposite to the displacement. 


To stretch a spring we must exert a force F” on it, equal but opposite 
to the force F exerted by the spring on us. Therefore, the applied force 


FF = kx 


| 
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which depends upon x, The work done by the applied force in stretch- 
ing the spring through a distance x is given by 


w=f ra= |" (kx) dx 


= pke | =y 
0 


x-axis 


Fig. 6.5 


We could also evaluate this work by finding the area under the 
:orce-displacement curve from x = 0 to x = x. This is shown shaded 
in Fig. 6.6. Notice that the curve of F’ versus x is a straight line (since 
£" = kx). The area of the triangle of base x and altitude kx 

=} x base x altitude 
=ixxx kx 
= 1 kx? 


in agreement with our result above. 


Fig. 6.6 


It is evident that the work done in compressing the spring by an 
amount x is also given by W = 4 kx?. This work is stored in the 


spring in the form of potential energy. 
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6.6 ENERGY 


Energy can be defined as the capacity or ability to do work and is 
measured by the amount of work a body can do. So, energy is measured 
in the same units as work, namely, joule. Like work, energy isa 
scalar quantity. 

Energy can exist in various forms, such as heat energy, electrical 
energy, sound energy, light energy, chemical energy, nuclear energy, 
mechanical energy, etc. We will be mainly concerned with mechanical 
energy. Mechanical energy is of two types, kinetic and potential. 


Kinetic Energy: Energy due to Motion 


A moving object can do work on another object when it strikes it. In 
other words, an object in motion has the ability to do work and, by 
definition, has energy. The energy possessed by a body by virtue of its 
motion is called kinetic energy, 


An initially motionless body can move and acquire a velocity only 
if a force acts on it. The work done by the force in causing the body 
to move measures the kinetic energy (written as KE) of the moving 
body, i.e. ; 

KE=W 

Consider a body of mass m at rest at time ¢ = 0, its initial velocity 
u = 0. Let a constant force F act on it for time t. 

The body acquires a velocity v and suffers a displacement S in the 
direction of the force. Newton’s second law gives 

F = ma (6.8) 
where a is the constant acceleration. The distance S moved is given 
by 


2aS = y? — uw? 


Since u = 0, we have 


v 
$= 5 (6.9) 


Usings Eqs (6.8) and (6.9) the work done is given by 
2 
2 pai moa 
W=FxS=ma x Sa $ my 


or KE = 4 m? (6.10) 


Thus the kinetic energy of a moving body is given by one-half the 
product of its mass and the square of its velocity, 


Although this result has been obtained for a constant force, it also 
holds if the force is variable. Let a variable force F act on a body and 
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let S be the displacement produced in the direction of the force. Then 
the work done by the force (which measures the kinetic energy of the 
body) is given by 


Ww =KE=| F dS 


ma dS CAF = ma) 


dy ene: 
m = as (- a= 3) 


l 
| 
=|m (%-G)as 
| 
| 


dS, dt 
dv ROAS 
= | mo as ds ( . U aa 
= | mdv 
or KE =m | v dv (~ m = constant) 


If the velocity of the body increases from zero to a value v, we have 


v 
KE =m| v dy = $ me? 
0 
which agrees with the expression for KE obtained above for a con- 
stant force. 

- Note: The expression KE = 4 m? has been derived for a constant 
force and for a force having a variable magnitude. It may be remark- 
ed that this expression holds even for a more general case in which 
the force varies both in magnitude and direction. This expression, 
therefore, holds regardless of the way the body reaches its final velo- 


city. 
Work-Energy Principle 


Suppose a body of mass m moves with an initial velocity u, A force F 
acts on it, as a result of which it acquires a final velocity v. The work 


done by the force is given by 


u 


w=m[ vdo = 4m (2 = P) 


=} m? — } m? 
= final KE — initial KE 
= çhange in KE 
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Thus, the work done by a force in displacing a body measures the 
change in its kinetic energy. This is the work-energy principle. 

Thus, when a force does work ona body, its kinetic energy increa- 
ses; the increase in kinetic energy being equal to the amount of work 
done. The converse of this is also true. When the kinetic energy of a 
body is decreased by a retarding force, the decrease is equal to the 
work done by the body against the retarding force. Thus kinetic energy 
and work are equivalent quantities and are, therefore, measured in 
the same units, namely, joule. 


Potential Energy: Energy due to Position or Configuration 


An object can have energy not only by virtue of its motion, but also 
because of its position or configuration. The energy possessed by a 
body owing to its position or configuration is called potential energy. 
For example, a wound watch spring has potential energy on account 
of its wound state or configuration of the coils. As the spring unwinds, 
it does work to move the hands of the watch. Thus, a wound spring 
has the potentiality to do work. = 


Gravitational Potential Energy An object held at a position above the 
surface of the earth has potential energy by virtue of its position. 
When it falls from that position, it can do work. The potential energy 
of an object held above the earth is called gravitational potential 
energy, To calculate the energy stored in a body which has been lifted 
above the earth’s surface against the gravitational force, we have to 
calculate the amount of work done in carrying it there, 

Consider a body of mass m. It is lifted vertically to a height h above 
the earth by applying a force F vertically upward. The force F must 
be just enough to overcome the gravitational attraction, i.e. 


F = mg 


where g is the acceleration due to gravity at that place, For bodies not 
too far above the surface of the earth, the values of g is practically 
constant. Hence the work done by a constant force F in dis lacing a 
body by a height h can be calculated by the product F x $ = mgh. 
Thus gravitational potential energy of a body of mass m at a height h 
above the surface of the earth is mgh. The gravitational potential 
energy on the surface of the earth is taken to be zero. 


W =} kx? 


where k is the force constant of the spring. Hence the potential energy 
of the spring is 4 kx? 
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6.7 POWER 


The rate of doing work is called power, i.e. 


The faster a given amount of work is done, the greater is the power 
of the agent that does the work. 


In the SI system, the unit of power is the watt (symbol W). Power 
is said to be 1 watt when 1 joule of work is done in 1 second, i.e! 


1W = 1 Js! 


Since the watt is a small unit for the measurement of power, larger 
units, namely kilowatt (kW) and megawatt (MW) are often used 
1kW = 1000 W = 10° W 
1 MW = 1,000,000 W = 10° W 
The power of an agent can also be expressed is terms of the force 


applied and the velocity of the object on which the force is applied. 
Now, power P is given by 


a gin 
> 
> S : er 
== Mie git. 7 = tate of change of displacement = %9) 


Power is a scalar quantity as it is the ratio of two scalars W and t, or 
> > 


a scalar product of two vectors F and v. 


EXAMPLE 6.2 A bullet of mass 0.01 kg, moving horizontally with a 
velocity of 200 ms-!, strikes a 4 kg wooden block placed at rest on a 
horizontal surface. The bullet is embedded in the block. If the coeffi- 
cient of kinetic friction between the block and the surface is 0.25, find 
the distance moved by the combination before coming to rest, 


Solution 
Mass of the block =4kg 
Weight of the block (W) = 4 x 9.8 = 39.2 N 
By = 0.25 


lap 
Now Hk ="R 
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But Normal reaction R = W = 39.2 N 
The force of friction (fh). = uy R = 0.25 x. 39.2 
=98N 


Now the KE of the bullet = 4 mo? 
= 1 x 0.01 x (200)? 


= 200J ab sat 
Since the bullet is brought to rest, the change in its KE 

= 200 J 
But Change in KE = Work done by the force of friction against the 

block 
= Force x Distance = fy x S 
00 

or Si 087 20.4, m 


EXAMPLE 6.3 A body of mass 5 kg is moving on a horizontal smooth 
. surface at a velocity of 10 ms '. A constant force of 20 N. is applied 
on the body for 10's in the direction of the velocity. Find (a) the work 
done by the force, (b) the increase in the kinetic energy of the body 
and (c) the power of the agent that exerts the force. 


Solution 
Given m= 5 kg 
F=20N 
C 10i6 l 


u =10ms* 
(a) The acceleration of the body is 


BP LOOK s eding 0 


Toe eRe T 

The distance travelled by the body is given by 
S = ut + 4 at? 

= 10 x10 +4 x 4x10)? 
300 m 
E S 
20N x 300m 
= 6000 J 


ll 


w Work done W 


ll 


ll 
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(b) The final velocity of the body is 
v =u +,at 
= 10 +4 x 10 = 50 ms“ 
Final KE = } m? = } x 5 x (50° 
= 6250 J 
Initial KE = 3 mê =} x 5 x (10)? 
- 20T 
i Increase in KE = 6250 — 250 = 6000 J 
Note that Increase in KE = Work done 


(c) Power P= x 
6 


ExAMPLE 6.4 An engine pulls a car of mass 1500 kg on a level road 
at a constant velocity of 5 ms~!. If the frictional force is 500 N, what 
power does the engine generate? What extra power must the engine 
develop to'maintain the same speed up a plane incline having a gradi- 
ent of 1 in’ 10? ' 


Solution 
Given Mass of’ car (M) = 1500 kg 
Velocity (0) = 5 ms! 
Frictional force (f) = 500 N 


Since the car moves at a constant velocity, its acceleration is zero. 
Hence the engine has to do work only to overcome the frictional force 
(f)aSince the distance moved in 1 second is v metres, the work done 
per second or the power of the engine is 

Pf KU 
= 1500 x 5 
= 7500 W = 7.5 kW 


When the car, is being pulled along an inclined plane of gradient 1 


: the engine has to do extra work against the 


in 10 (Wie sinô = io)? 
component Mg sin 0 of the weight Mg ofthe car (Fig. 6.7). The extra 
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work per second or extra power the engine has to develop to maintain 
the same speed v is 

= Me sin? X o 


1 
= 1500 x 9.8 X io 3 
= 7350 W 


= 7.35 kW 


Pull of 
engine 


Mg 
Fig. 6.7 


ExAMPLE 6.5 A particle of mass m has half the kinetic energy of 
another particle of mass m/2. If the speed of the heavier particle. is 
increased by 2.0 ms~', its new kinetic energy equals the original kine- 
tic energy of the lighter particle. Calculate the original speeds of the 
two particles. 


Solution Letv and o' be the original speeds of the heavier and the 
lighter particles respectively. We then have 


st s = łv? 
OL. ty ef = 20 i 
When the heavier particle is speeded up by 2.0 ms7,) its ‘Kinetic 


energy becomes 4m (v + 2). Since this equals ‘the original ‘kinetic 
energy of the lighter particle, we have 


tm (v + 2)? = $ (m/2) (4 2) 
P+44+4,=27 


or 2 — 47-4=0 
4+ VI6F 16 424/5 
Pc gene as 
2 2 
= 3/24 ms“! 


vo’ = 2 v = 6.48 ms"! 
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Thus the original speeds of the heavier and the lighter particles are 
3.24 ms“! and 6.48 ms7 respectively. 


EXAMPLE 6.6 Two identical cylindrical vessels with their bases at the 
same level, each contain a liquid of density p. The height of the liquid 
in one vessel is /, and that in the other is hy, The area of either base 
is A. What is the work done by gravity in equalizing the levels when 
the vessels are interconnected? 


Solution The work done by gravity equals the change in the poten- 
tial energy of the system after the vessels are interconnected. We may 
regard the liquid in each vessel as equivalent to a point mass kept at 
their respective centres of gravity. Remembering that the mass of the 
liquid is given by (4 h p) and that the PE of a mass at a height hin 
earth’s gravity is mgh, we have 


Total PE at start = (A h, p) i + (A hy ase 
= PE + h 


After the vessels are connected, the height of liquid in each vessel is 
(Ay + h2)/2. Hence 


PE after connection = fa P (3) g ()} 
= APE Oh + hY 


Change in PE = 422 (hu + M? — 2.09 + 18} 
A 
= iT af (hi y hy 
many 
= - 4¢2("3%) 


This must be equal to the work done ‘by’ gravity on the liquid. 
Thus the work done ‘by’ gravity is 


ari 
Apg (5) 


EXAMPLE 6.7 A gun weighing 5 kg fires a bullet of mass 107? kg with 
a speed of 5 xX 10 ms™!. Obtain the kinetic energy of the bullet and 


the gun. Also obtain the ratio of the distance the gun moves backward 
(wile the bullet is in the barrel) to the distance moved by the bullet. 


Solution 


Kp = Kinetic energy of bullet = £m, x o 
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Given 
m, = 10° kg, v= 5 x 10? ms-! 
as K,=%4 x 107 x (5 x 10) 
= 12.5 x 10 J 


When the bullet is fired, the gun recoils with a speed vg. From the 
law of conservation of linear momentum, we have 


0 = mM, a + Mg dg 
ög = — M, v,/m, 
-2 
ateo VORE lg- 9) 410" ms! 
= — I ms"! 
Ko = kinetic energy-of the gun 
=4m, 2 
=4x 5x (IPI 
= 2.5J 


Considering the bullet and the gun to constitute a single system, the 
centre of mass of the system is at rest and the linear momentum is 
conserved. Therefore, 

0 = my vg + My vp 
Ax, , Ax, 
e At Cae 
where Ax, and A x, stand for the distance moved by the gun and 
the bullet respectively. Hence 


= m 


a| = = 

A x, Mg 
A TOTEN -3 
OSUTA =2 x 10 


6.8 TRANSFORMATION OF ENERGY 


As mentioned earlier, energy exists in many forms. The various sour- 
ces of energy involve transformation of one form of energy into 
another. A steam engine changes heat energy into mechanical energy. 
In an electric heater, electrical energy is converted into heat energy. A 
loudspeaker converts electrical energy into sound energy. In an electric 
bulb, electrical energy is converted into light energy. When we strike 
a match, the chemical energy of the chemicals is converted into heat 


and fight. 
Mass Energy Equivalence 


When the nucleus of a heavy atom such as uranium is split up into 
nuclei of smaller size, the total mass of the components is slightly less 
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than the mass of the parent nucleus. The mass difference is converted in- 
to energy in accordance with Einstein’s energy-mass equivalence relation, 


E = me 


where cis the speed of light. This process is called nuclear fission. 
Since ¢ is large (3 x 108 ms~!) and c? even larger, a small mass diff- 
erence can produce enormous energy. In a reactor, electricity is gene- 
rated by using the energy released in nuclear fission. 

There is a similar loss of mass when two light nuclei, namely the 
nuclei of hydrogen atoms, fuse (or combine) to form a heavier nucleus. 
This process is called nuclear fusion. The energy emitted by the sun is 
due to nuclear fusion. 

With the advancement in the knowledge of the atomic theory of 
matter during the last century, scientists have come to the conclusion 
that all forms of energy mentioned above are simply kinetic energy 
and potential energy at the atomic level. For example, according to the 
atomic theory, heat energy is merely the kinetic energy of the molecules 
(see Chapter 11). Since any form of energy is basically either potential 
or kinetic, a transformation from one form to another essentially in- 
volves a change of kinetic energy into potential energy or vice versa. 


6.9 CONSERVATION OF ENERGY 

Whenever energy is transformed from one form to another, it is found 
that no energy is lost in the process. This is illustrated by the follow- 
ing simple example. 

Let a body of mass 7 be lifted from the ground to a position A so 
that it is ata height 4 above the ground (Fig. 6.8). The potential energy 
of the body, at A is mgh and kinetic energy 18 zero, since it is at 
rest at A. Therefore, the total energy at A is 
mgh. When the body is allowed to fall, it 
begins to move. Let, us calculate its energy ŻA 
when it is at position C so that it has fallen REE 
through a distance x and is at a height (h—x) 
above the ground at a certain instant of time. yi 
At this position, the potential energy 1$ MS | 
(h — x). Let v be the velocity when the body 
reaches C, then from the relation yaw + 
2 2S, we have (since u = 0) v2? = 2 gx. Thus, mg 
the Kinetic energy at C is 4} m? =} m (2 gx) h 
= mgx. Therefore the total energy at Cis PE 
+ KE = mg (h-— x) + mgx = mgh, the 
same as that at A. 

When the body reaches the ground, x = h. 

The potential energy at B is 0 and kinetic 5 ear 
energy is mgx = mgh. Therefore, the total 
energy at B is mgh. Thus, although both the 


kinetic and potential energies change through- Fig. 6.8 Conservation 


out the motion, the sum of the two remains of energy 
constant. 
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This is depicted in Fig. 6.9 which shows the plots of KE and PË of 
a freely falling body. The thin continuous line shows the variation of 
KE with height. The variation of PE is 
shown by the broken line. The bold line 
shows the total energy (KE + PE) ofa 
freely falling body; it remains constant 
at mgh, 

The most important application of 
the conversion of PE into KE of falling 
bodies is in the generation of hydroelec- 
tric power. The large amount of water 

o h stored at a height in a dam has enorm- 

Height —> ve Seo ie wt water is made 

to fall on the blades of a turbine at the 

mor Ga ce fu bottom of the dam. The KE of the fall- 

ne od i ing water rotates the blades of the tur- 

a bine at a very high speed. Then the 

mechanical energy of the rotating blades is converted into electrical 
energy by the generator. 

In this section we have discussed the gravitational potential energy 
near the surface of the earth. In Chapter 8 we will discuss a more 
general form of gravitational potential energy. 

We can also draw the PE and PE plots for an elastic spring. We 
have seen that the PE ofa spring stretched or compressed by an 
amount x is given by 4 kx? where K is the force constant of the spring. 
Refer to Fig. 6.5 again. When the spring is stretched by an amount x, 
all its energy is PE = 4 kx, When it is released, it begins to resume 
its normal length under a restoring force. As a result the block begins 
to move until it reaches the position x = 0 where it has the maximum 
velocity. All the PE is now converted into KE. The block will not stop 
at x = 0. The inertia of its motion will take it to the left of x = 0. It 
begins to slow down until it momentarily stops at a position — x, where 
all the KE is converted back into PE. This is shown in Fig. 6.10. Notice 
that PE (or KE) does not vary linearly with x; it is proportional to x”. 


KE +PE=mgh 


Energy —e 


Energy 


KE+PE = 1 kx? 


PE 


x=0 x 
Fig. 6.10 Plots of KE and PE for an elastic spring 
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These simple examples illustrate one of the most important principles 
of physics, the Jaw of conservation of energy which states that energy is 
neither created nor destroyed, it can simply be transformed from one 
form to another, the total amount of energy remaining constant, 


This law has been found to be valid in every experimental situation 
in which it is tested. No violation of this law has yet been observed. 
What makes the concept of energy so important is the fact that it is 
conserved, Our universe is in a state of constant flux. In very complex 
processes (e.g. interactions), there is something that remains constant — 
the energy. The law of conservation of energy is the one unifying prin- 
ciple that brings order to the jumble of facts concerning the natural 
processes in our universe. 


More Examples of Conservation of Energy 


1. Figure 6.11 shows a spherical steel ball (such as a ball bearing) 
placed at the periphery of a large concave mirror or watch glass which 
is firmly embedded in plastic or modelling clay. If the mass of the ball 
is m, its potential energy when held at A is mgh. When the ball is re- 
leased, it begins to move thus acquiring kinetic energy. When it reaches 
the bottom of the mirror, i.e. B, its energy is entirely kinetic. As it 
moves towards the point C, it gradually loses its kinetic energy and 
when it reaches C its energy is entirely potential, equal to mgh, i.e. the 
energy it had when it started from A. 


Fig. 6.11 


2. When a simple pendulum is pulled to one side and released, it 
swings from one side to the other, reaching equal heights (= h) on 
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either side (Fig. 6.12) as long as the friction is negligible. At the lowest 
point B, it has the maximum speed and hence the maximum kinetic 
energy. At the maximum height (A and C) of the swing on either side 
ithas no kinetic energy (since it is momentarily at rest there) and the 
maximum potential energy. At intermediate positions, i.e. between A 
and B or Band C, it has both kinetic and potential energy, the sum 
of which remains constant throughout the swing. 

In the above examples, we have neglected friction which is always 
present in real situations. When a body, e.g. a ball bearing or a pei- 
dulum, moves in a medium, it loses a part of its kinetic energy which 
appears as heat energy in the medium. Thus all the kinetic energy is not 
converted into potential energy. The law of conservation includes heat 
energy as well. 


6.10 CONSERVATIVE AND NON-CONSERVATIVE FORCES 
Conservative Forces 


Consider an elastic spring, one end of which is fixed to the wall as 
shown in Fig. 6.13a. Suppose a block of mass m is directed towards the 
other end of the spring with a velocity v. Assume that the block moves 
on a horizontal frictionless surface, 

When the block touches the spring, its kinetic energy does work on 
the spring. The kinetic energy of the block decreases until it finally 


comes to rest and the spring has been compressed by an amount x 
(Fig. 6.13b), 


Hus i Wall 
AUSVTOT OY” 
SOLAS LALA GAIA 
' v=o 
' 
yi 


Fig. 6.13 Spring force is conservative 


The kinetic energy } mv? of the block is used up in givin i 
I 2 otential 
energy $ kx? to the spring. The block now reverses its RR as tke 
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compressed spring expands. It gains kinetic energy and regains its ini- 
tial position (Fig. 6.13c); only the direction of its motion is reversed. 


The block loses kinetic energy during the first part of its motion and 
gains back all its kinetic energy during the second part of its motion. 
Since the block has regained all its kinetic energy (i.c. there is no change 
in its kinetic energy) in the course of the round trip, the spring has done 
no net work on the block. This can also be understood as follows. 

During the first part of the motion of the block (Fig. 6.13b), i.e. when 
the spring was being compressed, the work done by the spring was 
negative, because the reaction force exerted by the spring on the block 
(directed to the left) was directed opposite to the displacement of the 
block (directed to the right). However, during the second part of the 
motion of the block (Fig. 6.13c), i.e. when the spring is expanding, the 
work done by the spring on the block is positive, because now the force 
ofthe spring (directed to the left) and the displacement of the block 
(which is also directed to the left) are in the same direction. 


Since the block regains all its kinetic energy during its round trip, the 
negative work done by the spring in the first part of the trip must be 
equal to the positive work it does in the second part. Hence the net 
work the spring does in the entire process is zero. The ability of the 
block to do the work (i.e. its KE) remains the same; it is conserved. 

Such a force is called a conservative force. A force is conservative if 
the work done by the force on a particle that moves through any round 
trip is zero, 

We have seen that the force of an elastic spring is conservative. 
Another example of a conservative force is the gravitational force. It we 
throw a ball vertically upward, it will (if we assume that the air resis- 
tance is negligible) return to our hand with the same kinetic energy (i.e. 
the same velocity) that it had when it left our hand. During the up- 
ward journey of the ball, the work done by the force of gravity on the 
ball is negative, because the ball is moving upward, whereas the force 
of gravity is directed downwards. But during the downward journey of 
the ball, the force of gravity and the motion of the ball are both direc- 
ted downwards. Thus, during the downward journey, the force of 
gravity does an equal positive work on the ball. Hence the net work 
done by the force of gravity on the ball during the round trip is zero. 


This means that the force of gravity is conservative. 


Non-conservative Forces 


i on-conservative force let us assume that the surfaces of 
= A ss horizontal plane in Fig. 6.13 are not smooth so that 
a force of friction is exerted on the block by the horizontal plane. The 
frictional force opposes motion independent of whether the block is 
moving to the right (Fig. 6.13b) or to the left (Fig. 6.13c). The block 
overcomes friction in both parts of its motion during which it loses a 
part of its kinetic energy which appears as heat. Consequently the block 
returns to its original position with less kinetic energy than it had ini- 
tially. The work done by the frictional force on the block is negative 
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during both parts of its motion. Thus the frictional force does a net non- 
zero work on the block during its round trip. Such a force is called a 
non-conservative force. A force is non-conservative if the work done by 
the force ona particle that moves through any round trip is not zero. 
Thus frictional forces are non-conservative, Another example of a non- 
conservative force is the induction force in a cyclotron. Instead of dis- 
sipating energy, this force generates kinetic energy so that an electron 
moving in a circular path in a cyclotron will return to its original posi- 
tion with more kinetic energy than it originally had. In a round trip 
the electron gains kinetic energy which is precisely the function of a 
cyclotron (or particle accelerator). 

The difference between conservative and non-conservative forces can 
also be understood in the following equivalent way. 

Consider a body of mass m being raised to a height / vertically up- 


ward from position A to position E as shown in Fig. 6.14a! The work 
done is mgh. pe 


: ERA nar oS 
S 
Fe 9 ae 
i 4 
b 4 
h h \ 
r-+-4¢ H 
' a 
f Te 
A ‘gh 
(b) (c) 


Fig. 6.14 Gravitational force is conservative 


Now suppose the body is raised to the same height by taking it along 
the path ABCDE as shown in Fig. 6.14b. During the horizontal motions 
B to Cand D to E, the force of gravity is at tight angles to the displace- 
ment. Hence no work is done by gravity in moving the body from B to 
C and from D to E. The force of gravity does work only during the 
Vertical paths A to B and C to D. Thus the net work done is still mgh. 


The work done when the body is taken along any arbitrary path such 
as the one shown in Fig. 6.14c will also be mgh. The reason is that any 
path can be broken up into elementary horizontal and vertical portions. 
The work done along horizontal parts is zero and the work done along 
Vertical parts adds upto mgh. Thus we find that the work done in 
raising a body against gravity is independent of the path taken and 

depends only on the initial and final positions of the body. 
' If the bodyjis brought back to its initial position, the net work done 
by gravity is obviously zero, 


D 
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If the work done by a force depends only on the initial and final 
positions of the body on which it is acting, then such a force is called 
a conservative force. Thus gravitational force is conservative. So are 
electrostatic and elastic spring forces. 

Frictional forces, on the other hand, are non-conservative forces, If 
a block is moved from a position A to a position B on a rough table, 
the work done against frictional force will depend on the length of the 
path between A and B and not on the positions A and B. If the block 
is brought back to its initial position A, the net work done against the 
frictional force will not be zero. 


Hence we have another equivalent definition of conservative and non- 
conservative forces. A force is conservative if the, work done by it on a 
particle that moves between two points depends only on these points and 
not on the path followed. A force is non-conservative if the work done by 
that force on a particle that moves between two points depends on the 
path taken between those points. 


EXAMPLE 6.8 A simple pendulum of length 1 m has a bob of mass 
100 g. It is displaced from its mean position A to a position B so that 
the string makes an angle of 45° with the vertical. Calculate the velocity 
of the bob when (a) it passes through the mean position A and (b) it 
makes an angle of 30° with the vertical. Neglect air resistance and take 
g =10 ms”, 


Solution (a) Let A be the mean position of the bob of pendulum (Fig. 
6.15). It is displaced to a position B so that 0 = 45°. At this position, 
let hy be the vertical height through which the bob has been raised 
against the force of gravity. 


Fig. 6.15 


It is clear from the figure that 
OD =! cos 8 


Hence h = l -—I1cos 0 = I (1 — cos 8) 
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Now l= 1 mand @= 45° 
hy = 1(1 = cos 45°) = 0.293 m 
PE at B = mg ky 
= 0,1 x 10.x 0.293 
=) 0,293) 


Since air resistance is neglected) all the potential energy will be con- 
verted into kinetic energy when the bob passes through, the mean posi- 
tion A. Hence 


KE at A = 0.293 J 
If a, is the velocity of the bob when it reaches A, we have 
$ mo? = 0.293 
or Ex GES nt — 0.293 i 


giving (a 5= mN: 


(b) when the pendulum makes an angle of 30° with the vertical (posi- 
tion C), the vertical height through which it falls while moving from B 
to Cis 


h, = I cos 30° — 1 cos 45° 
= 1(0.866 — 0.707) 
=f. x 0/159: = 0159 m 
Loss in PE = mg h, 
= 0,1 x 107x 0,159 
== On ood 
KE at C = 0,159 J 
If is the velocity of the bob at C, we have 


4 mo = 0.159 
or E xX O10 x o = 0.159 
which gives o = 1.78 ms! 


611 COLLISIONS 


We are familiar with many examples of collisions. We have seen two 
carrom coins or billiard balls colliding with each other or an autom- 
bile colliding with another. The molecules of a gas collide with one an- 
other, The collision of a neutron with an atom is well-known, 
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In physics the term collision does not necessarily mean that a parti- 
cle (or a body) actually strikes another. In fact, two particles may not 
even touch each other and yet they are said to collide if one particle 
influences the motion of the other. For example, the negatively charged 
alpha-particles»speeding towards the negatively charged nucleus of gold 
are simply deflected by the electro-static force of repulsion. In physics 
a collision between two particles (or bodies) is said to occur if they 
physically strike (or collide) against each other or if the path of the 
motion. of one is.influenced by, the other, 

When two bodies collide (e.g. when a bat strikes a ball), each exerts 
a'force on the other. The two forces are exerted simultaneously and for 
an equal but short interval of time. According to Newton’s third law 
of motion, each body exerts an equal and opposite force on the other 
at each “instant of the duration of the collision. During acollision, the 
two fundamental conservation laws, namely, the law of conservation 
of momentum and that of energy are obeyed and these laws can be 
used to determine the velocities of the bodies after the collision. 


Types of Collisions 


For mathematical simplicity, two extreme cases of collision are consi- 
dered. They are elastic and elastic collisions are described as 
follows. í 


Elastic Collisions: 4f there is no loss of kinetic energy during a colli- 
sion it is called an elastic collision. The collision between subatomic 
particles is' generally elastic. The collision between two steel or glass 
balls is nearly elastic. 


Inelastic Collisions; Jf there is a loss of kinetic energy during a colli- 


sion, it is called an inelastic collision. Since there is always some loss 
of kinetic energy in any collision, collisions are generally inelastic. If 
the loss is negligibly small, the collision is very nearly elastic. Perfectly 
clastic collisions are not possible. If two bodies stick together, after 
colliding, the collision is perfectly inelastic, e.g. a bullet striking a 
block of wood and being embedded in it. The loss of kinetic energy 
usually results in heat or sound energy. 

It may, be remembered that the total. momentum remains conserved 
in both elastic and inelastic collisions. Further, since the interacting 
forces become effectively zero after the collision, the potential energy 
remains the same both before and after the collision. 


Calculation of Final Velocities of Colliding Bodies 


The velocities of the particles after a collision can be calculated by 
solving their equations of motion if we know their velocities before 
the collision and the forces acting during the collision, Unfortunately, 
we do not always know these interacting forces. Even if we do not 
know the forces involved, it is still possible to determine the final velo- 


cities in the following three casts: 
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1. The collision is perfectly inelastic, i.e. the colliding body sticks 
to the target body after collision. 

2. The collision is elastic but one-dimensional, i.e. the bodies move 
in the same straight line before and after the collision. 


3. The collision is elastic and two-dimensional and the direction of 
motion of the bodies after collision is known: 


We will consider these cases separately. 
Inelastic Collision Let m, and m, be the masses of the two colliding 
=> 


pare 
particles and u, and u, their respective velocities before collision. 
Then we have, i 


Cares => 
Total momentum of particles before collision = muy ++ my, 


After collision, the two particles stick together and move with a com- 
mon velocity, say v. So that 


Total momentum of particles _ Mass of the composite 
after collision ~~ particle x common 
velocity, 
$ 
= (m + m) v 
Since the momentum is always conserved in a collision, we have; 


Total momentum before collision = total momentum after collision 


> > te 
or mu, + mu = (m, + m) v 
> bere ct 
oma Muy ++ Myu 
i o S Pht kimin (6.11) 
m, + m 


Thus knowing the masses of the two particles and their velocities 


before collision, we can calculate their common velocity after colli- 
sion, 


If the second particle is at rest initially (i.e. u, = 0) then we have 


> 7 
Me 2 muy, 
E. me (6.12) 


_ In this case, we can easily see that there indeed is a loss in the kine- 
tic energy. Now the kinetic energy of the particles before collision 
is given by (the second particle being at rest, Uz = 0) 4 myut. 


But the Kinetic energy of the particles after collision 
=} (m + m) 2 
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Hence Kinetic energy after collision __ $ (m, -+ m) v? 
if Kinetic energy before collision $ mug 
_ Gm +m)? 
m, uz 
=m tm) ( m y IA 
T m  \ m + m) (using*Eq. 6.12) 
2 T U DARAS 
m, + m 


<A 


This shows that kinetic energy after collision is less than that before 
collision, As mentioned earlier this loss in kinetic energy appears 
mostly in the form of heat and sound energy. 


Elastic Collision in One Dimension We will now consider a collision 
between two bodies moving along the same straight line before and 
after the collision. Let us consider two bodies A and B of masses m, 

> —> 


and m, moving along the same straight line with velocitie su; and wu 
=> => 


respectively (Fig. 6.16). Let us assume that u; is greater than uz. A 
and B suffer a head-on collision when they meet and continue moving 


oR 
along the same straight line with new velocities vı and v, respect- 
ively. Let us further assume that the collision is elastic, i.e. in addition 
to momentum, the kinetic energy 1s also conserved. 


ot m mr mz Z m? 
py @ CP Er & 
Oo YG 

Before collision At collision After collision 


Fig. 6.16 One-dimensional elastic collision between 
two bodies (#1 > u2) 


From the law of conservation of linear momentum, we have 
m Jp my = mpi oh maa (6.13) 
Since the kinetic energy of the bodies is also conserved during this 
collision, we have, 
muit? mu? = 4 moi + 4 mv} 
or m (ut — 02) = m (å = 2) (6.14) 
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—> — > 
where ti, t, vj and v are the magnitudes of Uy, Uy, v2, and vz respect- 
ively. Since the direction of all these velocities is the same, we can 
write Eq. (6.13) in terms of magnitudes as 


m (u; — v) = m (ò, — u) (6.15) 


Dividing Eq. (6.14) by Eq. (6.15), we have 


2 2 
u -— o og — u 


U — o n — i 
or ui + v = n + Uy 
or Uy Uy = Oy 104 (6.16) 


Equation (6.16) shows that in an elastic one-dimensional collision, the 
relative velocity with which the two bodies approach eaeh other before 
collision is equal the relative velocity with which they recede from each 
other after the collision. 


To find 2 and oz, we use Eqs (6.15) and (6.16). From Eq. (6.16) we 
have 


v = Uy — UW + YY 
Substituting for v, in Eq. (6.15), we get 


m (u — v) = m, (u, — wy + v; — w) 


or mui = Mv, = mu — 2m + mv 
or vi m + m) = mu — Mu, + 2m, 
T e Ie 2m, 
. nole + (arn) 6D 
Similarly eliminating v; from Eqs (6.15) and (6.16), we get 
2m m, — m 
ee (qm) pk (Ma = =) ty (6.18) 


Now let us consider the following special cases: 
(i) If both bodies have the same mass, then 
m= m,=m 
In this case, Eqs (6.17) and (6.18) respectively give 
vi = Uy 


and v = Uy 
This means that in a one-dimensional elastic collision between two 


bodies of equal mass, the bodies merely exchange their velocities after 
the collision, 
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(ii) If one of the bodies, say m, is initially at rest, then 


u, = 0 
In this case Eqs (6.17) and (6.18) reduce to 
2 (m— ™ 
2myu 


If, in addition, m, = m, = m, these equations give 
y =O ney 


Thus, if a body suffers a one-dimensional elastic collision with another 
body of the same mass at rest, the first body is stopped dead, but the 
second begins to move with the velocity of the first. 

However, if the body at rest, namely, B is much more massive than 
the colliding body A, i.e. m, > mM, such that m, is negligibly small, 
then Eqs (6.19) and (6.20) give 


A. 
v > 0 


Thus, if a very light body suffers an elastic collision with a very 
heavy body at rest, the velocity of the lighter body is reversed on colli- 
sion, while the heavier body remains practically at rest. A common ex- 
ample of this type of collision is the dropping of a hard steel ball on 
a hard concrete floor. The ball rebounds and regains its original height 
from where it was dropped while the much more massive ground 
remains at rest. 

Finally, if the body at rest is much lighter than the colliding body, 
i.e. if m, < m, we have 

a = u o, = 2 


i.e. the velocity of the massive body remains practically unchanged on 
collision with the lighter body at rest and the lighter body acquires 
nearly twice the initial velocity of the massive body. 

In a reactor, fast neutrons are produced in the fission of uranium 
atoms. These neutrons have to be slowed down so that a sustained re- 
action is possible. They are, therefore, made to collide with hydrogen. 
The hydrogen nucleus (i.e. proton) has nearly the same mass as a neu- 
tron and hence in a head-on collision with a hydrogen nucleus at rest, 
the neutrons are nearly stopped dead or considerably slowed down. 
If, instead of hydrogen, a more massive nucleus like that of lead were 
used as the target, the neutrons would simply bounce back from the 
target with the same velocity with which they struck it, and if we used 
a lighter target (an electron, for example), the neutrons would conti- 


nue to move with their original velocity. 
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Elastic Collision in Two Dimensions Let a particle of mass in, mov- 
— 
ing with a velocity u collide with a particle of mass m, initially at 
=> 


rest (i.e. u, = 0) as shown in Fig. 6.17. Let us assume that the body 
of mass m; is moving along the + x-direction. After Collision with mp, 
let it be deflected at an angle 0, with the initial direction with velocity 
> -= 


pas 

vı, Where u and v; lie in the x-y plane, Let us say that after collision 

mass m, is deflected at an angle 0, with the original direction with a 
> 


EAN 
velocity v2. It is clear that vector v2 will also lie in the x-y plane and 
— — 


will have no component} in the z-direction because u and z; have no 
Z-components. 


1 vı Cos ©; 
' 
i NA V2 cos 0? 
1 


tee wie os Qe aN ~x -Direction 


Fig. 6.17 Two-dimensional elastic collision 


> => > 
Taking the scalar components of u, x, and z along the x- and 
y-directions and applying the law of conservation of linear momen- 
tum, we have, for the x-components of motion (see Fig. 6.17) 


My = M0; COS 9, + mvg Cos 03 (6.21) 
and for the y-components of motion 
0 = m sin 6, — Mv sin 6, (6.22) 


; Since the collision is elastic, kinetic energy is also conserved. There- 
‘ore, ê 


tmu =} mv? + 4 Mav} 
or miu? = mo? + My} (6.23) 


In Eqs (6.21), (6.22) and (6.23) if we know Mı, mand u, then 
there will be four unknown quantities, namely 24, 7, 6, and 6, which 
cannot be determined from three equations. However, if we know the 
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directions of deflection (8, and 63) ofthe concerned particles, these 
equations can be solved for Velocities », and v, (see Example 6.10). 


EXAMPLE 6.9 A neutron of mass 1.67 x 10°? kg moving at a velo- 
city of 1.0 x 108 ms7 collides with a deuteron at rest and sticks to 
it. If the mass of the deuteron jis 3.34 x 10-7'kg, what will be the 
speed of the composite particle? 


Solution Momentum of particles before collision 
= 11.67 1 10727) x, 1,0 x 108 
= 1.67 x 10 %kgms! 

Combined mass on sticking together 
= 1.67 x 10-7 + 3.34 x 10°?” 
= 5.01 x 10-7 kg 


If v is the velocity of the composite particle, the momentum after 
collision = (5.01 x 10?7)vkgms* 
Since momentum is conserved in collision, we have 
(5.01 x 10°77) v = 1.67 x 10-9 


giving j z = 3.33 x10lim s7! 
EXAMPLE 6.10 A steel ball of mass 0.1 kg moving with a speed of 
10 m s~! collides with an identical steel ball at rest, After collision the 


direction of each ball makes an angle of 30° with the original direction. 
Find the speed of each ball after collision. Is this cellision elastic? 


Solution 
m =m = 0.1 kg 
u = 10m svt 
0 = 0z = 30° 
Substituting in Eq. (6.22) we have 
} «10 = 0.1 sin 30° x (01 — v) 
which gives ; n = 2% 
Now from Eq. (6.21) we have (since m; = m) 
u, = v COS Ô, + v2 COS bz 
Since v, = vz and 0: = b = 30°, we have 
) u, = 20, COS 0; 
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uy 10 V3 
Pr T Mops Pins DEREI aa 2 
=4.33m si 
= ia 
Initial kinetic energy of balls = 4 m,u? + 0 
= 4 x 0.1 x 10? 
ESSN 


Final kinetic energy of balls = 4 miv? + 3 m3 
= mi Cm, = Mm} vi = v) 


=2J 


The collision is not elastic since the kinetic energy is not:conserved. 


EXAMPLE 6.11 A ball A of mass 2.5 kg undergoes an elastic collision 
with another ball B that is at rest. After collision, ball A continues 
moving in its original direction with a speed 1/5 of its original speed. 
Determine the mass of ball B. i 


Solution The situation before and after collision is shown if Figs 
6.18 (a) and (b) respectively. 


b: 


At rest 


A B vs B w 
e— e o——e —— 
25kg m=? 
(a) Before collision (b) After collision 
Fig. 6.18 


Since the collision is elastic, both energy and ‘momentum’! must be 
conserved, The law of conservation of momentum gives 


2.50 = 2.55 + mo 


, or 20=mo' (i) 


The law of conservation of energy yields 
1 petal! v\? Hick 5 
3X 25 Y= 5 X25 (3) + 5 mo 


or 2.4 v = m’? (ii) 
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Combining Eqs (i) and (ii), we get 


1/2 
2v = m (5 ) v 
m 
or 2 = m'/2 (2.4)'/2 
or m = 4/2.4 = 1.667 kg 


EXAMPLE 6.12. A.particle of mass M moving with a speed V, under- 
goes an elastic (head-on) collision with a stationary particle of mass 
m, After the collision, both particles move along the initial direction 
of motion. Calculate their speeds after collision. Show that 

(a) If M = m, the ball of mass M comes to rest whereas the ball 
of mass m starts moving with'a*speed V 

(b) If m > M, the ball of mass M bounces back with speed V 
whereas the ball of mass m remains stationary. 

(c) If the ball of mass Mis a néutron (M = 1.8 x 107 27 kg) and 
the ball of mass m is a deuteron (m = 3.6 x 10727 kg), and V = 10° 
ne calculate the speeds ofthe neutron and the deuteron after the 
collision. 


Solution Let A and'B be particles of mass M and m respectively. 
Figure 6.19 (a) shows the situation before the collision. After the col- 
lision let the speeds of A and B be VY’ and v respectively, as. shown 
in Fig. 6.19 (b). 


y} 
i 


A v V=0 A y’ B oe 
—_—_—_——~—*? e (oe eee Ba oo ——— 
M B m 
(a) Before collision ) lb) After collision 
Fig. 6.19) 


Since the collision is perfectly elastic, both energy and momentum 


must be conserved. 
The conservation of linear momentum gives 


MV +m x 0= MV’ + mi’ 
MV = MV' + ma’ (i) 


or 
From the law of conservation of energy, we, have 
4 MV? = 4 MV? 44 mo? | 


= MV? = MV"? + mo? Gi) 

Solving Eqs Gand Gii), we geti ooir s 11a 2901o | 
” Í ant tý- SiM =mi? wit } ts 
Vis (ren my loi! (iii) 


x p 


wta oii ARS tara ; ir (iv) 
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(a) When M = m, we have from Eq. (iii) 
VS ea 
and from Eq. (iv) 
oE 


In other words, after the collision, the particle of mass M becomes 
stationary and that of mass m starts moving with a speed V. 


(b) f m> M 


M-m -m 


M+mam 
Therefore, Eqs. (iii) and (iv) reduce to 
Vay 
and s e Myan (“5 <1) 
m m 


In other words, after collision, the particle of mass M bounces back 
with the same speed and the particle of mass m remains stationary. 


(c) M = 1.8 x 10?’ kg 
m = 3.6 x 10” kg 
V= 106m sm! 
Substituting these values in Eqs (iii) and (iv) we obtain 


y — 8 x 10% — 3.6 x 107) x 10° 
(1.8 x 1077 + 3.7 x 10°27) 


= — 3.33 x 10°ms 


d ,_ 2X 1.8'x 107% 106 
a T > NCES EAO 10s 


= 6.66 x 10° ms 


The negative sign of V” indicates’ that the direction of motion of the 
neutron is reversed after collision, 


EXAMPLE 6.13 A neutron of mass 1.8 x 10-27 kg moving with a velo- 
city of 10° m s~! collides with a stationaty deuteron of mags 3.6 x 10-27 
kg. Assuming that the collision is head-on and elastic, determine the 
speed of cach particle after the collision, 


Solution Let v, and vq Tespectively be the velocities of the neutron 
and deuteron after the collision., Since the collision is head-on and 
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elastic, we have, from the laws of conservation of linear’ momentum 
and conservation of kinetic energy, 

m, x 106 + mg x 0 = myvg ++ mavg 
and 4 x m, x (109? + 0 = 4 mv? + 4 my} 


where m, = mass of the neutron and ma = mass of the deuteron. 
Substituting the valves of the masses, we have 


1.8 x 10°77 x 106 = 1.8 x 1077 v, + 3:6 x 1077 vg 


or 1.8 op + 3.6 vg = 1.8" 10° 
or on +2 vy = 10° 
ae 2, = (10° — 2 v4) 
and 1.8 x 10-7 x 10 = 1.8 x 10-7 v? + 3.6 x 1077 z} 
OF a2 11203, = 104 
(106 x 2 v,)? + 2% = 107 y 
or 6 03 — 4a, x 10° =0. í 
or 2 vg (3 vg — 2 x 108) =0 
a va = 2/3 x 10° ms“! = 0.67 x 10° ms 
and un = (1 — 4/3) x 106 m s™ = — 0.33 x 106ms 


Thus, after the collision, the deuteron moves forward with a speed 
2/3rds of the original speed of the neutron,and the neutron rebounds 
with 1/3rd of its original speed. 


EXAMPLE 6.14 A ball A of mass 10 kg and another ball B of 
unknown mass are placed on a horizontal frictionless table which rests 
against a rigid wall as shown in Fig. 6.20. The ball A moves towards 
the stationary ball B with a velocity, v. What should be the mass of B 
such that both A and B move with the same speed after A has under- 
gone a collision with ball B and the wall? All collisions are assumed 
to be elastic. ( 


Wall 


j SS ; ' R 
; basqrig: 620g 1994 b! 
' ds diw “OC To Agie 43 a yes Í f 
| gye at animé slip.) ANI 3 dB bef 
i i 6.21 a) shows the positions of balls A and efore 
she collision Takes g After the collision has occured, let V’ and v' 


4 ERIO 
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be the respective speeds of balls A and B (see Fig. 6.21). The ball A 
starts moving towards the wall and undrgoes an elastic collision with 
the rigid wall. After collision with the wall, the velocity of A will be 
reversed. We are given that 


Wall Wall 


Fig. 6.21 


Applying the law of conservation of linear momentum, we have 
Mx0-mxv=-MV 4m 
mv = (M — m) (e V' =v’) (i) 
The law of conservation of energy gives 


1 aD 2 1 2 
m? = 5 MV +5 mo 


2 
or m? = (M + m) v? (ii) 
Combining Eqs (i) and (ii) we obtain 
ney 
m? = (M + m) Og ae 
or (M — m? = m(M +m) 


We are given that m = 10 kg. Therefore 
(M — 10) = 10 (M + 10) 


or M? — 30M =0 

or M(M — 30) = 0 

Since M+ 0, M — 30 #0 
2 M = 30 kg 


ExampLe 6.15 Ina billiards game, a stationary red ball is aimed at a 
white ball that had been given aispeed of 10 ms”. After the 
collision, the red ball moves at an angle of 30° with the original direc- 
tion of motion of the white ball. Assuming the two balls to have. the 
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same mass, calculate the speed of the two balls and the direction of 
motion of the white ball. The collision is assumed to be clastic. 


Solution Let m be the mass of each ball and z; and », the speeds of 
the red and the white balls respectively after the collision has taken 
place (Fig. 6.22). K , 


White 


Fig. 6.22 


If 0 is the angle at which the white ball moves after impact, we have 
(equating the parallel and perpendicular components of momentum) 


m x 10 = m cos 30° + mv, cos 8 


0 = my, sin 30° — mo, sin 0 


or n VŽ mcos = 10 
and 5 — sin 8 = 0 
— 31 
sin 0 = Pe and cos?= ae 

Using sin? 0 + cos’ 0 = 1, 

2 2 3 

ot =, 400 + 3.07 — 40 1/30) _ 
We get aa + 40 1 
This gives v? — 10 3x, + 100 = 23 0) 
Again from the law of conservation of kinetic energy, we have 

1 1 
jm x 10? = 5 moj + 5 mua 
u? + v3 = 100 

or v3 = 100 — à (ii) 


From Eqs (i) and (ii) we get 
vt — 10 4/3v, + 100 = 100 — v 
or 2% ( — 5.73) = 0 
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Either », = 0 or u= 5 4/3 ms... 
Since »,# 0, we have 7, = 54/3 = 8.66 ms". 


f 


Also 0} = 100 — a2 = 100 — (5 4/3)? 
= 100 — 75 = 25 
or v= V25.= 5ms? 
(i Dy eee: 4/3 UE = 
and sin 6 = Yo x 5 = V 3/2 
i 6 = 60°. 


Thus, after collision, the speeds of the red and the white balls are 
8.66 ms! and 5m s" respectively and the white ball moves at an 
angle of 60° with its original direction.of motion. 


EXAMPLE 6.16") A perfectly elastic oblique collision occurs between a 
moving particle and a particle at rest. If the imasses of particles are 
equal, show that they move at right angles to, each other after the 
collision. jieti ] 


Solution Since the collision is elastic, the'lineat momentum and kinetic 
energy are both conserved. Referring to Fig. 6.17 and applying the 
law of conservation of momentum, we have, for the x and y com- 
ponents of motion [see Eqs (6.21) and (6.22)], 


M; Uy = M, v COS 1 +h, My v COS Ay 
and ° 0 = m x sin 0; — my vz sin 0, 
Since mı = My, these equations reduce to 

u = v; COS A, + v cos Oy (i) 

a sin 0 = asin A, (ii) 
The conservation of kinetic energy gives 
; m ut = ; mata m v3 
For m, = m,, we have 

Amata (iii) 

Equation (i) may be rewritten as 

vz COS 0, = u — v, COS 9, (iv) 
Squaring Eqs (ii) and (iv) and adding, we get 


v3 = u? + o? — 2m, v1 cos bi (v) 
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Eliminating v3 from Eqs (iii) and (v), we have 
pag dt 
cos ĝi = ii (vi) 


Eliminating vz from Eqs (i). and (ii), we get 


tan 0, = - sin 0; Wii) 
(# — cos ô, ) 
vör : 


Using Eq. (vi) in Eq. (yii) gives 


tan bs i sin 4; 
(es ei 6,) 
> sin 6; cos ĝi 
~ (1 = cos? 0) 
= cot bı a 
“m(n 
m 
b, ole 0; 
or 8i + 6, =p 


i.e: the particle move at right angles to each other after the collision. 


SUMMARY 


The scalar product of two vectors is defined as the product of the 
nage of the two vectors and the cosine of the angle between 
em. 
Work is an example of the scalar product of two vectors, the force 
=> 


> 
vector F and the displacement vector S 
> => 
W=F.S= FS cos 0 
Energy is the ability of an agent to do work and is measured by the 


amount of work an agent can do. Energy and work are measured in 
the same units, the joule. 
Energy can exist in various forms: mechanical, electrical, magnetic, 
chemical, sound, light nuclear and thermal. They are interconvertible. 
Mechanical energy is of two kinds; kinetic and potential. The 
kinetic energy of a body is due to its motion and potential energy is 


due to its state or configuration. 
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The law of conservation of energy states that energy is neither creat- 
ed nor destroyed; it can only be transformed from one form to 
another, but the total amount of energy always remains constant m 
any natural process. 

In elastic collisions, the total kinetic nergy? is conserved. In ine- 
lastic collisions, a part of kinetic energy is lost as other forms of 


energy such as heat and sound.’ Momentum is conserved in all types 
of collisions, 


t; 


12. 


13. 


EXERCISES 


. What do you understand by the scalar product of two vectors? Show that 


it is commutative. ® m 

How is work defined and measured? Define the SI unit of work. Give two 
examples of a for¢e; that:does no work. 

Show that the work done by a constant force in displacing a body 


through a certain distance is equal to the change in the kinetic energy of 
the body. 


. State the law of conservation of energy. Show that the total mechanical 


energy of a freely falling body remains conserved throughout its fall. 

Can you imagine situations under which 

(i) the total momentum of a system is conserved, but its total kinetic 
energy is not conserved, 

(ii) the total energy of a system is conserved, but its total momentum is 
not conserved? 

Explain how the work done by a variable force is measured and find the 


work done in compressing an elastic spring of force constant k by an 
amount x. 


. Define kinetic: energy. Deduce thé expression for the kineti¢ energy of a 


body which starts from rest and acquires a velocity under the action of 
(a) a constant force and (b) a variable force. 


. Define potential energy. Deduce the expression for the potential energy 


of (a) a body raised to a height above the ground, and (b) a stretched 
elastic spring. 


What do you understand by mass-energy equivalence? 


. What do yon mean by a collision? Distinguish between clestic and inela- 


stic collisions. 

Two bodies of masses, mm, and ms, are moving with velocities u and, uw: in 
the same straight line. On collision, they are stuck to each other, 
Calculate the common velocity. after collision. 

Two bodies of masses, mı and ma, moving with yelocities u and us in 
the same straight line, suffer an elastic collision in one dimension. Derive 
the expression for their velocities after collision. Discuss the special cases 
(i) when the colliding, bodies have the same mass, (ii) if one of the bodies 
is initially at rest, Gii) if the body at rest is very heavy, and (iv) if the 
body at rest is very light. 

An elastic oblique collision occurs between a moving particle ahd a 
stationary particle. The two particles are found to move at right angles to 
each other after the collision. Show that their masses must be equal. 


10. 


11. 


12. 
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PROBLEMS 


A ball is dropped ‘vertically, from rest at a height of 12 m. After striking 
the ground, it bounces back to a height of 9m. What fraction of kinetic 
energy does it lose on striking the ground? 

A man) whose; mass. is 75 kg walks up 10 steps, each 20 cm high, in 5 s. 
Find the power he develops. 

A body of mass 10 kg is dropped from a height of 20m. Find (i) its 
potential energy before it is dropped, (ii) its kinetic energy when it is 8 m 
above the ground, and (iii) its kinetic energy when it hits the ground. 
Two bodies of mass 1 kg and 4 kg have equal linear momentum. What is 
the ratio of their kinetic energies? 

A truck tows a car of mass 500 kg at a speed of 10 ms~* on a level road, 
If the tension in the connecting rope is 1000 N, what is the power deve- 
loped by the truck? What will be the tension in the rope when the truck 
climbs a small hill having a slope of 1/5? 

A bullet of mass 0.02 kg is fired horizontally with a speed of 200 m s~ 
into a 2 kg block of wood suspended by a string 1 m long. The bullet is 
embedded in the block. Calculate the maximum inclination of the string 
to the vertical. 

A body of mass 2 kg and moving with a velocity of 3 m s~? collides head- 
on with a body of mass 1 kg moving in the opposite direction with a velo- 
city of 4 m s-'. After collision, the two bodies stick together and move 
with a common velocity. Calculate the common velocity. 

A neutron of mass 1.67 X 10-27 kg moving at 10° m s~? collides with a 
deuteron at rest. After collision, the two particles stick together and the 
composite particle moves with a velocity of 3.33 x 10’ms-t. Calculate 
the mass of the deuteron. 
A proton of mass 1.67 x 10-2” kg undergoes a head-on collision with an 
alpha particle initially at rest. After the collision, the alpha particle 
moves with a speed of 8 x 10° m s-t, Calculate the velocity of the proton 
before and after the collision. Given, mass of alpha particle = 6.68 x 
10-27 kg. 

An unoccupied car of mass 10° kg has a speed of 15 m s-1 on a level road. 
A truck of mass 5 X 10° kg moving in the opposite direction undergoes 
a head-on collision with the car. Calculate the speed the truck must have 
so that both vehicles come to rest after the collision. 

A ball P of mass 10 kg moving with a speed of 8 m s- collides with an- 
other ball ‘Q of mass 20 kg initially at rest. After the collision, P and Q 
move in directions making angles of 30° and 45° respectively with the 
initial direction of motion of P. Calculate the speeds of P and Q after the 
collision. 

An electron undergoes a one-dimensional collision with a hydrogen atom 
at rest. All motions before and after the collision are in a straight line. 
Calculate the fraction of electron’s kinetic energy transferred to the 


hydrogen atom due to collision. 
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13. 


14, 


A stationary mass explodes into two parts of masses 0.4 kg and 4 kg 
respectively. If the larger mass has a kinetic energy of 100 J, what is the 
kinetic energy of the smaller mass? 

A vehicle of mass 2000 kg travelling at 10 ms“ on a horizontal surface 
is brought to rest in a distance of 12.5m by ‘the application of brakes 
which provide a constant retarding force. What power must the engine 
develop in order to take the vehicle up an incline of. 1 in/10 at a constant 
speed of 10 ms~1? The frictional force is 200 N; 


1 


Centre of Mass, Rigid 
Bodies and Rotational 
` Motion 


7.1 INTRODUCTION 


We have so far treated objects as ‘point masses’, In Chapters 3 and’4 
we studied the kinematics of point objects and learnt to describe their 
motion in one, two and three dimensions. In Chapter 5 we studied the 
dynamics of point objects and learnt three laws which quantitively 
describe the causes of motion. In Chapter 6 we studied the concepts 
of work, energy and power and learnt how objects can have kinetic 
and potential energies by virtue of their motion or configuration. 

We have stated earlier that Newton’s laws of motion hold for 
point objects, such as atoms. But any object has to be finite and con- 
sists of a large number of atoms. So no real object can be treated to 
be small in the absolute sense. But we have applied these laws to the 
motion of objects on earth and even to that of planets and other 
heavenly bodies. It was the remarkable foresight and genius of Newton 
that made him realise that his laws of motion could be reasonably 
applied even to the motion of finite or extended objects. This is the 
sudject matter of this chapter. The key concept needed in the exten- 
sion of Newton’s laws of motion to extended objects is that of the 
centre of mass of a system of point bodies (called particles) which 
constitute an extended body. We first develop: this) concept for a 
system of two particles and then generalise it in the case of a large 
number of particles constituting the finite body. 


7.2 CENTRE OF MASS OF A TWO-PARTICLE SYSTEM 


A particle is defined as an object whose mass is finite but whose size 
and internal structure can be neglected. Consider a system consisting 


un 
of two particles P; and Pz of masses m and z. Let rı (t) and r (1) 3q 
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their position vectors at time f with respect to origin O as shown in 
Fig. 7.1 


Fig. 7.1 Equations of motion of a two particle system 


Then their velocity and acceleration vectors are 


Oral 

LES HF 

ip Rt deena 

Lm an 

rae dirs 

IRS Pp 

— d gant 

pec odin a dir, (7.1) 


Equations of Motion 


ne F > =y 
Let F, bethe force causing acceleration a, in particle P,. F, is the 
ra 


resultant of two kinds of force acting on particle Pj—the force Fiz 

exerted by particle P, on particle P1 (this force may be gravitational 
. . es 

or electrical in nature) and a force F, (ext) which could be due to 


k = 
some other particles external to the System, Fz is called internal force 


because it is exerted by one part of the system on another part of the 
Ls} 

same stern. The net force fi acting on particle P, is given by the 

vectorial sum of Fi, and F, (ext), i.e, 


> > > 
Fi = Fin + F, (ext) 
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Similarly, the net force F, acting on particle P, is given by 


> => —> 
F, = Fy, + A, (ext) 


where Fy is the force exerted by P; on P}. 


The equation of motion of each particle cannow be written by 
using Newton’s second law of motion (mass x acceleration = force). 
Thus 


> => —_ = 
m a = F, = Fi. + F (ext) 
=> > => -> 
and m,a, = F, = Fy + F (ext) (7.2) 


SN 
Now from Newton’s third law, the internal force J F exerted by parti- 


cles P, on particle P; is equal and opposite to Fy), the force exerted 
by P, on Py, i.e. 


a a> 
Fo = — Fy 


a4 
Therefore, if we add the two equations (7.2) the forces Fiz and 


2, 
F,, cancel out: 
> > 
m a, + ma =F (1.3) 


> —> => i A 
where F = F, (ext) + F, (ext) is the total external force acting on 
the system. 


Definition of Centre of Mass 


The total mass of the system consisting of two particles of masses m, 
and m, is 
M = m, + m 


Ly 
Let us say that the total external force F acting on the system (whose 


mass is M) produces in it an acceleration acm: Therefore we must 


have (if Newton’s second law is to hold for the system) 
M dcm ca F (7.4) 
From Eqs (7.3) and (7.4) we get 
=> > => 
M acm = h a + 2% ~- 


aS > 
or or iss = t (m a, + ™ a) (7.5) 
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ES s 
The acceleration acy is called the acceleration vector of the centre of 
> 


mass of the system. Let Roy be the position vector of the centre of 
mass. Then 


í > 
I Ë Rom 


(7.6) 


> > > i 
Using a and a, from Eq. (7.1) and acm from Eq. (7.6) in Eq. (7.5) 
we get 
E A 
S ean ri $) 
d = M (m ae Tm ) 


—> 

Therefore, Rom is given by 
> 1 -—> > 
Rou oF (m ri + m, r) 


> > 


+> 
Rou = M+ M y 11 
ce CM m, + m, ag 


This equation defines the Position of the centre of mass of a system 


comprising two particles of masses M, and m, and with position vectors 
> > 


ri and r,. With this definition, Newton’s second law is applicable to 
the system. Thus we conclude that Newton’s second law, as applied to 
the individual particles of the system, will hold for the entire system 
provided the external force acts at the centre of mass as. defined by 
Eq .(7.7). Newton’s third law enables us to get rid of the internal 


of mass, only forces external\ to the system need be considered. 

Notice that if the entire mass of the system is concentrated at one 
point, say the tip P; of vector r, (i.e. if m, = 0) then Roy = ri. If the 
masses are equal (i.e. m, = m,) then 


ate — => 
Rom = $ (r, + 1) 


which means that the centre of mass lies exactly in the middle of the 
line joining the two masses. The arrowhead (or tip) of vector Rew lies 
>> 


. . CAS ee . zag 
midway on the line joining the tips of vectors ri and rp. If, however, 
m; # m, Rox will be the ‘weighted’ average, each particle making a 


Centre of Mass, Rigid Bodies and Rotational Motion 199 


¢ontribution:proportional to its mass. This is shown in Fig. 7.2 where 
C is the centre of mass and P;C/CP, = m/m. 


x 


Fig. 7.2 Centre of mass for two particles: 
PiC/CP2 = m:/m, with ms > m, 


Extension to N Particles 


We can easily extend our definition (7.7) to the case of a system 
consisting of N particles with masses mm, Mz, M3,... , My with posi- 
->> > > 


tion vectors Fi, "2 l3,» +» 7n. This can be done by adding the pro- 

aca g T rom ee é 
ducts m; ři, Mz Fz, M3 F3 . . U, My Tn and dividing the sum so obtain- 
ed by the total mass M mai + m +m, +... + my of the sys- 
tem. The position vector Rem of the centre of mass with respect to 
origin O is given by 


> brea ae > 
È _ m ty +m + m å+... + my tN 
CM ~~ m +m, + m, +... + my 
N. > Bist pi 
™,, 1 
Be pat nin Milne noA (7.8) 
or Rom = N param M fs 
Mp 


f a 4 a ry f 
Again, Rom is the weighted average of all the position vectors o 
the partiele of the system, the contribution of cach particle being 
proportional to its mass, The motion of the centre of mass is governed 


by the equation i 
Ae. dane, FA 
Pag Re ae Faith ewe Fy 


ae uy 
or M acm = Fot (7.9) 
> 
r d Row 


with 9 Gem = | Tg 
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aa y ‘ 
where Fo: is the vector sum of all the external forces acting on. the 
1 


system and acy is the acceleration of the centre of mass. Equation 
(7.9) states that the centre of mass of a system of particles moves as 
though all the mass of the system were concentrated at the centre of 
mass and all the external forces were applied at that point, Notice that 
we obtain this simple result without specifying the nature of the system 
of the particles or of the internal interactions between them. The 
internal forces between particles cancel out in pairs (as explained above) 
by virtue of Newton’s third law. Remember that the definition (7.8) 
holds even though there may not be any actual matter at the centre of 
mass; it may be located at a point in space devoid of any matter. 

To summarise, if we are not concerned with the internal forces, 
internal motions and internal structures of the system, we can analyse 
the gross motion of a system by applying Newton’s laws of motion 
to the centre of mass of the system where the entire mass of the sys- 
tem may be assumed to be concentrated. 


Momentum Conservation and Centre-of-Mass Motion 


We now consider the case when no net external force acts on the 
System. The’ particles of the system, ‘however, move only ‘under the 
influence of their mutual internal forces. In this case,’ setting #4, = 0 
in, Eq. (7.9) we have ; 


r B aa 
iste rib DM dong = 0 ` 
ERN 
Thus a Gem = 0 
d= 
or di Vom =0 
Lge af 
or i Vem = constant 


=% 
where Vey is the velocity of the centre of mass of the system. Thus 
inthe absence of external forces (or if the external forces balance) the 
velocity of the centre of mass remains constant, i.e, 


> => > 
Rom (t) = Rem (0) + Vom t 
and it moves uniformly in a straight line. This is Newton’s first’ law 
of motion. € 


The case of an isolated system (i.e. a system on which no’ external 
forces act) is significant because, as will be evident from the following, 
the total linear momentum of such a system is conserved. From Eq. 


=> 
(7.9) we find that if Fo = 0, it implies that 
i > TA ge 5 
F+Hh+%m+...+R=0 


=> > > =p 
or m a + m,a, + m a, +i... +My ay = 0 
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d > > > -> 
or EP (m, Vy - mg Vo + m Va +... + my Vy) =0 


: piss > = 
where, V;, V2, V3,..., Vy are the yelocitics of the particles of the 
system. Thus 


-> Gr i a => 
m, Vy + m, Va +m, V3.4... + my Vy = constant 
j > >.> E Peg 
or P= py + Pi Ps + ae. + Pw ='constant (7.10) 


11g 9 l 
where P is'thé' total linear: momentum of the system. 


Now, differentiating Eqs (7,8) with respeet to time we have 


IR oh rene E N T K 
dR 1 yy ay toe dry 
Rom te (mm Gt im Get my Ge t+ mw Ge) 


= 1 S > -> => 
or Va (m Vit m VE m V+... +m Yy) (711) 


E s+ > 
where Vew is the velocity of the centre of mass and V,, V2, etc. are 
the velocities of the individual particles of the system. From Eqs (7.10) 
and (7.11) we have ™ 


> — 
P=MVcm (7.12) 


which isan equivalent definition of the momentum of a system of 
particles, In words, Eq. (7.12) states that the total linear momentum of 
a system of particles is equal 10 the product’ of the total mass of the 
system and the velocity of its centre of mass. 

Equation (7.10) states that if nojnet external force „acis on the sys- 
tem, the total linear momentum of the system remains constant, This 
simple and. general result) is called, the principle of conservation of 
linear. momentum which we have already used in ,Chapter 5 to analyse 
the problem, of collisions.: 10 1 


An Important Note The conservation of linear momentum is the 
second of the great conservation principles that we have encountered, 
the first being the conservation of energy. Later in this chapter we will 
come across the principle of conservation of angular momentum and, 
in higher classes, the principle of conservation of electric charge. As 
stated in Chapter 1, conservation principles are of immense theoretical 
and practical importance in physics because they ‘are’ universal. These 
principles state that while the system 1s changing, there is er oll 
of the system that remains ún iltered. These principles hold for al 
reference frames. Each observer in his ows reference frame will have his 
i H> 1 AIG? Dri 2ovort 3 

own value of P which remains: unchanged. Momentumis a vector 
quantity, Hence the conservation of momentum, supplies us with three 
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conditions (one corresponding to each coordinate direction) on the 
motion of the system, whereas energy (being a scalar) supplies us 
with only one conservation condition. The law of conservation of 
linear momentum holds good even at the atomic and nuclear levels 
where Newtonian mechanics fails. This makes the law more funda- 
mental than Newton’s laws. 


Some Examples of Centre-of-Mass Motion 


1. Let us first consider an example in which an external force acts 
on the system, Let us imagine that a shell (or a fire cracker) is projec- 
ted from the earth and explodes in flight. The system is the shell, our 
reference frame is the earth and the external force is the force of 
gravity. The trajectory of the shell is shown in Fig. 7.3. 


Parabolas of 
fragments 


\ Path of 
Nar) Centre of 
\ mass 


\ 
Ground 4 
x 
XO 


Fig. 7.3 Trajectory of the centre of mass 
of eploding shell 


At point (xo, yo) the shell explodes and the fragments fly in all direc- 
tions. What path will the centre of mass of the system of fragments 
follow? The forcës of the explosion are all internal forces because 
they are the forces exerted by one part of the system on its other parts. 
These forces may change the moment a of individual fragments but 
cannot change the total momentum of the system, Only an external 
force can change the total momentum, Since the system as a whole 
Moves as though its entire mass were concentrated at its centre of mass 
with the external force acting at this point (the external force is the 
force of gravity), it follows that the centre of mass of the system of 
fragments will continue moving in the parabolic trajectory (shown 
by a broken curve in Fig. 7,3) which is the Path that the unexploded 
shell would have followed. The change in the total momentum, due 
to gravity, is the same whether the shell explodes or not. 

2. We now consider the motion of the centre of mass of the earth- 
moon system. The moon moves round the earth in a circular orbit and 
the earth moves'round the sun ih an elliptical orbit. It is more correct 
to say that the earth and the moon both move in circular orbits about 
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their common centre of mass while the centre of mass moves in an 
elliptical orbit round the sun (Fig. 7.4). 


Centre of 
mass Moon 


S 


Fig. 7.4 Motion of centre of mass of 
earth-moon system 


For the system consisting of the earth and the moon, their mutual 
gravitational attractions are the internal forces in the system and the 
sun’s attraction of both earth and moon are the external forces acting 
on the centre of mass of the system. 

3. The third example is the spontaneous decay of a radioactive 
nucleus into say, two fragments. The parent nucleus uranium-238 
emits an alpha particle (light fragment) and decays into the thorium 
nucleus (heavy fragment). If the parent nucleus is initially at rest, then 
(since the decay is caused by internal forces) the centre of mass of the 
two fragments will continue to be at rest. The reason is that the 
total momentum is zero initially (i.e. before decay) and must remain 
zero after decay because the total momentum has to be conserved 
(there are no external forces acting on the system). This means that 
the light fragment (alpha particle in our example) and the heavy 
fragment (thorium nucleus) must fly off in opposite directions with 
speeds inversely proportional to their masses (Fig. 7.5). 


Light fragment 
(alpha particle) 


Parent nucleus 
(uranium) 


Heavy fragment 
(thorium nucleus) 


Fig. 7.5 Momentum conservation in the 
decay of a uranium nucleus 


discussion of the centre of mass ofa system 


We can summarize our ass of 
tion of a system of particles is made up 


as follows. The complete mo 


104 Physics for Class Xi 


of two parts; (i) the motion of the centre of mass which describes 
the motion of system as a whole and (ii) the motion of the particles 
of the system with respect to the centre of mass. If the system is 
a rigid body (in which the particles are in fixed positions with respect 
to one another) the latter motion is a rotational motion. We shall now 
see how the concept of centre of mass simplifies the analysis of rota- 
tional motion. 


7.3* RIGID BODIES 


We have discussed how we can describe the motion of a system of N 
particles in terms of its centre of mass. A particularly important sys- 
tem is what is called a rigid body, A body is said to be rigid if it does 
not undergo any change in shape by the action of a force, however 
large. More appropriately, a rigid body is one whose constituent parti- 
cles retain their relative position even when its motion is under the 
influence of a force. This implies that the body cannot be deformed. If 
the body undergoes some displacement, every particle in it undergoes 
the same displacement. In actual fact, no real body can be perfectly 
rigid. In practice, solid bodies like steel, glass, etc. can be regarded as 
rigid for moderate forces. 


Centre of Mass of a Rigid Body 


The centre of mass of a rigid body is a point at a fixed position with 
respect to the body as a whole. The position of the centre of mass of a 
body depends on its shape and the way the mass is distributed in the 
body. Depending upon these two factors, the centre of mass may lie 
within the body or even outside it. If the body has a regular geometri- 
cal shape and if its mass distribution (i.e. density) is uniform, it is easy 
to locate the position of its centre of mass. For example, the centre of 
mass of a uniform sphere is at its geometrical centre. For a thin rod of 
a uniform cross-section and density, the centre of mass is at its geome- 
trical centre. For a thin circular plane ring, the centre of mass is again 


Fig. 7.6 Centres (C) of mass of symmetrical rigid bodies 
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at its geometrical centre where there is actually no matter. This is an 
example of body whose centre of mass lies outside the body. Thus, it is 
easy to locate the centre of mass of symmetrical bodies with uniform 
mass density. If we have a body which has an irregular shape or a 
non-uniform mass distribution, it is not easy to locate its centre of 
mass; we have to resort to integral calculus. Figure 7.6 shows the 
position of the centre of mass of some regular bodies. 

The centre of mass of a thin triangular plate is at the point of inter- 
section of the three meridians (Fig. 7.7a). For a right circular solid 
cone, the centre of mass is a point on its axis at a distance //4 from 
its base, where A is the height of the cone (Fig. 7.7b). 


Fig. 7.7 


{t may be worthwhile to recall that, for every rigid body, the motion 
of its centre of mass is determined by Eq. (7.9) in which the internal 
forces do not play any role. These internal inter-particle forces are 
always present, for otherwise the body would fall apart. But we need 
not consider these internal, forces while analysing the gross motion of 
the body, e.g. rotation and translation. 

hree point masses mı = 1.0 kg, m = 2.0 kg and 
m T e fee at the corners of an equilateral triangle of 
side 1 m. Locate the centre of mass of the system. 


i C be the centre of mass of the system (Fig. 7.8). 
rahe the wane along one side of the triangle. The position vector 


of the centre of mass is given by [see Eq. (7.8)] 
> > -> 
TER miry- Ma t Mis 
Rom = m, Fm, +m; 
y2) and (%3, y) be the rectangular components of vec- 


Let (1,71), (%2 
Toa Ycm) be the rectangular 


cs 
tors r., r, and ry respectively and (Xom, 
> 
components of Rem. Then we have 
mX + mX t Ma%3 
Xom = mı + M + M3 


miyy Hmyz + MY 
Yom = m; + m, + m 
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The coordinates of mass m; are Xı = 0, yı = 0, of mass m, are Xo 


= 1 m, yz = 0 and of mass m; are x, = $} mandy; = 4/ 3/2 m (see 
Fig. 7.8) 


i x O+2x%143%4 7 
oe Xom = 14243 =m 
Hx 042x043 xV32_ V3 
and Yo = Cp aoa 40 
y (metres) 
E Mae 


— x (metres) 


The point C whose x and y coordinates are (7/12 m, 4/3/74 m) is ‘the 


centre of mass of the system. Notice that C is not at the geometric 
centre of the triangle. The reason is that the masses at the corners are 
not equal. 


7.4 DESCRIPTION OF ROTATIONAL MOTION 
IN A PLANE 


whose position vector is r. The motion of the rigid body will be 
purely rotatory if every particle of the body (such as P) moves in a 
circle, whose centre lies on the straight line called the axis of rotation 
(the y-axis in Fig. 7.9). 

If we draw a perpendicular from any point in the body on the axis 
of rotation, this line will Sweep out the same angle in any given 
time interval as any other perpendicular line from any other particle 
of the body. Thus we can describe the rotatory motion of a rigid body 
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by considering the motion of any one of the particles (such as P) that 
constitute the body. ; 


Axis of rotation 


Rigid 
body 


ex 


Fig. 7.9 Plane rotational motion about y-axis 


Rotational Kinematics; The Variables 


Figure 7.10 shows a cross-sectional veiw of a rigid body rotating 
counter-clokwise about the origin O in a circle of radius r. The axis 
of rotation is now perpendicular to the plane of the paper and we 
look downward on it from above, along the y-axis. 


z 


Fig. 7.10 Variables in rotational motion 


We can tell exactly where the entire rotating body is if we know the 
location of any point of the body in our inertial reference frame. Thus, 
to describe a plane rotatory motion, we need to consider only the two- 
dimensional motion of a particles in a circle. In Chapter 4 we have 
already learnt how to describe the motion ofa particle ina circle in 
a plane, The positive sense of rotation is arbitrarily chosen as the 
counter-clockwise sense and angle @ subtended by the position vector 
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=>; 
r with the x-axis is measured in counter-clockWwise sense as shown in 
the diagram. As the body rotates about origin O the angle @'(measur- 
ed in radians) changes with time. As in Chapter 4, the angular velo- 
city w and angular acceleration a are given by 


do 
bo we, 
~~ s Š 
pns = 5 2 (7.13) 


The velocity vector of the body is tangential to the circle and has a 
magnitude rw, If w is constant, the acceleration vector is always direct- 
ed towards the centre of the circle and its magnitude is rw. 


For a rigid body (as stated earlier) the radial lines from all particles 
of the body perpendicular to the axis of rotation sweep out the same 
angle in the same time, This means that the angular velocity w about 
the axis of rotation is the same for each particle in the’ body. Thus w 
is characteristic of the body as a whole. Angular velocity w has di- 
mensions (T-') and is expressed in tad's"!?' Angulat acceleration & has 
dimensions (T°) and is expressed in rad cea 

Thus, the three kinematical» variables that).describe the rotational 
motion of a particle (or airigid body) are angular position (6), angular 
velocity (w) and angular acceleration («).. The:corresponding variables 
that describe the translational motion of a particle (or a rigid body) 

oe aS 


respectively are the position vector (A), velocity vector (v) and accele- 
> 


ration vector (a). Notice that thë angular variables differ from linear 
variables by a length factor in’terms of dimensions. 


7.5 PLANE ROTATIONAL MOTION OF A SINGLE 
PARTICLE: THE TORQUE | 


We have just described the kinematics of rotation. We will now dis- 
cuss the dynamics of rotation, “ie. the causes of rotation. We have 
already learnt how to apply Newton’s equations of motion to a sys- 
tem of particles. Sincevall rotating systems ‘are made: up of particles, 
rotational dynamics does not contain any fundamentally new features. 
In studying rotational motion, we beginwith a. single particle\/and 
later generalize to systems of many particles including the important 
case of a rigid body rotating about a fixed axis, 

We know that, in translational Motion, ‘a force produces a 
linear acceleration in a body. In'totational Motion, what is the quan- 
tity causing angular acceleration? The quantity cannot simply be a 
force as is clear from the following’ example. i 
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The simplest example of rotatory motion is the opening or closing of 
a door. When you apply a force at the handle A (Fig. 7.11), you will 
notice that you can close the door with very 
little effort. If you apply a force at a point B, 
somewhere. midway between the handle and the 
hinge C, you will have to put ina much greater 
effort to close the door. Next try to close the 
door by'applying a force at the hinge C. You 
will not be able to close the door even if you 
apply an extremely large force. Thus we con- 
clude that in rotatory motion, the effect of force 
depends on the magnitude of the applied force 
and the point of application of the force. When 
the force is applied at point A, the distance 
between the point of application of force and 
axis of rotation (which is the line PCQ) is AC; in 
the second it is BC, and in the third (when the 
force is applied at C), zero. Since AC > BC > 0, Fig. 7.11 
we conclude that the rotatory effect is more if > 
the distance between the point of application of force and the axis of 
rotation is larger. Further, in each case, the rotatory effect will be 
more if the magnitude of force is larger. The third factor is the dire- 
ction in which the force is applied. The direction in which the force 
acts is called the Zine of action of the force. Ifyou apply a force at the 
handle A of the door in a direction perpendicular to the face of the 
door, it is much easier to close the door than when the force is applied 
at an angle, In particular, if the line of action of the force applied at 
A is parallel to the face of the door, no rotation is possible. Thus = 
conclude that the rotatory effect of a force on a body, which is es ne 
of rotation about an axis, depends upon (i) the magnitude and the 
direction of the force, i.e. the force vector and (ii) the axis of rotation. 
The rotatory effect of a force is characterised by what is called ery 
or (moment of force) which is the analogue of force in translatory 
motion, 


Torque Acting on a Single Particle 
iti i o origin O 
Consider a particle P whose position vector with o Ai 
i e particle, 
of an inertial reference frame is r. If a force Facts pi p a 
as shown in Fig. 7.12, the magnitude of torque 7 acting on the parti 
cle with respect to the origin O is defined as 

> > > |. 

|r]= |r|] P| sin 8 
or simply r = rF sin 0 (7,14) 


= > 
Ewhere 6 is the angle between vectors 7 and F. 
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In vector notation, Eq. (7.14) is written as 
Ste ey 


BESTEE (7.15) 
= > 
The product r x Fis called the vector (or cross) product of vectors 
=> > 


rand F which is defined as the product of the magnitudes of the two 
ectors and the sine of the angle between them. The. cross product of 


y Direction of € 


Fig. 7.12 Definition of torque 


K 
Torque 7 is a'vector quantity. Its magnitude is given by r = rF sin 0; 
> 


EL 
its direction is normal to the plane containing vectors r and F and 
can be determined by the right-handed Screw rule, According to this 
rule, if we curl the fingers of our tight hand in the direction in which 

> 


dae 

vector r must be rotated to move into the position of vector F 

through the smaller angle between them, the extended (erect) thumb 
> 


gives the direction or sense of torque 7. This is shown in Fig. 7.12 as 

a dot within a small circle ©. This symbol represents the tip of an 

arrow pointing towards the reader, perpendicular to the plane of the 
> > 


page which contains vectors r and F, 


Unit of Torque 


Torque has the same dimensions as those of work (both being force 
times distance) viz. MLT The two are, however, very different 
quantities. Work is a Scalar, torque isa vector. To distinguish between 
the two we express work in joules and torque in newton-metre (N m). 


Dependence of Torque on the Moment Arm 


From Eq. (7.15), we observe that the torque prodaced by a force 
depends not only on the magnitude and the direction of the force (i.e. 
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> 
the force vector F) but also ‘on, the point of application of the force 
ies 


relative to the origin O (i.e. on vector r). In particular, when particle 
P is at the origin O, so that the line of application of force passes 
aai 


through the origin, r is zero and the torque about the origin is zero. 
We may rewrite Eq. (7.14) for the magnitude ofras 
+ = (rsin 0) F =r LF (7.16) 
or as t = t (F sin 0) =rFL (7.17) 


-> 
where, as shown in Fig. 7.13a, r L (= r sin 0) is the component of r at 


> > 
right angles to F and F1 (= Fsin 0) is the component of F at right 
> 
angles to r. Torque is also called the moment of force and rL is called 
the moment arm, 
The moment arm is the perpendicular distance between the line of 
application of force and the axis of rotation. Equation (7.17) shows 


np . . : . 
that only that component of F which is perpendicular to r (i.e. FL) 


{Line of 
, application 
i of F 


x 


(b) 


a 


=e 


(d) 


ay =o 
Fig. 7.43 The symbol © represents the direction of 7 and it means 


ards the reader in a direction perpendicular to the 
resents the tip of the arrow. The 


nto the page and perpendicular to 


that 7 points tow f 
plane of the page and theidor rep 


symbol @ represents 7 pointing i 
it, the cross representing the tail of the arrow 
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Contributes to the torque. Thus if 0 = 0 or 180°, FL = Fsin 0 = 0, 
then the line of application of force passes through the origin and rL 
is also zero, In this case, both the equations [Eqs (7.16) and (7.17)] 
show that torque 7 is zero. 


From Fig. 7.13b, it is clear that if the direction off is reversed, the 
magnitude Mee remains unchanged but its direction is reversed. Simi- 
larly, if the direction of r is reversed, the magnitude of 7 remains, un- 
changed but its direction is reversed (Fig. 7.13c). If both F and r are 
reversed the magnitude and direction of 2 remain unchanged (Fig. 


—> 
7.13d). Students should verify the direction of + using the righthand 
rule in each case shown in Fig. 7.13, 


7.6 ANGULAR MOMENTUM OF A PARTICLE 


Tn Chapter 5 we introduced the concept of linear momentum in rela- 
tion to the linear (or translational) motion of a single particle or of a 
system of particles (rigid bodies), This concept is useful because linear 
momentum is conserved in any process, e.g. collisions. For a single 
particle the linear momentum is 


=> > 
p=my 
For a system of particles, it is 
> > 
P=WM Vom 


whee M is the total mass of the system and Voy is the velocity of its 
centre of mass. 


In rotational motion, what is the quantity correspondings to linear 
momentum in linear motion ? The rotational analogue of linear mo- 
mentum is called angular momentum, We will define it for a single 
particle and later extend it to a system of particles (including rigid 
bodies), We will then show that angular momentum is a useful concept 
In rotational motion, as linear momentum is for translational motion. 


Definition of Angular Momentum 

Consider a particle P of mass m whose position vector relative to ori- 
gin O of an inertial reference frame ez, Le: p be the linear momen- 
tum of particle. The angular momentum Z of the particle with respect 
to origin O is defined as the vector product of Fita Pie. 


> > > 


L=rxp (7.18) 
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Angular momentum is a vector. Its magnitude is given by 
L=rpsin@ (7.19) 


-> > 
where 0 is the angle between vectors r and p (Fig. 7,14), and its di- 
mensions are {ML?T-'). The units of L are kg m’s ' 


Direction 


d 
Got 


a 


Fig. 7.14 Definition of angular momentum of a particle 


7% soe 
The direction of L is perpendicular to the plane containing the vectors 
re Sie * . . 
r and p (which is the plane of this page) and its sense is given | by the 
right-hand thumb rule, This means that if you were to rotate r to the 


position of >, theouee the smaller angle between them with curled 
fingers of the right hand, the extended thumb would then point in the 


direction of A This is shown by the symbol © in Fig. 7.14. 
As before, we can write Eq. (7.19) either as 
L = (r sin ô) p =r Lp (7.20) 
or as L=r(psin6)=r pl (7.21) 


> > 3 
where r is the component of r at right angles to p and pL is the 
component of pat right angles to r (Fig. 7.14). Equation (7.21) shows 


that only the component of p perpendicular tor (i.e. pı) contributes 
to angi OEREIN When 6 = 0 or 180°, pL = 0 and rL = 0, 


in which case L = 0. 
Relation between Torque and Angular Momentum 


From Newton’s second law, we have 


‘m= constant) 
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(7.22) 


> 
F= 


or 
> ry . >» . 
where p = m v is the linear momentum of the particle. Taking the 


-> 
vector product of r with both sides of Eq. (7.22) we get 


> > > ee 
m aP 
PREE SF 


the torque about O. Therefore, we have 


> > > 
Bat 7 x. = r 
> > do 
= aP 
T=r x di (7.23) 
Now differentiating Eq. (7.18) with respect to ¢ we obtain 
=> 
> > 
Tan (7.24) 


Sai stale Nuh? 


The derivative of a vector product is taken in the same way as the 
derivative of an ordinary product except that the order of the vectors 


must not be changed. Thus 
= 

ire MONT AGE Re cid p 
an. Pit ae 


(7.25) 


dt dt 
-> 
—> -> => 
Now Sica and p = mv. Therefore 
-5 
ArT => me br ht ena 
Bie k = wx (mv) =m (v x v) 
RANTO y 
Now (v x v) isthe vector product of two parallel vectors and is, by 
definition, equal to Zero, Hence 
-> 
PA ana 
sre xp=0 
Using this in Eq. (7.25), we get 
dL > d 
lay P 
fe dt 
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Using Eq. (7.23) in this equation, we obtain 


at (7.26) 


which states that the rate of change of angular momentum of a particle 
is equal to the torque acting on it. 
The equation in linear motion that corresponds to Eq. (7.26) is 
dp > 
P 
A E 
which states that the rate of change of linear momentum of a particle 


is equal to the force acting on it: This is Newton’s second law. Thus 
Eq. (7.26) is the rotational analogue of Newton’s second law of linear 
motion. 

Equation (7.26) is the three-dimensional equation of motion for 
angular momentum. Like all vector equations, it is equivalent to three 
scalar equations: 


dL, dL, ae a 727) 


Physical Meaning of Angular Momentum 
A closer look at Eqs (7.16) and (7.20) shows that, just like torque 
(Tu > > 


7, angular momentum L also depends on the position r of the particle 
and the point O about which it is calculated. Equation (7.16) tells 
us that 


Torque = force x moment arm 


and Eq. (7.20) says that 
Angular momentum = linear momentum x moment arm 


Therefore, torque is often called the moment of force and angular 
momentum the moment of momentum. Their physical meanings are as 
follows: torque is a measure of the turning effect of a force and angular 
momentum is a measure of the turning motion of the object. 


Geometrical Meaning of Angular Momentum 


Equation (7.21) reads 


L=npl=tr (mo L) = mr vl (7.28) 


> > 
where p| and vare the components of p and v respectively at right 
=> 


angles to r. 
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Suppose in a small time interval At the particle moves a small dis- 
> 
tance from P to Q so that its displacement A r is 


a SR 
PQ=Ar=vAt 


In this displacement, let A 0 be the small change in angle 0 (see Fig. 
TAS). 


Fig. 7.15 Geometrical meaning of angular momentum 


> => 
Vector PQ =v At is resolved into two rectangular components 
@L A t) and (op. A t). V L is called the angular component of velocity 
= 


a 
vector v, and vi; the radial component of v. It is clear from the dia- 
gram that only v1 is involved in the change A 0, so that we have 


WAS a At 
Now, neglecting the small contribution of the shaded portion, the 


> . 
area AA swept out by the radius vector r from O as the particle 
moves from P and Q in time A t is given by. 


AA = 4 x base x height 
=4 x PR x OP 
=t+xrAdxr 

But r A0 = v.l At. Therefore, 
A= rol At 
which, with the use of Eq. (7.28), becomes 


L 
AA = 5 At 


or L=2mA 4/At=2m x rate of sweeping 
out of area by radius vector 


ie, L= 2m x areal velocity 
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Thus, angular momentum = 2 x mass x areal velocity. This is the 
geometrical meaning of angular momentum. 


Conservation of Angular Momentum of a Particle 


We have seen that the rate of change of angular momentum of a 
particle is equal to the torque produced by the total force (Eq. 7.26). 
If, in a certain situation, the torque itself vanishes, then it follows that 
the angular momentum of the particle will remain constant. This is 
the law of conservation of the angular momentum of a particle. One 
trivial situation is when the force vanishes. Then the torque vanishes 
too. The particle then moves freely in a straight line in accordance 
with Newton’s first law in which case both linear and angular mo- 
menta are conserved, 

A general situation is when the torque vanishes without ‘the force 
itself vanishing. Equation (7.17) tells us that the torque 7 will vanish 


if the component FL (the angular component) of F vanishes but the 
radial component F, does not. The radial component F, is the 
=> 


= 
component of F along the radius (or position) vector r. Hence, if 
the force acting on the particle is purely radial (i.e. if it is directed along 
or against its position vector) then the torque acting on the particle 
vanishes and its angular momentum is conserved and so is its areal 
velocity. 


Kepler’s Second Law of Planetary Motion The most famous example 
of the above result is Kepler’s second law of the motion of planets 
round the sun. Kepler proposed his second law in 1602 and months 
later be proposed his first law which states that each planet moves on 
an ellipse with the sun at one of its foci. His second law states that 
the straight line from the sun to the planet sweeps out equal areas in 
equal intervals of time. Two such areas are shown shaded in Fig. 
7.16. Thus the planet has greater speed when it is closer to the sun as 
indicated by the figure. 


Fig. 7.16 Kepler’s second law of planetary motion (v: < va) 


: seh hri tum of the planet is conserv- 
lies that the angular momen of the planet is | 
eee motion and the sun’s force of attraction vlc keeps the 
planet in orbit must be radial, always pointing towards the sun. 
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the next chapter, It May be pointed out that at large astronomical 
distances the planet and the sun may be treated as Particles (point 
Masses), 


EXAMPLE 7.2 A particle of mass m is released from rest from point 
Pat x = x» on the x-axis from origin O and falls vertically along the 
y-axis as shown in Fig. 7.17, 

(a) Find the torque 7 acting on the particle at a time ¢ when it is at 
point Q with respect to O, 


_ (b) Find the angular Momentum L of the particle about O at this 
time ¢. 


(©) Show that 7 = a in this example. 


Renae er 


=Xg 


Direction 
Q of torque 
Fem 
i yi g 
Fig. 7.17 
Solution The torque is produced by the force of gravity F == mg, 
> 


Let r be the position vector at Q. 
(a) The magnitude of the torque is given by 


= rF sin 0 

x 
=r x mg x = Ce sin 0 = x/r) 
= Mg Xy 3 : G) 


The direction of the torque is shown in the figure; it is directed into the 
page and perpendicular to it, 
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(b) The magnitude of the angular momentum is 
L = rp sin 0 
where p = mv; v being the velocity at Q which is given by 
v =u + at= 0 4+gt = gt 


x, 
=r x mgt x os = mg Xyt (ii) 


The direction of angular momentum is the same as that of torque. 
(c) Differentiating (ii) with respect to f, we have 
d 
ae (mg xot) = Mg Xo 
=r [see Eq. (i)] 


Hence 7 = = is obeyed in this example. 


7.7 SOME EXAMPLES OF CIRCULAR MOTION OF 
RIGID BODIES 


In Chapter 4 we have discussed the circular motion of a point mass. 
We now consider afew examples of circular motion of extended 
objects. The mass of such objects may be treated to be concentrated 
at their centre of mass. The first two examples illustrate centripetal 
acceleration and the third example will show how we can use the 
angular momentum to analyse the problem. 


Banking of Round Tracks 


When a car (or some other vehicle) negotiates a curved level road, the 
centripetal force required to keep the car in motion around the curve 
is provided by the friction between the road and the tyres. The weight 
of the car is supported by the normal reaction due to the earth. If the 
surface of the road is very rough, it provides a large amount of friction 
and hence the car can successfully negotiate the bend with a fairly 
high speed. If F is the total frictional force between the tyres and the 


road, then 

"° 

TRER 
when m is the mass of the car, v its speed around the curve and R is 
the radius of the curved track. The higher the value of F, the faster is 
the speed at which the bend can be negotiated. If » is the coefficient 
of friction between the tyres and the road, then F< p N; N = normal 
reaction = mg. The maximum speed which friction can sustain is 


sS oma = u Re)? 
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Banking of Curves 


The large amount of friction between the tyres and the road would 
damage the tyres. To minimize the wearing out of tyres the road bed 
is banked, i.e. the outer part of the road is raised a little so that the 
road slopes towards the centre of the curved track. Suppose a car of 
mass M is moving around a banked track in a circular path of radius 
R as shown in Fig. (7.18). Let N; and N, be the reaction at each tyre 
due to the road. Then the total reaction is N = N, + Np acting in 
the middle of the car. If 6 is the angle of the banking, the vertical 
component N cos ¢ supports the weight mg of the car while the hori- 
a component N sin @ provides the necessary centripetal force. 
us 


Neng TE Foos) 


R 
and N cos ð = mg + F sin 0 
Also F= uN 


when F is the force of friction acting radially inwards on the car. These 
equations give 


2— ER 6 
tan@ = 2 — "8 Belg te tatano 
Re iets wo aingls wae. to p and 


The first equation determines the proper banking angle for given v, R 
and p, and the second equation the maximum speed at which the car 
can successfully negotiate the curve for given R, p and 0. 

For given 6 and R, there is an optimum (best) speed for negotiating 
a banked curve at which there will be the least wear and tear, i.e. when 
friction is not needed at all (u = 0). If p = 0, this speed is 


w = (Rg tan 6) 


Fig. 7.18 Caron a banked curved road 
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Bucket of Water Whirled in a Vertical Circle 


Figure 7.19 (a) shows an object of mass m whirled with a constant 
speed v in a vertical circle of centre O with a string of length R. When 
the object is at top A of the circle, let us say that the tension (force) in 
the string is T,. Since the weight mg acts vertically downwards towards 
the centre O, we have, 


Base of 
A the bucket 
prise EBs: 
2 i mv? : 
\ r / 
N ‘ 
N, ra 
mg ae (is 
é Bi 
m 
a) (b) 


Fig. 7.19 Motion in a vertical circle 


mo? 
Force towards centre, F = Ti + mg = R 


m? : 
or ite Tira apelin: (i) 
At the point B, where OB is horizontal, the weight mg has no com- 
ponent along OB. Thus, if the tension in the string is T, at B, we have 
m? i 

Force towards centre, F = T, = R (ii) 


i i i ts in the opposite 
At C, the lowest point of motion, the weight mg ac 
direction to the A T; in the string. Thus at C we have, 
2 


Force towards centre, F=, m =k 
o5 T; = m + mg (iii) 
ba : f sea 

F i), (ii) and (iii), we see that the maximum tension occu! 
aa nome 4 of te * motion. Here the tension T; must be greater 


than mg by = to keep the object in a circular path. The minimum 


i is gi i ject i highest point A of 
T, en by (i) when the object is at the bigh i 
the walled Here a ae required centripetal force is provided by 


the weight and the rest by Ti. 
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Figure 7.19 (b) shows a bucket with water whirled in a vertical circle 
without water spilling out. When the bucket is vertically above the 
point O of support (as shown), the weight mg of water is less than the 


, a m 
required centripetal force m towards the centre and so the water 


stays in the bucket without falling out. The rest of the centripetal force 
is balanced by the reaction of the base of the bucket. If the bucket is 


whirled slowly so that mg > ve part of the weight mg provides the 
2, 
necessary force rE and the rest of the weight causes some water to 


accelerate downwards. This much water will then leave the bucket. 


_ It is for the same reason that the pilot of an aircraft who is not 
tied to his seat can loop a vertical circle in air without falling out at 
the top of the loop. He must have a certain minimum velocity at the 
bottom of the loop in order to clear the loop without any mishap. 
This exercise is known as looping the loop. 


Pendulum Swinging in a Vertical Plane 


This example illustrates the use of angular momentum and its relation 
to torque (Eq. 7.26). A string of length Z, one end of which is fixed at 
O, carries a bob of mass m at the other. We will consider the oscilla- 
tions of the pendulum bob in a vertical plane (Fig. 7.20) 


b-2sin 8 — 
X : ` ` 
K i he \ i 
‘a! Xe! 
nT 1 
iw bo 
Velocity Acceleration 


Fig. 7.20 Pendulum swinging in a vertical plane 


The position of the bob is specified by the angle 0 which the string 
makes with the vertical. The pendulum moves in a circular path of 
radius /. The angular velocity and angular acceleration are given by 
(see Eq. 7.13, see also Ch. 4), 
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The velocity vector is tangential to the circle and the acceleration 
vector has two rectangular components, the centripetal or radial com- 
ponent lw? directed towards centre O and a tangential component lz, 
as shown in the figure. 


The force F (= mg) of gravity acts vertically downwards. The torque 
produced by this force about O is given by 


t = force X moment arm 
or 7 = — mglsin @ (i) 
The negative sign has been used because the torque tends to decrease ad 
> 
Since velocity vector v (and hence the momentum vector p = mM v) 


are tangential to the circle, the moment arm of p is always equal to 1. 
Hence the angular momentum about O is given by 


L = momentum x moment arm 


or L=pat 
=ml=m(low)l (e v=/e) 
= mw 
do ti od 
or Ln C oT) 


Differentiating with respect to t we get a 
Ho R (F) = mP ae = mPa a ro =) 


tai dt dt? 
From the angular momentum law (Eq. 7.26), we have 
dL 
= = = Pa 
Hae 


Using Eq. (i) we get 
— mgl sin 0 = mla 


do g 


pE «= ade =- qi sin 8 | 
This equation governs the oscillation of enan as the detailed 
analysis of this problem in Chapter 12 will show. 


=1 
Fumie 7.3, A car moves at a speed of 36 feu on 31 "Sae 
i friction between the ; f A p 
he Scere meh of radius 10 m at this speed. Will the car skid 


= ag 
(or slip) while negotiating the curve? Take g = 10 ms 
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Solution 


Speed of the car (v) = 36 km h=! = 10 ms" 
The maximum centripetal force that the friction can provide is 


my” 
Smax = mg = RG 


u 10 x 10 _ 
to u EN S 
This is the minimum radius the curve must have for the car to nego- 
tiate it at 10 ms. But the radius of the curve is only 10 m. Hence the 
car will skid while negotiating the curve. 


EXAMPLE 7.4 A train has to negotiate a curve of radius 300 m. By 
how much should the outer rails be raised with respect to the inner 
rails for a speed of 54 kmh. The distance between the rails is 1.5 m. 


Take g = 10 m s”. 

Solution 
Speed of train (v) = 54 km h~! = 15 m s~! 
Radius of the curve (R) = 300 m 


Let the outer rails be raised to a 
height / with respect to the inner rails 


so that the angle of banking is @ (Fig. T 
7.21). Then h 
tan ee a 1 
1.5 g na 
2 
a p13 x U5) 


: ea ig. 7.21 
300 x 10 = 

= 0.1125 m = 11.25 cm 
EXAMPLE 7.5 A highway hasa curved track of radius 100 m which 
is banked at an angle of 10°. If the coefficient of friction between the 
wheels of a car and the track is 0.25, what is (a) the optimum speed 


of the car to avoid wear and tear of the tyres and (b) the maximum 
speed at which it can negotiate the curve without skidding? 


Solution 
R= 100m 
6 = 10° 
p =.0,25 
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(a) Optimum speed is given by 
vo = (Rg tan 0)? 
= (100 x 9.8 x tan 10°)!” 
= 13,1 ms"! 


(b) Maximum permissible speed is given by 


(pr HA tan? 
omas = ( Re = t) 


o \1/2 
= (100 x 9,8) ¢ 2254 tan 10 ) 


1 — 0.25 tan 10° 
= 20.9 ms 


78 TORQUE AND ANGULAR MOMENTUM FOR A 
SYSTEM OF PARTICLES. 


We have so far considered torque and angular momentum of single 
patricles. We now consider a system consisting of many particles. To 
calculate the total torque of the system about a fixed reference point 
(which we choose to be the origin O of a reference frame) we add 
vectorially the torque vectors of all the individual particles of the 
system about that point O. The total torque of a system consisting of 
N particles is then given be 


> > => > Aru 
t= E E BHT ET TH 


= $ e (1.29) 


where the vector sum is taken over all the particles of the system. The 
total torque can be due to two sources. ' 
1. Torques exerted on the particles of the system by mutual internal 


forces between the particles, an 1i 
2. Torques exerted on the individual particles of the system by 


external forces. 


>5 third law the torques due to internal forces do not 
From Nati to the total torque of the system. The reason 1s 
ny two particles are not only equal and 
ong the line joming them. Consequently, the 
] action-reaction pair is_ Zero. Hence only 


> 


Nam 
ti = L tn (7.30) 
Je, there are no internal forces or 


When we have only one particle, 
torques. i 
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The total angular momentum of the system about the reference 
point O is similarly calculated, it is given by the vectorial sum of the 
augular momenta of all the individual particles of the system about 
the same point O. Thus 


=> Pe ar er FA 
L= L +L + L+... + Ly 
N > 
SD (7.31) 


The total angular momentum of the system about the fixed reference 
> 


tot 
point may change with time. This change cannot be due to tor- 


ques exerted on particles by internal forces, as explained above; it can 
only ie due to torques exerted by external forces which add up to 


give it, Thus we can write 


> 
ofl a (7.32) 


i.e., the rate of change of angular momentum of a system of particles 
about the origin of a reference frame is equal to the total external 
torque acting on the system about the same origin. 

Equation (7.32) is the generalization of Eq. (7.26) to include many 
particles. Equation (7.32) holds irrespective of whether the particles 
constituting the system are in motion relative to each other (i.e. inter- 
nal motions) or not or whether the particles have fixed positions rela- 
tive to each other (as in a rigid body) or not. Equation (7.32) holds 
even when the Teference point is chosen to be the centre of mass of 
the system, in spite of the fact that this point moves in our reference 
frame. This remarkable property of the centre of mass simplifies the 
analysis of a complex motion to a large extent, for then we can sepa- 
rate the general motion of a system into the translational motion of 
its centre of cra 7.9) and the rotational motion about its centre 


of mass (Eq. 7.32). 
Conservation of Angular Momentum in the Case of Rigid Bodies 


We have stated above that Eq. (7.32) holds for a rigid body rotating 
about an axis. In the special case when the total torque acting on the 


body due to external forces is zero, ie + tot = 0, then from Eq. (7.32) 
we have 


2S 
d Ltt 
ah 


bs 
or Lt = constant 
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When the total external torque acting on a system of particles (or on a 
rigid body) is zero, the total angular momentum of the system remains 
constant, This is the principle of conservation of angular momentum. 
The angular momenta of individual particles of the system may change 


but their vector sum Lt% remains constant in the absence of a net ex- 
ternal torque. The net external torque can be zero due to two reasons: 
(1) absence of all external forces (isolated system) or (2) the external 
forces producing torques on individual particles adding up to zero 
(vectorially). 


7.9 ROTATIONAL MOTION AND MOMENT OF INERTIA 


Let us consider a rigid body rotating with a unifoem angular velocity 
w about an axis passing through O perpendicular to the plane of the 
paper as shown in Fig. 7.22. 


© _ Axis of rotation 


x 


Fig, 7.22 Rotational kinetic energy and moment 
of inertia of a rigid body 


: i ider a 
T made up of a large number of particles. Consider 
marie ate mee m; at oF distance rı from the axis of rotation. Let its 
linear velocity be vı. The kinetic energy of this particle is 

= mpi =m io Cv =re) 
Similarly, the kinetic energies of all other particles (of, the oo" of 
masses Mo, m3, etc. are respectively 4 m, 12 w, 4m, n w, etc. wl ae 
rj, r}, etc. are their respective distances from the T of rotation. Hence 
the total kinetic energy (KE) of the body is given y : 

KE=4mrlo + gmr} o + Amri © US 
2 
=} (mri ar mors + mr + Pes S 

or KE = $ wy, (mr?) (7.33) 


i 2 j f the products of the masses of the 
mr? is the sum ©: s > 
E beet gent the body and the squares of their respect 
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ive distances from the axis of rotation. This quantity is called the 
moment of inertia of the body and its value depends upon the +parti- 
cular axis about which the body rotates and the way the mass is 
distributed in the body with respect to the axis of rotation. Moment 
of inertia (abbreviated as MI) is usually designated by the symbol Z. 


In the two-dimensional rotation of the body about ne z-axis, Eq. 
(7.33) may be written in terms of (x, y) components of r as 
KE = } w Ym (x? +y) (7.34) 


In the case of a body which does not consist of separate, discrete 
particles but has a continuous and homogeneous distribution of matter 
in it, the summation in Eq. (7.33) is replaced by integration, so that 


fies f r? dn (7.33) 


where dm is the mass of an infinitesimally small element of the body 
at a distance r from the axis of rotation. 

The moment of inertia of a rigid body about a particular axis may be 
defined as the sum of the products of the masses of all the particles con- 
stituting the body and the squares of their respective distances from the 
axis of rotation, Thus Eq. (7.33) may be written as 


KE = hu? (7.36) 
Physical Significance of Moment of Inertia 


Equation (7.36) is the expression of the kinetic energy of the rotational 
motion of a body about an axis of rotation. : 

It is worthwhile to recall that the kinetic energy of a body of mass 
m moving in a straight line with a velocity v is given by 


KE = } m? (7.37) 


_ We know that linear velocity v is an analogue of the angular velo- 
city w in rotational motion. Equation (7.36) for the kinetic energy in 
rotational motion is an analogue of Eq. (7.37) for the kinetic energy 
in linear (or translational) motion. A comparison of the two equations 
suggests that the moment of inertia plays the same role in rotationa 
motion as mass does in translational motion. 


We have learnt in Chapter 4 that the inability of abody to changè 
by itself its state of rest or uniform motion along a straight line is an 
inherent property of matter and is called inertia (Newton’s first law 
of motion). The greater the mass of a body, the more difficult it is for 
a force to move it or stop it if it is already moving. Thus, mass can 
be regarded as a measure of inertia for linear or translational motion. 

In exactly the same way, a body free to rotate about an axis has A 
tendency to oppose any change in its state of rest or of uniform rota- 
tion. In other words, it possesses inertia for rotational motion. ie. 1 
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opposes the torque or the moment of the couple applied to change its 
state of rotation. Since only a couple can oppose another couple, the 
nature of the inertia must be that of a moment. Hence the name 
moment of inertia is given to it. The higher the moment of inertia of a 
body about an axis, the more difficult it is for a couple to rotate it or 
stop its rotation about the axis. Thus moment of inertia can be regarded 
as a measure of inertia for rotational motion, 


Unit of Moment of Inertia f 


It is clear from Eq. (7.35) that the dimensions of moment of inertia J 
are (length)? x (mass), ie. ML?. In the SI system the moment of iner- 
tia is, therefore, measured in kg m’, It may be noted that since the 
moment of inertia of a body about a given axis remains unchanged 
even when the direction of rotation about that axis Is reversed, it is a 
scalar quantity, once its axis of rotation is fixed. Also the dimensions 
of KE of rotation = } I œ are (dimensions of J) x (dimensions of 
a) = MLT? (~ v= F) which are the same as those of work or 
energy. Hence, KE (= } Z w°) is measured in joules, 


Radius of Gyration 


The radius of gyration of a body about its axis of rotation may be 
defined as the distance from the axis of rotation at which, if the entire 
mass of the body were concentrated, its moment of inertia about the 
given axis would be the same as with its actual distribution of mass. It 
is usually denoted by the letter K. If M is the mass of the body. its 
moment of inertia 7 in terms of its radius of gyration K can be written 


I= MR? (7.38) 


We can determine the radius of gyration of a body rotating about a 
given axis as follows: 
Consider a body of mass M consisting of n particles each of mass 


m, situated at distance 11,1, "3, +++ ln from the axis of rotation (Fig. 


7.23). 
The moment of inertia about the given 
axis is given by Axis of rotation 
I= mr? + mri + m3 
NEES 
=m( +13 +73 

+... +1) 

(a m =m =... =M) 
CrP ee E A way Ee. 29 (The tadius of 

or I= mn n gyration 
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eres) i 
D «fiche Fm is clearly the mean (average) of 


the sum of the squares of distances of individual particles. Let us 
denote it by 7” which is called the mean square distance. Thus 


The quantity 


T= Mr (1) M = mn) 
or MK? = Mi? 
or R=? 
or K = yF, i.e. K = root mean square distance. 


Thus K is some kind of an ayerage effective distance of the particles 
from the ‘axis of rotation. So, the radius of gyration of a body about 
a particular axis of rotation is equal to the root mean square distance 
of its particles from the axis of rotation. K has the dimensions of L 
and is measured in metres. 


Torque and Moment of Inertia 


When a torque acts on a rigid body that is capable of rotation about 
an axis, it produces an angular acceleration in the body. If the angu- 
lar velocity of each particle of the body is w, the angular acceleration 


ROD cate ° i 
is y Which is the same for all particles of the body but the linear 


acceleration varies with the distance r,7,,... etc. of the particles 
from the axis of rotation (see Fig. 7.22), 


Consider a particle P of mass mı rotating about an axis O with an 
angular velocity w as shown in the figure. If the distance of this 
particle from the faa of rotation is ry, its linear acceleration. is 

Oger tt wD ayy * * 
hip (M1 w) =r, T where v, is its linear velocity. 


v = rjw 
The force F; acting on this particle is given by 


F, = Mass m, x Acceleration of m 
i dw 
= miri di 
The moment of force F, about the axis of rotation is 
Force (Fj) x Distance (r;) 
2 dw 
1 dt 
Similarly, the moments of the forces on other particles of masses Mz 


= m r 


2dw 2 aw u) 
M3, eea M,, etc. are Malas m r3 Io mra g etc. where rz, "3 
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+, ”„ are their respective distances from O. The sum of these indivi- 
dual moments is the total torque acting on the body, i.e. 


ee m 4 m2 E + mg ae 
dt SANAA wn fe 


= (mr? + mr? +... + mara) ~ 


dw 
— 2 
= (Z m°) F 
or r=l x =la (1.39) 


where Z = ¥ mr? is the moment of ihertia of the body about the 
given axis and « = a +5 the angular acceleration produced by torque 


dt 
t. Thus, 
Torque = Moment of inertia x Angular acceleration 
Comparing Eq. (7.39) for rotational motion with the equation F 
— ma in translation motion, we see that the moment of inertia Z 


corresponds to mass m, angular acceleration  % corresponds to linear 
acceleration 4 and torque 7 corresponds to force F. Equation (7.39) 
> 


gives only the magnitude of 7. 


dw . ‘ RIN 
From Eq. (7.39) it follows that if S is unity, 7 = Z. This gives us 


the moment of inertia of a body about a given 


a new definition of J, i.e. i ) 
> produces in it a unit angular acceleration. 


axis is the torque that pro! 


Angular Momentum and Moment of Inertia 


In linear motion, an important property of a moving object is its linear 
momentum. When an object rotates about an axis, its angular mo- 
mentum plays an equally important part in Its motion. The angular 
momentum of a body rotating about an axis is defined as the moment 
of linear momentum about that axis. 


in refer to Fig. 7 | : 
vod ioeene uae an ast perpendicular to the (x, y) plane passing 


through the poi 


from the axis of rotation an 1 v o ; 
lar velocity of the body about the given axis. Then the linear momen: 


tum of P has a magnitude Pı given by 
p, = Mass Xx Linear velocity 


= M 


amnwow Co uF w) 
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The magnitude of the angular momentum of P about O 
= Moment of momentum p; about O 


= Momentum x perpendicular distance 
(moment arm) 


=P xr 
pity 2 
= Mri w 


Similarly, the magnitude of angular momentum of other particles is 
mr? w, my3 w, M, 12 w. Therefore, the magnitude of total angular 
momentum of the body about the given axis is given by 


L=mr} o + mrłw +... + mrw 
= (mir? + mr? +... im, 79) w 
=( mr’) w 
or Ibid (hi (7.40) 


where J = $ mr? is the moment of inertia of the body about the 


given axis of rotation. Equation (7.40) gives only the magnitude of 
angular momentum. 


Illustrations of Conservation of Angular Momentum 


1. A diver jumps froma high diving board keeping his legs and 
arms outstretched. His body has a certain moment of inertia and a 
certain angular velocity about the centre of gravity of his body. To 
make a somersault he curls his body as shown in Fig. 7.24. This de- 
creases the moment of inertia and hence increases his angular velocity. 
He can then make more somersaults before entering the water below. 

2. Dancers on skates can spin faster by folding their arms. 

34, Figure. 7.25 shows a person standing on a turn table holding 
a pair of heavy dumb-bells, one in each hand with his arms outstret- 


fe 


j: py” I, Lowe 


Fig. 7.24 A diver turning a 
somersault 


Fig. 7.25 Conservation of angular momentum. 
Ifri > ra, then w: > w1. 
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ched. The table is rotating with a certain angular frequency. The 
person suddenly pushes the weights towards his chest as shown in Fig. 
7.25. The-speed of rotation is found to increase considerably (see 
Example 7.8 on page 241). 


Analogy between Linear and Rotational Motion 


The following table gives a summary of the analogy between various 
quantities that describe linear motion and those that describe rotatio- 


nal motion. 


Linear Motion 
position x 
é : dx 
Linear velocity v = FP: 


Linear acceleration 


m 
AEE: 
Mass m 
Force F 
F= mä 


Translational KE = } m? 
Linear momentum P = mo 


Linear momentum of a system is 
conserved in the absence of net 
external force. 


Equations of motion 


Rotational Motion 
Angle 0 


; _ d 
Angular velocity # = 7 


Angular acceleration 


x = dw = PO 
dt dt? 
Moment of inertia 7 
Torque 7 
t= la 


Rotational KE = } Z «°? 
Angular momentum L = J w 


Angular momentum of a system 
is conserved in the absence of 
net external torque. 


Equations of motion 


ù = ivg + at w = wg + 4t 
S = oot +} al?) 0 = wot + hat? 
P — = 24x wt — wf = 208 


Parallel Axis Theorem 


There is a simple a $ 
of a body about any axis & 
parallel axis through its cen 


i f inertia 7 

11 relation between the moment o 
ne vo its moment of inertia with respect to a 
tre of mass. If M is the total mass of the 


of the relation is 
body and h the distance between the two axes, 
f I ee Ee (7.41) 


Proof Consider a body of an, 
the x-y plane is shown 1m 


enol ots P 
This relation f known as the parallel axis theorem. 


y arbitrary shape whose cross-section in 
Fig. 7.26. Let C be the centre of mass 
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which we choose to bein the x-y plane and at the origin O. Then 
coordinates of point C are (xem = 0, yem = 0). The axis of rotation 
is the z-axis which is perpendicular to the plane of the paper. Consi- 
der an axis through C perpendicular to the plane of the paper and 
another axis parallel to it through point P at (x9) and (yọ) which are 
the (x, y) coordinates of P. 


Fig. 7.26 Proof of the parallel axis theorem 


The distance PC between the two axes (both perpendicular to the 
plane of the paper) is 


h= (3 + spl? (7.42) 

Now consider a small element of mass m at Q having position coordi- 

nates x, y as shown in the figure. Then the square of the distance of 

particle Q from the axis through C is (x? + y°). The square of the 
distance of particle Q from an axis through P is 
E = Xo)? + (y — ¥%)* 

Hence the moment of inertia of the body about an axis through P is 

T= m [œ — x) + (y y) 
=E m +y) — 2% Yi mx — 2y X my 


+t) (1.43) 
From the definition of centre of mass 
Lms = my = 0 (7.44) 


The reason is that we have chosen the centre of mass C at the origin 
gf the rectangular coordinate system (see Eq. 7.8); the position vector 


Rom with respect to the origin has a zero length, i.e. Y, mx = my 
= 0. Using Eq. (7.44) in Eq. (7.43) we have 


T=Ym@?+y)+ 03+ 7) 0m 
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But }) m Q? + y’) = Icy, the moment of inertia_of the body about 
its centre of mass, x? + 92 = I? (Eq. 7.42) and Y, m = M, the mass 
of the body. 

Hence I= Icy + Mk 


which proves the parallel axis theorem. The theorem holds irrespec- 
tive of whether the centre of mass C is chosen to coincide with the 
origin of the reference frame; this has been done only for the sake of 
simplicity. 

Calculation of Moment of Inertia 


The calculation of the moment of inertia of a rigid body about an axis 
of rotation involves the use of integral calculus (which is outside the 
scope of the present book). We simply quote below the results of such 
calculations in a few cases. 


Body Axis Figure Moment of 
Inertia (I) 


1. Thin rod, length Perpendicular to i 1 
hae er, 5 Mi? 
L rod at midpoint i 12 
2. Thin circular Diameter No £ s 
ring, radius R S) 7 MR 
3. Thin circular Perpendicular to ibs s 
ring, radius R plane at centre; 4 MR 
; ne 
4. Circular disc, Perpendicular to ( ) z MR 
radius R disc at centre ` j 
5. Circular disc, Diameter ony 1 MR 
radius R a, 4 


6. Hollow cylinder Axis of cylinder 7 F MR 
radius R l A ; 1 ee 
7. Solid cylinder, Axis of cylinder E 


radius R ] L 


ai fi ; i ; ; 
8. Sphere, radius’ Diameter 6) z MR 
R f 


Fig. 7.27 Momentsiof inertia of some rigid bodies 
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EXAMPLE 7.6 A thin metal ring of mass 0.5 kg has a diameter of 0.5 
m. It is rotating in a horizontal plane about an axis passing vertically 
through its centre. If the ring completes 10 revolutions in 5 s, deter- 
mine (i) its angular velocity and (ii) its rotational kinetic energy. 


Solution 

M = 0.5 kg 

R = 4 (Diameter) = 4 x 0.5 = 0.25m 
Moment of inertia T= MR? 


1 
Ww DAUR ace 2 
0.5 x (0.25) 33 kg m 


Time period, 


Og) Tie 5 
g No. of revolutions ~ 10 O38 
(i) Angular velocity œ = oe CNM 12.56 rad s`! 
: T 0.5 
(ii) Kinetic energy =} IW? 
1 
= 4 Aa 2 
A x 32 x (12.56) 
= 2.46 J 


7.10 SOME EXAMPLES OF TWO-DIMENSIONAL 
RIGID BODY MOTION 


We will now consider two simple examples of the two-dimensional 
motion of rigid bodies. In the first example, the centre of mass of the 
body is at rest and in the second, it moves with an acceleration. 


Mass Point on String Wound on a Cylinder 


A solid cylinder of radius R and mass M is symmetrically mounted 
on a frictionless horizontal axle, so that it can freely rotate about its 
axis. A string of negligible mass is wrapped round the cylinder and a 
body of mass m is hung from the string as shown in Fig. 7.28. When 
the mass is released from rest, with what acceleration will it fall and 
what is the tension in the string ? 


To answer these questions we will use Newton’s second law (F = ma) 
for the linear (downward) motion of m and the angular momentum 


IL, 
law (- = T) for the rotational motion of the cylinder. Let T be the 


tension in the string. Since the suspended body will accelerate down- 
wards, the magnitude of the downward pull of gravity (= mg) on it 
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must exceed the upward tension T in the string; the tension being 
supplied by the falling body. From Newton’s second law, the accele- 
ration a of the falling body is given by 


ma = mg - T (7.45) 


a 


T 
/ atm 
(fs mg 


Fig. 7.28 String wound on a cylinder and carrying a mass 


The torque on the cylinder about its axis is 
z = force x moment arm 
or <=TR (7.46) 


The angular momentum of the cylinder about its axis is 
L=TIw (7.47) 


i inerti i bout its 
where J = 4 MR? is the moment of inertia of the cylinder a 
axis and w is the angular velocity of its rotation. Now we know that 
L and + are related as 


iw 
FIST Oe 
Substituting for + and L from Egs (7.46) and (7.47) in this equation 
we get 


i ee (7.48) 


where is the angular acceleration of the eyelet the linear 
acceleration a and angular acceleration # are re ated as 


a= Ru 
so that Eq. (7.48) becomes 


Ta 
TR = oe eae (7.49) 
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Solving Eqs (7.45) and (7.49) simultaneously we get 


Gs I=} MR’) 
AON 2ME. 
ee ge = (i + am) (7.50) 
aa 
Wy mg cig Mmg 
and fe T eR) mR) = UW + am) (7.51) 
URE) 


Since 2m < (M + 2 m);Eq. (7.50) shows-that the acceleration (a) 
of the falling mass is constant but always less than g. The larger the 
value of M (and hence of J), the smaller is the value of a. Equation 
(7.51) shows that the tension (7) in the string is always less than mg. 
If M > m, so that (M + 2m) = M, T approaches mg. 


Cylinder Rolling on an Inclined Plane Without Slipping 


Consider a solid cylinder of mass M and radius R rolling down an 


inclined plane at an angle 0 to the horizontal (Fig. 7.29). The friction 
prevents slipping. 


Fig. 7.29 Cylinder rolling without slipping 


In this example, the centre of mass moves in a line parallel to the 
inclined plane. What is its acceleration along the plane ? The exter- 
nal forces on the cylinder are (i) its weight Mg acting vertically down- 
wards through its centre of gravity (or mass) (see Chapter 8), (ii). the 
normal reaction N at the point of contact P between the cylinder and 
the plane perpendicular or the plane and (iii) the force of friction F 
opposing the velocity v of the cylinder. 

The cylinder will roll without slipping if the point of contact P is 
momentarily stationary so that the cylinder can rotate about that axis. 
If a is the linear acceleration of the translational motion of the cylin- 
der down the inclined plane, then from Newton’s second law, the 
linear motion of the centre of mass is given by (see Fig. 7.29). 


Ma = Mg sin 0 — F (7.52) 


Let « be the angular acceleration of the rotational motion of the cylin- 
der. Then a and « are related as 


a=Ra (7.53) 
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The torque and the angular momentum about the horizontal axis 
through the centre of mass are 
+ = RF 
and L=Ta 


where J = } MR, is the moment of inertia of the cylinder about its 
centre of mass. We know that z and L are related as 


or RES I= = Ta 


Now from Eq. (7.53) « = a/R. Using this in the aboye equation, we 
have 


ye (7.54) 
I 

Finally, eliminating F from Eqs (7.52) and (7.54) we get 

ce Fg sin 0 (7.55) 
(1 +R 
Since I=}MR 

3 i i ration is constant 
Fon Ba, (7,58) ve mi ah ee aa 


(M) or radius (R). of the solid cylinder. But, i 
Holla te Me (see Fig. 7.27), the value of a would decrease to 


$g sin 0. 


Condition for Rolling Without Slipp 
and (7.54) and using 7 = 4 MR’, we have 
F =} Mg sin 0 
that the normal reaction is given by 


ing Eliminating 4 from Egs (7.52) 


From Fig. 7.29, it is clear 
N = Mg cos 0 


F 
So that a Įtan 0 


friction between the cylinder and 


Let ient of static 1 x PIa 
the aha eam the cylinder will roll without slipping if 


F 
SN 


or p<} tand 
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Another very instructive method of analysing such problems is to 
use energy considerations as in Example 7.7 


EXAMPLE 7.7 A solid cylinder of mass 2 kg and radius 0.1 m rolls 
down an inclined plane of height 3 m. Calculate its rotational energy 
when it reaches the foot of the plane. . 


Solution Let M be the mass of the cylinder and R be its radius. When 
it is at the top of the inclined plane of height A, its potential energy 1s 
Mgh (Fig. 7.30). As it rolls down the inclined plane, it moves along 


Fig. 7.30 


the plane and also rotates about an axis passing through its axis per- 
pendicular tothe plane of the figure, which shows its section in the 
plane of the paper. It thus acquires both kinetic energy of translation 
(3 Mr’) and kinetic energy of rotation (}/w*) where v is its linear 
velocity and its angular velocity when it reaches the bottom of the 
plane. Z is its moment of inertia about the axis mentioned above which 


is given by 
I= 4 MR 
From the law of conservation of energy we have 


Potential energy = Translational kinetic energy + Rotational 
kinetic energy 


or Mgh = } Mo? +4 To? 
or Mgh = 4 MR? a? + 4 (4 mR?) w? 
= :. MR? w? 
or wo = 4gh 
3R? 


Now the rotational kinetic energy = $ I a? 
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Substituting for w° and J we have 


Rotational kinetic energy = } (4 MR’) e. 
Mgh 
8 


_ 2kg x ssm x 3M _ i965 


Notice that the rotational kinetic energy does not depend on the 
radius of the cylinder. 


EXAMPLE 7.8 A lightweight boy holds two heavy dumb-bells of equal 
weight with outstretched arms while standing on a turn-table as shown 


axis of rotation. The boy suddenly pulls the dumb-bells towards his 
chest as shown in Fig. 7.25(b). If the dumb-bells are now at a distance 


of 10 cm from the axis of rotation, what is the new time Periodi of 
rotation of the turn-table ? Ignore the angular momentum o the boy 


compared to that of the dumb-bells. 
Solution Referring to Fig. 7.25(a), we have 


rı = 60cm 
To= 1s 
wis = =2arads! 


1 


Let the mass of each dumb-bell be m. Then, 


initi = mr? mr? w, = 2mrj w 
Total initial angular momentum = Mri 1 + mri o 11 


i i he dumb-bells towards 
Referring to Fig. 7.25(b), when the boy pulls the | 
his chest: let the new value of period be T3. It is given that 


r, = 10cm 
Qn 
w, = pe 


= 2 
Final angular momentum = 2 mrZ wz 


ervation of angular momentum. 


From the principle of cons 
= Final angular momentum 


Initial angular momentum 
2 
OF 2 mr? w, = 2m ri “2 
aÊ 


w å ri 
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, 2m Qa 
Now, since o = = and w, = 7 , we have 
T; T, 
TNT 
TN 
2 
r 
or T= T, + 
ni 


In other words, the boy is now rotating ata rate of 36 revolutions 
per second. 


ExamPre 7.9 A cord is wound around the circumference of a bicycle 
wheel (without a tyre) of diameter 1 m. A mass of 2 kg is attached to 
the end of the cord and it is allowed to fall from rest. The weight 
falls 2.0 min 5s. The axle of the wheel is horizontal and the wheel 
rotates with its plane vertical. Find (i) the angular acceleration pro- 
duced and (ii) the moment of inertia of the wheel about the horizontal 
axle. Neglect the friction due to air. 


Solution Let us first find the linear acceleration a produced using the 
given data 


u=0 

s=2.0m 

t=5s 

s = ut + fat? 
or 2=0 x 5+4a(5/ 
or Perea ms* 

25 
(i) Radius R=05m 
The angular acceleration is obtained from 
a= eE 18 = Š = 0.32 rads? 


(ii) Let J be the moment of inertia of the wheel about the axle. Now 
since 


Torque r=To 


a E 
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The torque + is produced by the force of the falling weight, 
z= mg X moment arm 
= mgR 
= 2 kg x 9.8 ms™° x 05m 
=98 Nm 


I= = 30.625 kgm? 


EXAMPLE 7.10 You are given two cylinders of the same size, mass 
and appearance. One of the cylinders is hollow and the other is solid. 
How will you distinguish between the two? 


Solution We know from Eq. (7.55) that the linear acceleration of a 
cylinder rolling down an inclined plane is given by 


es “es (i 


where Z is the moment of inertia of the cylinder of mass M and radius 
R about its centre of mass, g is the acceleration due to gravity and 0 
is the angle of inclination of the inclined plane. lh 

Let a, be the acceleration of the solid cylinder as it rolls down an 
inclined plane. For a solid sphere 1 = 4 MR (see Fig. 7.27). Equa- 
tion (i) then gives 


a= 2 g sin 8 (ii) 


i 2 ing J = MR? in 
For a hollow cylinder Z = MR’. Therefore putting 7 : 
Eq. (i), the linear aaeeio of the hollow sphere rolling dowa'the 
same inclined plane is, s 
a= }łgsinð (iii) 
From (ii) and (iii) we find that 
a; > lh 


i i lled down the 
i lid and the hollow cylinders are rollec 
ee te pee the solid cylinder (dc. the one with a larger 


acceleration) will reach the bottom first. 
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EXAMPLE 7.11 A small sphere of radius r rolls without slipping inside 
a large hemispherical bowl of radius Ras shown in Fig. 7.31. The 
sphere starts from rest at the top left corner of the hemisphere. What 
fraction of the total energy is translational and 
rotational when the small sphere is at the bottom of 
the hemisphere ? 


Sphere 


Solution Let vbe the linear speed of the small 
sphere at the bottom of the hemisphere. The trans- 
lational kinetic energy is 


K = 4 mv 


where m is the mass of the small sphere. If w is the angular speed and 
T the moment of inertia of the small sphere, the rotational energy 1S 
given by 


Fig. 7.31 


K, = 410 


ids (Wi REET es (= a) 
=5(2 mr?) 0 (r= m 


Since the small sphere rolls down without slipping, we have 


y=rw 
Therefore K, beth mr? ZE mu? 
i (aE, 


The total energy (kinetic) of the small sphere at the bottom of the 
hemisphere is 


KEKE 
= x my? + : m? = a my? 
Hence, the fractional translational kinetic energy is 
sl ESS 
Kon 7 
and the fractional rotational kinetic energy is 
Rose 
Karo], 


EXAMPLE 7.12 If the earth were to suddenly contract to half of its 
present size without any change in its mass, what will be the duration 
of the new day? 

Solution Let M be the mass and R the initial radius of the earth. If 
w is the angular velocity of the rotation of the earth, the duration 
of the day is 
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Let R' be the radius of the earth after contraction and w’ its angu- 
lar velocity. From the conservation of angular momentum, we have 


Iw = l'w 
where I ( =$ MR’) and r( = 2 MR? ) are the moments of 
inertia of the earth before and after contraction, respectively. 

2 Be yy T 

y ME w= 5 MR? w 


Rw 


or w = RZ =4w (0 R= R/2) 
The duration T’ of the new day will be (since T = 2 7/w) 
Die Dea ae 
I = iao A 
dene 2h hour = 6 hours 
SUPPLEMENT 


Vector Product of Two Vectors 


Two vectors can be multiplied in such a way as to yog a vector. In 
this case, the product is called the vector (or cross-product). 


> > 
Let the vector product of two vectors A and B be equal to a vector 
> 
C, i.e. 


=> 
PI E 


> > => í 3 
ich i i tor product is repre: 
h d as A cross B is equal to C. The vec : 
na ty pay a cross (x) between the vectors. The magnitude 
> 

of the resulting vector C is defined by 

C = AB sin 8 (S.1) 

=> 

where A and’ B respectively are the magnitudes of the vectors A and 
Band 0 is the angle between them. a 
dicular to the plane formed by A and 


= 
The direction of C is perpen 
the vector C will 


È ir vectors A and B lie in the plane of the paper, 


—— 
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be perpendicular to this plane, as shown in Fig. 7.32(a). The sense 
(upward or downward) of the direction of the vector product is given 
by the direction of the advance of the tip of a right-handed screw when 


> > 
rotated from A to B through angle @ between them, the screw being 
placed with its axis perpendicular to the plane containing the two vec- 
tors (see Fig. 7.32b). This is known as the right-handed screw rule. 


C=AxB C=Ax8 C=AxB 
t Tip 
Plane 
containing 
AandB 


Dy 
© 
O+ 


(a) (b) (c) 


Fig. 7.32 Direction of the vector product of two vectors 


Another simple method of determining the direction of the vector 
product is as follows (see Fig. 7.32(c)). Hold your right hand with the 
thumb erect and the fingers curled. The direction of the thumb is per- 


. tips) ae ae + 
pendicular to the plane containing vectors A and B. If the direction 


i > > 

of the rotation of the vector from A to B is the same as the direction 

of the folding of the fingers, then the erect thumb points in the direc- 
J > > > 

tion of A E B. We say that the vectors A, B and C in the definition 

C = A x B from a right-handed coordinate system. 


> => > 
The vector product of two vectors A and Bis a single vector C whose 


* . TA 
magnitude is equal to the product of ihe magnitudes of vectors A and B 
and the sine of the angle between them and whose direction is perpendi- 

rite > 


> > 
cular to the plane containing A and B in such a way that A, Band C 
Jorm a right-handed coordinate system. ; 


This is the geometric way of defining a vector product. The alge- 

. sue aa 

braic definition of a vector product gives the components of (A x B) 
4 —> 
in terms of those of A and B: 


> > 
(A x B), = A,B, 2 A,B, 
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> => 
(A x B), = A,B, — A,B, 


> —> 
(4 x B), = A,B, — A,B, (S.2) 
For a right-handed orthogonal coordinate system, the two defini- 
> 


ae 
tions of A x B give the same result. Which definition we use in a 
particular problem depends upon convenience. 


Properties of a Vector Product 


a he -> -> —> 
(i) The vector product is anticommutative, ie, A x B=-Bx A, 
This can be proved as follows. Let 


=> > > 

C=AxB 

> > = 
and D=BxA 
From the definition of the vector product, the magnitudes of C and D 
are 

C = AB sin 8 

D= BA sin 0 


> > ¢ 
s of A and B, and 6 is the angle 


where A ae mion are scalars, 4B = BA, Hence, the 
eats 


between them. Since 4 and ‘ 
that of D. But their directions are different. 


i 
: i 
magnitude of C is equal to that oe right-hand screw ile, 


To find their directions we 
PPSA ne in the plane of the paper. Place a right- 


Imagine thai i ia 
handed screw perpendicular to this plane. a it from #to2 {to 


get the direction of A x 2B) as shown 2 C=AxB 
Fig. 7.33(a). The tip will advance sis t 
(ie. towards the reader). This is the 


> > ae - > 

direction of C = A x B. Now totate A he 8 
=> > A , 

it from Z to A (to get the direction of 


ead 
B x Ay the tip will advance downwards 
(ie. into the paper). This is the direc- 


—> => > 
tion of D = B x A (Fig. 7.33(b)). Thus, 
=> i cS es 

the directions of C and D are opposite, Ā J AË 
hence 

SEA > 

c=-D (a) (b) 
Fig. 7.33 
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This shows that the vector product is not commutative. It is anticom- 
mutative. 


=> > 
(ii) A x A = 0,i.e. the vector product of a vector by itself is 
zero, This is because, in this case, 0 = 0, and hence sin 9 = 0. 


> > 
Therefore AxA=AAsin6° =0 


Hence, the condition for two vectors to be parallel (@ = 0°) or 
antiparallel (9 = 180°) is that their vector product should be zero. 


> > A > — 
If A x B =O, it means either (i) A is zero or (ii) B = 0 or 
(iii) the angle 6 between them is 0° or 180°. 


; (iii) The distributive law holds for both scalar and vector products, 
1.€. ; 


=> > > => > >> 
R ELO- ae AC 
> => => > > > > 
AX(B+0O)=AxB+AxC 
5 —> > => > o => 
(iv) QA) x B= A x (AB) =à (A x B); Àa real number 


(v) 


(vi) i, j „and k are the three mutually perpendicular unit vectors 
at the origin O and along OX, OY and OZ respectively, the right- 
hand rule gives: 


id xpe À 


x ica ie Be (A: BY 


ixj= -jxi=k, jxk=—-kxf=i 
kxi= -ixk={ ixfajxf=kxk=0 
SUMMARY 


If we are not concerned with the internal motion and structure of 4 
system, the gross motion of the system can be analysed by applying 
Newton’s laws of motion to the centre of mass of the system which is 
a point where the entire mass of the system may be assumed to be 
concentrated and where all external forces are assumed to be applied. 
Then the total linear momentum of the system is equal to the total 
mass of the system times the velocity of its centre of mass. The centre 
of mass of a body depends on its shape and mass distribution. 

_The kinematic variables of rotational motion of a body are angular 
displacement, angular velocity and angular acceleration. The torque 
of a force measures the rotatory effect of the force applied to a body 
which is capable of rotation about an axis. The torque of a force 


= 
F on a particle whose position vector (with respect to some origin 
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J = i —> — -> > -> 

O) is r is defined as the vector product of r and F, i.e. 7 =r X F. 

The angular momentum of the particle about O is defined as the vector 
> -> -> 


=> — 

product ofr and p (the linear momentum), i.e. L=r x p. The rate 
of change of the angular momentum is equal to the torque, i.e. 
dL Sia 

Fe In the absence of the external torques, the total angular 
momentum of a system is conserved. 

The moment of inertia of a rigid body .about a particular axis 
may be defined as the sum of the products of the masses of all the 
particles of the body and the squares of their respective distances 
from the axis of rotation, i.e. I= ý mr’. Rotational kinetic energy 
=} Also t = Z « and L = 1 o. 


EXERCISES 


1. What do you understand by the term ‘centre of mass’ of a system? Obtain 
the expression for the centre of mass of asystem consisting of (a) two 
particles and (b) a large number of particles. What is the physical signifi- 
cance of the centre of mass of a system? 

2. Show that the centre of mass of two particles is on the line joining them at 
a point whose distance from each particle is inversely proportional to the 
mass of that particle. 

3. (a) Should there necessarily be any mass at the centre of mass of a 

system? 
(b) Does the centre of 
nt Ee rane omer ofa system of particles is equal to 


4, Show that the total linear m l ; 

the product of the total mass of the system and the velocity of its centre of 
mass. 

5. Give three examples 

6. Define a rigid body. 

body depends. h HA i 

7. Define torque. State its SI units. How 18 the cipa E Ray ae 

mined? Show that the magnitude of torque = momen! 


of force. 


mass of a solid necessarily lie within the body? If 


of centre of mass motion. 


State the factors on which the centre of mass of a rigid 


ntum of a particle. State its SI units. How is its 


ween torque and angular momentum. 


10. State the principle of conservation of 


11. What is the (a) physical and (b) geom 
tum? $ 

12, Why are curved race tracks banked? (a) What i Kea BRA 
angle so as to minimise the wear and tear of the hen ee ae 
banked curve? (b) What is the maximum speed a! 


fully negotiate a banked curve? 
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13. 
14. 
15. 
16. 
17. 
13. 


19. 
20. 


pats 


From angular momentum considerations, deduce the equation that governs 

the oscillations of a pendulum. 

Define the moment of inertia of a body rotating about an axis. What is the 

physical significance of moment of inertia? 

What do you understand by the term ‘radius of gyration’? What is its 

physical significance? 

Show that torque = moment of inertia x angular acceleration and hence 

define moment of inertia. 

Show that angular momentum = moment of inertia x angular velocity. 

Give two illustrations of the consequences of this relationship. 

Give the analogy between various quantities that describe linear and rota- 

tional motion. 

State and prove the parallel axis theorem. 

(a) Obtain the expression for the linear acceleration of a descending body 
on a string wound on a cylinder and show that this acceleration is 
always less than the acceleration due to gravity. 

(b) Obtain the expression for the linear acceleration of a cylinder rolling 
down an inclined plane and hence find the condition for the cylinder 
to roll without slipping. 

Define the vector product of two vectors. State the rule for finding the 

direction of the product vector. State the properties of vector products. 


PROBLEMS 


- Four point masses 1 kg, 1 kg, 2 kg and 2 kg are placed at the corners of a 


Square as shown in Fig. 7.34. Find the centre of mass of the system. 

A highway has a curved track of radius 100 m which is banked at an angle 
of 10°. What maximum speed is the track meant for? 

The combined mass of a motorcycle and its rider is 100 kg, What is the 
necessary frictional force if the rider is to negotiate a curve of 80 m radius 
at 72 kmh-'? If the coefficient of friction is 0.6, will the rider negotiate the 
curve successfully? At what angle should he lean to avoid falling? 

A train ofmass 10° kg negotiates a banked circular track of radius 30 m 
at a speed of 54 kmh—*, What is the minimum banking angle required to 
prevent the wearing out of rails ? 
A dumbell consists of two spherical masses A and B fixed at the ends of a 
light rigid rod as shown in Fig. 7.35. Calculate the moment of inertia of 


Ikg 1kg 


2kg inoi 


cree TER A B 
X=0 Zal x 0- —0 


Fig. 7.34 Fig. 7,35 


6. 


10. 


ite 


12. 


13. 


> aie Men 5 
> = 5i—6] where iand jare the unit vectors 
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the system about anaxis (a) passing through the centre C and perpendi- 
cular to the rod, (b) passing through the centre of sphere A and perpendi- 
cular to it and (c) passing through the centre of sphere B and perpendi- 
cular to it. 

A uniform disc of radius 10 cm and mass 5 kg is mounted on an axle, A 
light string is warpped round the rim of the disc and a constant downward 
force of 20 N is exerted on the string. Find the angular acceleration of the 
disc and the tangential acceleration of a point on the rim. 

In Problem 6, instead of exerting at constant force on the string, if we 
hang a mass of2 kg from the string and release it, (a) what will be the 
angular acceleration of the disc, (b) the tangential acceleration of a point 
on the rim, and (c) the tension in the string ? Take g = 10 ms™?. 

A point mass of 1 kg is attached to a light string which passes through a 
hollow tube clamped vertically on a stand as shown in Fig. 7.36. The mass 
is set into motion ina horizontal circle of radius 
50 cm at a speed of 5 ms~?. The string is suddenly 
pulled down so that the radius of the circular path 
is reduced to 10cm. What is the new speed of the 
mass ? 

A particle of mass 2 kg has position coordinates 
(x = 3 m, y = 4m) and is moving with a velocity 


along x and y axes with respect to origin O. A force 
of 7N acts on the particle in the +x direction. 
(a) What is the angular momentum of the particle 
about O? (b) What torque acts on its? (c) At 
what rate does the angular momentum change with 


time? 

What is the rotational kinetic energy of the earth ? 
Assume that the earth (mass = 6.0 x 10% kg, 
radius) ==. 6.4°x 10° km) is @ sphere of uniform 
density. 

An oxygen molecule has a mass of 5.30 x 10-** kg 
and a moment of inertia of 1,94 x 10-* kg m° about Lae A 

an axis passing through the centre and perpendicular to the line joining the 


two oxygen atoms. The molecule is moving at a speed of 500 ms~? and its 
rotational kinetic energy is two-thirds its translational kinetic energy. Cal- 


culate its angular velocity. 
A constant force of 100 Nis 
radius 0.5 m. The moment © 


(a) the angular acceleration 

(b) the angular speed, 5 s from rest ; 

(c) the number of revolutions made in 5s 

(d) the kinetic energy of the wheel. 

A wheel and axle having 2 total moment aens of ; He nf E a 
i n axis by means of amass 0 a o 

made to rotate about its OW y aa a Hoe i 


a cord wrapped round the axle. The axle has a radi 


Fig. 7.36 


applied tangentially to the rim of a wheel of 
f inertia of the wheel is 10° kg m°. Calculate 
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must the weight descend so that the flywheel acquires a speed of 5 revolu- 
tions per second? 


14. AB and BC are two smooth planes inclined at an angle of 45° as shwon in 


Fig. 7.37. A solid sphere is rolled on AB with a speed of 30 m s~!. To what 
height A will it rise on the plane BC? 


15. A turntable rotates about a fixed vertical axis passing through its centre. Its 


angular speed is 1.33 7 rad s-*. A man weighing 80 kg, initially standing 
at the centre of the turntable runs along the radius. What is the angular 
speed of the turntable when the man is at a distance of 0.2 m from the 
centre ? The moment of inertia of the turntable is 2.8 kg m2. 

A force of 100 N is applied to the spoke of a wheel (capable of rotation 
about the z-axis) at a distance of 50 cm from the axis of rotation. If the 
spoke and the force make an angle of 45° and 75° respectively with the x- 
axis, what is the magnitude and the direction of the torque exerted on the 
wheel? 

A solid sphere of mass 1 kg and diameter 10 cm rolls (without slipping) on 
a horizontal smooth surface with a velocity of 20 cm s™*. Calculate its 
total energy. 

A solid cylinder (a) rolls without slipping, (b) slips or slides without roll- 
ing from rest down an inclined plane. Find the ratio of the velocity in 


case (a) to that in case (b) when the cylinder reaches the bottom of the 
plane. Neglect friction. 


16. 


17. 


18. 


Gravitation 


8.1 INTRODUCTION 


In earlier chapters we have briefly discussed gravitation. In Chapter 3 
we studied the kinematics of a body falling freely under the gra- 
vity of the earth, In Chapter 6, we learnt of a very important property 


of the gravitational force, namely, that it is a conservative force. 

The four fundamental forces of nature are the frictional, gravita- 
tional, electromagnetic and nuclear forces. The gravitational force 
happens to be the weakest among them. But at the astronomical level, 
where masses are enormous, this force plays an important role from 
initiating the birth of a star, controlling the orbits of planets to deter- 
mining the structure and evolution of the entire universe. 

Scientists before Newton (i.e. before the seventeenth century) belie- 
ved that things fell on the earth because it was the inherent proper- 
ty of matter, and needed no further explanation. But Newton was not 
satisfied with this explanation. 

The first systematic study of falling bodies was made by Galileo 
who died in the year Newton was born. Galileo did not know | of the 
basic law governing gravitation. Newton was the first, to realize that 
the weight of a body on the surface of the earth is due to the force of 
attraction between the body and the earth. It required his supreme 


genius to realize that this attraction is only a particular case of a uni- 
versal attraction between any two bodies situated anywhere in the 
universe. At the age of twenty-three he discovered a law now known 
as Newton’s Law of Universal Gravitation which has had far-reaching 
consequences in unfolding the mysteries of nature. 

In this chapter we will first consider gravitation of bodies on or near 
the surface of the earth. We will then state Newton’s law of gravitation 
and discuss its applications in relation to heavenly bodies, such as 
the motion of planets. We shall conclude this chapter by giving a brief 
outline of the modern theory of gravitation (Einstein’s general theory 
of relativity) to make clear to you our present level of understanding 


of the mysterious gravitational force, 
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8.2, ACCELERATION DUE TO GRAVITY NEAR EARTH’S 
SURFACE 


As mentioned earlier, Galileo was the first scientist to make a system- 
atic study of the motion of a body under the gravity of the earth. It is 
said that he dropped different objects from the Leaning Tower of Pisa 
and made a quantitative analysis of their motion under gravity. He 
also made careful observations of balls rolling down inclined planes of 
different inclinations. On the basis of his experimental investigations 
he came to the conclusion that ‘in the absence of air, all bodies will 
fall at the same rate’. It is the air resistance that slows down a flat 
piece of paper or a parachute falling under gravity. If a parachute and 
a heavy stone are dropped where there is no air, i.e. ina vacuum, 
both will fall together at the same rate. i 


, 

Galileo went a step further and said that during a free fall, the 
speed of the body does not remain constant. He pointed out that a 
block of metal allowed to drop from a height of 3 m will drive a big 
nail much farther into the ground than the same block dropped from 
a height of half-a-metre: Clearly the block must be moving faster in 
the first case than in the second. 

Experiments have revealed that the velocity of a body falling freely 
under gravity increases at a constant rate. In the absence of air resis- 
tance, all bodies fall with the same constant acceleration, For most prac- 
tical situations, the air resistance has a negligible effect. Only in the 
special case of an extremely light object with a large area, such as a 
feather, a flat piece of a paper or a parachute, does the air resistance re- 
tard the object significantly. Apart from these exceptional cases, objects 
fall with the same acceleration. This acceleration is known as the acce- 
leration due to gravity (of the earth) and is given the symbol g. 

In Galileo’s time, the experimental techniques did not permit the 
measurement of the value of g to any reasonable degree of accuracy. 
With the help of modern techniques it is now possible to measure & to 
an accuracy of 1 in 10° by observing the free fall of a body in vacuum. 
These techniques inyolve the use of lasers and electronic time measure- 
ment devices. Thus it is possible to study the small variations of the 
value of g and its non-dependence on the mass of the body toa high 
degree of accuracy. Later in this chapter we will examine the variation 
of g on the earth’s surface. For most practical purposes we can take 
the acceleration due to gravity to be 


g = 9.8 m s% 


8.3 NEWTON’S LAW OF UNIVERSAL GRAVITATION 


The discovery of the law of universal gravitation by Isaac Newton is 
one of the greatest landmarks in the history of science. Before New- 
ton’s time, scientists believed that the tendency of all objects to fall to 
the earth and the motion of planets were entirely unrelated pheno 
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mena. Newton showed that these two phenomena involved gravita- 
tion and that they could be analysed using his equations of motion. 

The motion of heavenly bodies, particularly the planets, the moon 
and the sun, was the subject of active interest among students, includ- 
ing Newton, at Cambridge in 1664. In 1665, the plague broke out and 
the college was closed. Newton, then just 23 years of age, went home 
to Woolsthorpe, where he continued to think about the motion of the 
planets and the moon. 

You must have heard the famous story of how a falling apple inspi- 
red Newton and led him to the discovery of the law of gravitation. 
One day Newton was sitting under an apple tree and having tea with 
his friend and biographer William Stukeley. Newton saw an apple fall 
to earth. The incident of the falling apple set him thinking about fall- 
ing bodies. It occurred to him that the same force of gravitation 
which attracts the apple to the earth might also be responsible for 
attracting the moon and keeping it in orbit. He thought that the cen- 
tripetal acceleration of the moon in its orbit and the downward accel- 
eration of a body falling on the earth might have the same origin (Fig. 
8.1). This idea that celestial and terrestrial motions might obey the 
same law was indeed revolutionary at that time. 


MOON 


Fig. 8.1 Acceleration due to gravity on earth and centripetal 
acceleration of moon 


i i ith 
Newton compared the acceleration due to gravity of an apple wi 
the centripetal acceleration of the moon which led him to the law of 
gravitation. We now present his calculations and arguments. y 
Assuming the moon’s orbit to be circular (which is a good approxi- 
mation) E knowing the distance of the moon from the earth and its 
period of revolution, Newton calculated the centripetal acceleration as 


follows, 
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Radius of moon’s orbit (R) = 3.84 x 10° m 
Period of moon’s revolution (T) = 27.3 days 
= 27.3 x 24 x 3600s 


2m R 


The speed of the moon in orbit (v) = T 


_ 2 x 3.14 x 3.84 x 108 
~ 21.3 x 24 x 3600 


= 1.02 x 10° msn, 
Centripetal acceleration (4,) = = = 335—a 7s 


= 2.72 x 1073 ms? 


The acceleration of a falling apple is g = 9.8 ms 7, Newton assum- 
ed that both the moon and the apple are accelerated towards the cen- 
tre of the earth. The difference in their motions arises because the 
moon has a tangential velocity whereas the apple does not. He assu- 
med that both g and a, were due to the gravitational force of the earth 
acting respectively on the apple and the moon (see Fig. 8.1). 

Newton found that the value of a, (= 2.72 x 107°? ms *) was about 
1/3600 of the value of g (= 9.8 ms). He knew that the ratio R;/R 
was about '/60. Thus he observed that 


where R = distance of the moon from the centre of the earth 
and Rz = distance of the apple from the centre of the earth 
= radius of the earth. 


In other words, the acceleration of a body and hence the force is inver- 
sely proportional to the square of its distance from the centre of the 
earth. This led Newton to postulate that the gravitational force might 
vary inversely as the square of the distance, ie. the gravitational force 
obeys the inverse square law. 

It is believed that Newton made calculations in 1666. He did not 
publish his result for 20 years. Only in 1687 did he publish the law in 
his book Principia Mathematica. The reason was that he was not sati- 
sfied with his conclusion. In his calculation, the distances are measur- 
ed from the centre of the carth. This meant that the earth was assum- 
ed as a mass point, i.e. the entire mass of the earth was concentrate 
at its centre for objects outside it. Newton invented calculus during 
the intervening years. Using calculus he could prove that, for objects 
outside the earth, it behaved as though its entire mass was concentra- 
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ted at the centre. In Sec. 8.10 we will prove this without the use of 
calculus in a special case in which g can be treated as a constant. 

Newton went a step further. From his second law of motion (F = 
ma) he knew that the force exerted on an accelerating body depends 
on its mass. Thus the force exerted by the earth on the apple (or 
moon) must depend upon the mass of the apple (or moon). From his 
third law of motion, the apple (or moon) must exert an equal and op- 
posite force on the earth which must depend upon the mass of the 
earth. Thus he found that the force of attraction between bodies 
should depend on their masses and vary inversely as the square of the 
distance between them. 

Newton realized that this attraction is only a particular case of uni- 
versal attraction between any two bodies situated anywhere in the uni- 
verse. At the age of twentythree he discovered a law, now known as 
Newton’s law of universal gravitation which states: 

‘Any two particles of matter anywhere in the universe attract each 
other with a force which is directly proportional to the product of their 
masses and inversely proportional to the square of the distance between 
them; the direction of the force being along the line joining the particles; 
i.e. 

ice my Me 


where F is the magnitude of the force of attraction between two parti- 
cles of masses m; and m separated by a distance r (Fig. 8.2). 


In the form of an equation the law 


is written as 
m D 
F= G” (8.1) 
Soa 


where Gis a constant called the uni- 

versal gravitation constant, The value Fig. 8.2 Gravitational force 
of this coustant is to be determined : ‘el 
experimentally and will be the same for any pairs of particles. 


Some Features of the Law 


1. The gravitational forces betwee 


reaction pair. The first particle exerts l 
second particle) that is directed towards the second particle along the 


line joinin articles. Likewise, the second particle exerts an 
equal ed e foice (on the first particle) that is directed towards 
the first particle along the line joining the two (Fig. 8.2). ; 

2. The universal gravitation constant G must not be confused with 
& which is the acceleration due to gravity. The constant G isa scalar 
having dimensions M~! L3 T? and is measured in Nm kg ; but g is 
a vector, having dimensions LT ? and is measured in ms“, it is neither 
Universal nor constant, 


n two particles are an action-and- 
a force of magnitude F (on the 
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3. The constant G is to be determined experimentally. It is univer- 
sal in the sense that, if G is determined for a given pair of bodies, we 
can use that value in the law of gravitation [Eq. (8.1)] to determine 
the gravitational force between any other pair of bodies. 


The Gravitation Constant 


To determine the value of the gravitation constant G it is necessary to 
measure the force of attraction between two bodies of known masses 
and known distance separating them. The experiment must have a very 
high sensitivity since, as mentioned earlier, the gravitational force is 
extremely weak, i.e. the value of G is very small. 

The first accurate measurement of G was made by Lord Cavendish 
in England in 1798. The apparatus he used is called the Cavendish tor- 
sion balance which is schematically illustrated in Fig. 8.3. 


Fig. 8.3 The Cavendish torsion’balance for measuring G 


Two small lead balls, each of mass m, are attached to the opposite 

a of a light rod which is suspended, with its axis horizontal, by# 
ne quartz fibre. Two large lead balls, each of mass M, are place 

the opposite ends of another rod which is pivoted at the centre a 
shown in the figure. When the large balls are at positions A ane? 
the small masses are attracted by gravitation, and as a result the fbr 
is twisted in the counter-clockwise sense as seen from above: 
the large masses are brought to positions A’ and B’, the fibre is twisted 
clockwise. The angle 8 through which the fibre is twisted when the larg? 
balls are moved from one position to the other is measured by obsceni 


mg he ARAE ofa beam of light reflected from a- mirror attat 


Ina preliminary experiment the deflection of the beam due t° a 


twist of the fibre is calibrated by known fi i 
ist of the ted orces, so that the force, 
unit twist is known, Multiplying this by angle 0 oes the gravitation 
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force F between masses m and M. Knowing the masses m and M and 
measuring the separation r between them, the value of G is determined 
from Eq. (8.1). 

Since Cavendish’s measurement significant improvements have been 
made in the determination of G, particularly by Poynting and Boys in 
the 19th century. The present accepted value of G is 


G = 6.67 x 10°"! Nm? kg? 


Because of the small value of G, the gravitational force between 
bodies of ordinary sizes is extremely small. The force of attraction 
between two bodies, each of mass 1 kg separated by a distance of 1 m 
is only 6.67 x 10-!! N which is too small to be noticed. That is why 
we are not aware of any such attraction. The only attraction we notice 
is the attraction of the earth, because the earth is very massive. 


‘Weighing’ the Earth 


In fact we can find the mass of the earth from the law of gravitation 
and the value of G obtained by Cavendish. For this reason Cavendish 
is said to be the first person to ‘weigh’ the earth. 

The force of gravity of a mass m on the surface of the earth is given 


by 


mM 
F=G pe 
and F=mg 


where M is the mass of the earth and R its radius which is the separa- 
tion between the centres of the two bodies involved. Equating the two 
equations we have 

gR 


M=% 


Substituting the known values of 8, R and G we get 


(0.8 ms?) x (6.38 x 10° my 
M = —~667 x 10-1" Nm kg? 


= 5.98 x 10% kg 


iment using the Cavendish torsion balance, 
as L00 x 10° kg are fixed at the ends 
onstant of the fibre is 8.34 x 
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Solution The gravitational force on each small sphere of mass m due 
to its neighbouring big sphere of mass M is 
peg it © 
f 


where ris the distance between their centres. 
Tf Z is the length of light rod connecting the two small spheres, the 


ae! 
moment arm for each force is 7 Then 


Torque = force x moment arm 


or =2Fx}= Fx] 


This torque equals « 9, where « is the torsion constant of the fibre and 
ð is the angular twist. Thus 


ad=Fx! (ii) 
Using Eq. (ii) in Eq. (i) we get 
a SS SUUR 
r 
a 6 r? 
or CS nM 


_ (8.34 x 1078) x (3.96 x 10°) x (0.100) 
(1.00 x 10-%) x (10.0) x (0.500) 


= 6.63 x 10711 N m? kg? 


8.4 INERTIAL AND GRAVITATIONAL MASS 
Inertial Mass 


Newton’s second law of motion (F = ma) tells us that the mass of a 
body can be determined by measuring the acceleration produced in it 
by a known constant force, Dividing the force by the acceleration gives 
the mass of the body. The mass so determined is called the inertial 
mass of the body. Hence mass may be regarded as a quantitative mea- 
sure of inertia. 

Suppose a constant (unknown) force Facts on two masses m and 
m' and produces accelerations a and a’ respectively. Then we have 


F='ma= mg 
a’ 


REAS. m 
which gives 2 ee 
= moa 
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Le. the ratio of the two tasses is independent of the constant force 
used. Thus we can compare the inertial masses of two bodies by mea- 
suring the accelerations produced in them by a constant force. If one 
of the masses, say m’, happens to a standard kilogram, the unknown 
mass m can be determined in kilograms by comparing their accelera- 
tions. The mass so determined is called the inertial mass of the body. 
We shall denote it by m; 


Gravitational Mass 


Newton’s law of gravitation (Eq. 8.1) tells us that the gravitational force 
on a body is proportional to its mass. An important consequence of 
this proportionality is that we can measure the mass of a body by 
Measuring the gravitational force exerted on it by a massive body, 
such as the earth. This can be done with the help ofa spring balance 
or by comparing the gravitational force on one mass m with that ona 
Standard mass (1 kg) as in a beam balance. The mass m so determined 
is called the gravitational mass of the body. We will denote it by m,. 


Equivalence of the Two Masses 


The question arises whether the above two methods measure the same 
Property, i.e. is the inertial mass of a body really equal to its gravita- 
tional mass? Notice that they have been measured in quite different 
experimental situations. In the measurement of the inertial mass, the 
gravity does not enter into the picture at all. Tt wouid require the same 
force to accelerate the given mass even in gravity-free space. On the 
other hand, in the measurement of the gravitational mass, the inertia 
Plays no role at all, the property that does play a role is the gravita- 
aal attraction between that body and the earth. The force is given 
y. 


— Gis 
F=G FR 
Are the gravitational mass m, and inertial mass m; of a body really 
the same? j 
Newton devised an experiment to test the equivalence of inertial and 
gravitational mass. In Chapter 12 we will derive the expression for the 
time period of a simple pendulum. The expression is 


raat 


Where Z is the length of the pendulum. In this derivation we have imp- 
licitly taken m i = Mg. But F the two masses were taken to be different 
hen we would have obtained the following expression for the period 
of the pendulum 
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where m; and m, respectively are the inertial and gravitational mass 
of the pendulum bob. Only if we setm; = m,, do we get the expression 
for T as written above. 

Newton made a pendulum whose bob was a hollow sphere made of 
tin. He put different substances into the hollow sphere one after another 
and measured the time period of the pendulum, making sure that the 
amplitude was the same in each case. He argued that when one subs- 
tance was replaced by another in the bob, any difference in accelera- 
tion could be due to a difference in the inertial mass. This difference 
would be indicated by a change in the time period. But in all cases, he 
found the time period to be the same, always given by the expression 


Fibs ft 
z 


Hence he concluded that m; = mg, i.e. the inertial and gravitational 
masses are equivalent. 


The degree of accuracy in Newton’s measurement was 1 in 10°. In 
1909 Eötvös devised an apparatus which had an accuracy as high as 5 
parts in 10°. He found that equal inertial masses always experienced 
equal gravitational foree to an accuracy of 5 in 109. In 1964 R.H. 
Dicke and his collaborators improved the accuracy by several hundreds 
and established the equivalence of the two types of masses. 

In classical physics, the equivalence of the inertial and gravitational 
mass was regarded as a surprising conclusion with no deep signific- 
ance, But in modern physics, this equivalence is of vital significance. 
It has provided a clue toa deeper understanding of gravitation. In 
fact this equivalence is the basic fact in the development of the general 


theory of relativity by Albert Einstei end of 
PRA RA y nstein (see Supplement at the en 


8.5 VARIATION OF g 


We have so far taken the acceleration due to gravity (g) to be a cons- 
tant. Recent high-precision measurements have shown that, even 0? 


the surface of the earth, the value of g vari lightly) 
froin! Und Hinos Polenaren g varies (though only slightly 


For bodies above the surface of the earth, th 2 
wi i : e value of g must dect 
ease with altitude. This can be seen by calculating g from Newt on's 
second law and the law of gravitation. According to these two laws 


the force exerted by the earth (of . mis 
given by (of mass M) on an object of mass 


and Pa omM 
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where r is the distance between the centre of the body and the centre 
of the earth, both assumed to be spheres. Equating the two forces, we 
have 


GmM 
e ly Wiel 
GM 
or ii 7 (8.2) 


This equation tells us that g is not a constant, it depends on various 
factors. First g decreases inversely as the square of the distance of the 
body from the centre of the earth, i.e. g decreases with altitude (see 
Table 8.1). Secondly, on the surface of the earth g is given by 

GM 
g= Be (8.3) 
where R is the radius of the earth assumed to be spherical. Since the 
earth is not perfectly spherical and its density also. not uniform, the 
value of g varies slightly with position on earth’s surface. 


Table 8.1 Variation of g with altitude at 45° latitude 


Altitude g 
(km) (ms~) 
0 9,806 
1 9.803 
4 9.794 
8 9.782 
16 9.757 
32 9.71 
100 9.60 


Notice the small variation of g with altitude. It may be remarked 
that the value of g varies slightly from place to place on earth also 
due to the rotation of the earth about its axis. 


Example 8.2 A body weighs 63 N on the surface of the earth. How 


much will it weigh at a height equal to half the radius of the earth? 


Solution The acceleration due to gravity at the surface of the earth is 
given by 


GM 
B= RE 
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where M is the mass of the earth and Å its radius. Therefore, the 
weight of a body on earth is 


GMm 


W. = mg = -E (i) 


At a height h above the surface of the earth, the value of g is 


we = GM 
Sh (R + hyp 
and the weight of the body at this height is 
G Mm 5 
W= RE Hp H 


Dividing Eqs (i) and (ii) we have 
E R Y 
Wo RF FET) 


It is given that h =} and W, = 63 N. Therefore 


if Reve R \? 
Oat" ( 2) 


ae 4 
Teo 


=28N 


EXAMPLE 8.3 An astronaut on the moon measures the acceleration 
due to gravity and finds it to be 1.67 ms~?, He knows that the earth is 


about 80 times more massive than the moon. What is his estimate of 


the ratio of radius of the earth to that of the moon? 


Solution We know that the acceleration due to gravity on the earth 
and the moon are given by 


_ oM, 
& = R 
GM, 
and E eed 
m R? 


Dividing the two equations we have 


Re =e 8m \"2 
R, ~ (ag, * #) 


alee Rene 
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8.6 GRAVITATIONAL POTENTIAL ENERGY 


In Chapter 6 we discussed the gravitational potential energy between 
a body and the earth. We considered the special case in which the 
body was close to the earth so that the gravitational force acting was 
constant for all positions of the body. In this case, the gravitational 
potential energy of a body of mass m at a height A (h < R, where R 
is the earth’s radius) above the earth’s surface could be obtained by 
simply finding the work done against the constant force (mg) in dis- 
placing the body through a distance #. Thus 


PE = mgh (8.4) 


In this expression the zero of the potential energy is taken (for con- 
venience) to be a point on the surface of the earth (h = 0). The choice 
of the,reference point for the zero of PE is arbitrary and is chosen for 
convenience. It is immaterial where the reference point is chosen, for 
eventually we consider only the difference in potential energy. Thus 
Eq. (8.4) actually represents the increase in PE of a body when it is 
raised from the earth’s surface (h = 0) to a height h. 

In this section we remove this restriction and consider the general 
case in. which the distance between the body and the earth may be 
greater than the earth’s radius. In this case, the gravitational force is 
variable and we have to use the method explained in Chapter 6 to 
compute the work done against the variable force. 

Consider a body of mass.m at a distance r (> R) from the centre of 
the earth of mass M; R being the radius of the earth. The gravitatio- 
nal force between them is 


GmM 
f= R (8.5) 


It is evident that F is zero when r tends to infinity, i.e. no force is 
required to hold the. body at an infinite distance from the earth. 
Hence, in this case, it is convenient to choose the reference point for 
zero of PE to be a point at infinity. 

The gravitational potential energy of amass m at a distance r from 
another mass M is defined as the amount of work done in bringing the 
mass m from infinity tosa distance r. This can be computed as follows. 

The work done in moving m by a small amount dr along the line 
joining the centres of m and M is 


dW = F dr 


The total work done in moving m from infinity,to a distance r is then 
given by 


m= |. Fdr 


= f CaN a 
Soy etl 
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Thus PES (8.6) 


The minus sign indicates that the potential energy is_negative at any 
finite distance r. The reason is that we have arbitrarily chosen the zero 
of PE to correspond to infinite separation between the masses m and 
M. With this choice of the zero potential energy, PE is always negative 
and increases to zero at infinity. 

The decrease in PE as the mass m moves in from infinity die 
the mass M implies that the work done by the gravitational force o 
mass M on mass m is positive. This follows from the work-energy pri- 
neiple described in Chapter 6. Since the gravitational force is conser- 
vative (see Ch. 6), Eq. (8.6) holds no matter what path the mass m 
follows in moving in from infinity to a position r. i 

We can use Eq. (8.6) to compute the amount of work done against 
the gravitational force of mass M to move the mass m from a distance 
r, (position A) to a distance r, (position B) as shown in Fig. 8.4. 


This work is given by [from Eq. (8.6)] 


K p an 
Wi, = GmM (= Ea =) (8.7) C) 2 w 


which represents the increase in PE. as if ——| a 
m moves ftom A to B. We can apply n —— 
this general expression to the special 

case of a mass near the surface of the Fig. 8.4 

earth. 


Potential Energy Near the Surface of the Earth 


Suppose a body of mass m is raised from the surface of the earth to a 
height h. In this case, setting r, = Rand r, = (R 4 h) in Eq. (8.7) 
we have (R is the earth’s radius) 
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For a body near the surface of the earth, h<Rand(& + h) in the 
denominator can be replaced by R. Thus we have 


A GmM h 
i= eRe 
or PE = mgh i zy = e) 


where agrees with Eq. (8.4). 


Note: The work done W, given by Eq. (8.7) measures the change in 
potential energy when the mass 7” is moved from r; to r, which may 
also be written as 

GmM 
ryt, 


Change in PE = Wi, = (r, — r) 

(i) If ry < ra, Wiz will be positive. This means that an outside agent 
has to do positive work (force and displacement in the same direction) 
in separating the two masses against their mutual gravitational attrac- 
tion. 

(ii) On the other hand, if > "2 W, will be negative. This means 
that the work has to be done by the gravitational force in bringing the 
two masses closer. When the two masses are released from a given 
separation, they accelerate towards each other because of mutual att- 
traction, The potential energy decreases resulting in an increase in 
kinetic energy. Thus when a stone is dropped, it accelerates down- 
wards towards, the earth at the rate of 9.8 ms. The earth must also 
accelerate upwards towards the stone. This acceleration of the earth is 
very small due to its enormous mass compared to that of the stone 
(see Example 8.4 below). 

EXAMPLE 8.4 Calculate the acceleration produced in the earth when a 
stone of mass 6 kg falls on it. Mass of earth (M) = 6 x 10 kg and 
acceleration due to gravity (g) = 9.8 ms *. 


Solution Let m be the mass of the stone. If F is the gravitational force 
between the stone and earth, their respective accelerations are given 
by 


F 
a, (= g&) = FA 
and a, = 7 
m 
vs a = xg 
6 x 9.8 
6 x 10% 


= 9.8 x 10 ms” 
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This acceleration is too small to be noticed. That is why we do not s¢é 
the earth rising towards the falling stone. 

However, if there are two objects with comparable masses, (m = 
M), their accelerations are comparable. If the objects are massive, their 
accelerations are large (because of large F) and they can be seen mov- 
ing towards each other. In fact, astronomers have actually observed 
two such objects in the sky. Two stars Sirius A and Sirius B move 
around each other because their masses are comparable. 


Grayitational Potential 


Just as we define electrical potential at a point in the electric field 
around a charge, we define gravitational potential at a point in the 
gravitational field around a mass. 


The gravitational potential V, at a point in the gravitational field of a 


V = - — (8.8) 


The minus sign indicates that the potential at infinity (which is taken 
to be zero by convention) is higher than the potential close to mass M. 


8.7 ESCAPE VELOCITY 


may escape the earth’ s 
velocity can be deduc- 


Consider of a body of mass m at a distance r from 
: the centre of the 
earth of mass M. Clearly, the gravitational force acting on the body is 


F = CMM 
r2 


Therefore, the work dW done by the bod: i itati 
» the v } Y against the gravitational 
pai a ce in moving upward through a further small distance 


dW = Far = mM y, 
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Hence, the total work W done by the body in escaping from the 

surface of the earth, i.e. in moving to an infinite distance away from 
it, is given by 


W= \ dW = GmM f- l, dr = mm |-} 
R Ror r 


R 
_ GmM 
iene 


where R is the radius of the earth. 


Let v, be the escape velocity. Then the initial kinetic energy of the 
body is 4 mv?. This must at least be equal to the work done by the 
body in escaping from the earth. We, therefore, have 


GmM 
$ mo? = R. 
or o = oa (8.9) 


The expression can also be written in terms of g, the acceleration 
due to gravity at the earth’s surface. 


Now Sha a 
GM 
or R gR 
Substituting in Eq. (8.9), we get 
_ v = V2gR (8.10) 


Putting g = 9.8 ms? and R = 6.38 x 10° m, we have 
ve = (2 x 9.8 x 6.38 x 106} = 11.2 x 10 ms 
= 11.2 kms! 


For planet Mercury the escape velocity is about 4.2 km s™! and for 
Jupiter it is 61 kms! 


An Interesting Consequence of Escape Velocity 


We notice from Eq. (8.9) that the escape velocity is independent of the 
mass of the body. Thus, very massive rockets and extremely tiny, par- 
ticles (such as the molecules of a gas) will require the same initial 
Velocity to escape from the earth or from any other planet or star. 

In Chapter 9, we shall learn that the molecules of a gas move 
around with a certain average velocity that depends on the nature a 
temperature of the gas. For oxygen, nitrogen, carbon dioxide an 


A 
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water vapour, the average velocity at moderate temperatures is of the 
order of (0.5 to 1.0) x 10° ms™ or (0.5 to 1.0) kms‘, whereas for 
lighter gases, such as hydrogen and helium it is (2-3) km s™!. Now, we 
know that the moon has no atmosphere. The velocity of escape from 
the moon is about 2.5 km s™'. It is clear that lighter gases, such as 
hydrogen and helium whose average molecular velocities are of the 
order of the escape velocity, will escape from the moon. The gravita- 
tional pull of the moon is too weak to hold these gases. Thus, in 
course of time, the gases that were supposed to be present in the at- 
mosphere of the moon, have escaped from it. The presence of the 
lighter gases in relative abundance in the atmosphere of the sun should 
not surprise us in view of the much stronger gravitational attraction of 


the sun and consequently much higher escape velocity which, for the 
sun, is about 620 kms !. 


ExamPte 8.5 Estimate the mass of the sun, assuming the orbit of the 
earth around the sun to be a circle. The distance between the sun and 
the earth is 1.49 x 10'! m and G = 6.67 x 10-!! N m? kg 2. 


Solution aie Era vitafional force of attraction between the sun and 
. Gm a 

the earth is —5~, where m is the mass of the earth, M that of the 

sun and r the distance between them. This, then, is the centripetal 


MEAN : 3 
force “> acting on the earth as it goes round the sun with a uniform 
speed v. Therefore 


GmM _ m? 
EEEN 
2 
or Eo 
G 
Here r= 1.49 x 10! m 


G = 6.67 x 10"! Nm? ke? 
Qrr ; A 
-y Where T'is the time taken by the earth to make one 


conidia revolution around the sun, i.e. 365 days or 365 x 24 x 
S. 


Substituting for r, G and v, we have 
PANE 4n? r? 
M = = = 
(73 ) Gio G 
4 x (3.14? x (1.49 x 10") 
(365 x 24 x 3600)? x (6.67 x 10711) 
= 1.97 x 10% kg 


and v = 
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EXAMPLE 8.6 Calculate the escape velocity on the surface of the 
moon. Given the radius of the moon = 1.7 x 10° m, mass of the 
moon = 7.35 x 10% kg and universal gravitational constant 

G = 6.67 x 10°! Nmê kg 2. 


Solution The escape velocity is given by 


ae 

ve = R 
=(? x 6.67 x 10°! x 7.35 x 10”)! 
ae SOM aie 


= 2.4 x 10? ms ! 

= 2.4 km oy 
EXAMPLE 8.7. A rocket is launched vertically from the surface of the 
earth with an initial speed ‘of 10 km s~". How far above the surface of 


the earth would it go? Radius of earth = 6400 km. Ignore the atmos- 
pheric resistance. 


Solution On the surface of the earth, the total energy is 4 
yait die ho A mM 
KE + PE =. 5 me G R 
At the highest point 
a=0 
mM 
= = G oe 
RE REI 
where h is the maximum height attained. 
From the law. of conservation of energy we have 


1 aura mM _ _ mM 
jake GER hin R oA 
pecol a 
VAMI RI IREA) 
Le M ) hR 
={ FE) (R +h) 
Si Rh 
=E RFH 
where g is the acceleration due to gravity on the surface of the earth, 
R+h _28R 
Therefore PE 
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=f 
or h=R (F Fa 1) 
2 x 9.8 x! 6.4% 106 _ T 
TA ( 108 : 
E h = 3.93 R 


= 3.93 x 6.4 x 10 km 
h= 2.5 x 104 km 
EXAMPLE 8.8 The escape velocity of a projectile on the earth’s sur- 
face is 11.2 km s™. A body is thrown up with three times this speed. 


What will be the speed of the body far away from the earth (i.e at 
infinity) assuming that the sun and planets do not influence its 


motion? 
Solution If v; and v; are respectively the initial and final speeds of the 
body, we have, from the law of conservation of energy 
3 mi — R = 5 my? © 
where m is the mass of the body and M is the mass of the earth and 
R its radius. The escape velocity is given by 
Using (ii) in (i) gives 
bmi — 4 mod = 4 rnd 

1p = (uP = oP) Gid 
and Kin 3 ve. Eq. (iii) then gives 
o= V3 n = V3 x 11.2 = 31,7 kms~! 


or 


Now z, = 11.2 kms~! 


EXAMPLE 8.9 A hole is drilled half-way to the centre of the earth. A 
body is dropped into the hole, How much will it weigh half-way down 


to the centre if it weighs 250 N on the surface of the earth? Assume 
the earth to be a sphere of uniform density, 


Solution As illustrated in Fig. 8.5, the gravitational force on mass mM 


arises only due to the mass of the sphere of radius r, The mass of this 
sphere is 


M' =F arp (i) 
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where p is the density of the earth. Hence 
the gravitational force on mass m is 


GmM' yi 
F = = Gi) 

From Egs (i) and (ii) we have 
; GMY M RR a 


where M is the mass of the Whole earth 
and R is its radius. But 


GM 
PEF 


Fig. 8.5 


the acceleration due to gravity at the surface of the earth. Also 


M _ @)arpy P 
M (4/3)7 Rp RP 


Therefore Eq. (iii) becomes 


r, r 
RER 
where F = mg is the weight on the surface ‘of the earth. Itis given 
that F = 250 N and r = R/2. Hence 
BOR 
TRR 


F = mg 


= le SN 


i 
EXAMPLE 8.10 A body is released from above atia distance r from 
the centre of the earth. Compute the velocity of the body when it 
strikes the surface of the’ earth. 


Solution Since the initial velocity of the body is zero, its total energy 
1s 


E= -— G — 
r 


where m is the mass of the body and Mis the mass of the earth. 
When the body reaches the earth’s surface, its velocity is v and its 
ieee from the centre of the earth is the earth’s radius R. There- 
ore, 
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Equating the values of Æ in the above two equations and neglecting 
the air resistance, we have 


1 Mm _ ia mM 
Solving for v we have 
1 1Y 
GM 
Also, / g= Re 


1 1 1 1\7!2 
#= Rs (2-2) or o=R|2e(3 - 7) | 


This expression can also be used for finding the distance r reached by 
a body thrown vertically with a velocity v from the surface of the 
earth. 

If the body is released at a great height so that 1/r is negligible 
compared with 1/R, we get 


v= V/2Re ~ 
which is the expression for the escape velocity. 


8.8 GEOSTATIONARY SATELLITES 


A body moving in an orbit around the earth is called the earth’s satel- 
lite. The moon is the natural satellite of the earth. It goes around the 
earth once in 27.3 days in a nearly circular orbit of mean radius 3.85 
x 10° km. The first artificial (i.e. man-made) satellite was launched 
in 1956. Since then many artificial satellites. have been launched and 
put into orbit a few hundred kilometres above the surface of the earth. 
India launched its first satellite, named Aryabhatta, on April 19, 1975. 


Orbital Velocity 


Artificial satellites are put into orbit at an altitude of a few hundred 
kilometres. At this height, the air is extremely rarefied and the friction 
due to it is negligible.. The satellite is carried by a rocket which, on 
achieving the desired height, releases the satellite horizontally by im- 
parting to it a very high velocity so that it remains moving in a nearly 
circular orbit. We now ask if there is any prescribed value of the 
velocity of the satellite: for it to be able to continue to move in an 
orbit? The answer is, yes. The reason is that for a body to move in 
a circular path, a centripetal force (dependent on the velocity) must 
be provided, 
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The velocity which is imparted to an artificial satellite a few hund- 
ted kilometers above the earth’s surface so that it may start orbiting 
the earth is called the orbital velocity. 

We shall now calculate the value of orbital velocity and show that 
it is about 8 kms 1. 

Let us assume that a satellite of mass goes around the earth in 
a circular orbit of radius r with a uniform speed v. If the height of 
the satellite above the earth’s surface is h, then r = (R + h), where 


. a m: 
R is the mean radius of the earth. The centripetal force me neces- 
sary to keep the satellite in its circular orbit is provided by the gra- 


vitational force s between the earth and the satellite. This 
means that 
moi gm 
PUNIRE 
where M is the mass of the earth. Thus 
om [Ma fe igi 
Now the acceleration due to gravity on carth’s surface is given by 
GM 
g = Re 
or GM = gR? 
Substituting for GM in Eq. (8.11) we get 


If the satellite is a few hundred kilometres above the earth’s sur- 
face (say 100 to 300 km), we can replace (R + /) by R. The error a 
volved in this approximation is negligible since the radius of the eart! 


(R) = 64 x 10°m = 6400 km. 
Thus, we may write 
» = VER = V98 x 64 x 10° 
= 7.9.x 10 m s7! = 8km s! 


ll 


Geostationary Satellites 


icular type used in communication. 


llites are launched which remain in 
hey are call- 


A geostationary satellite is a part 
number of communication sate T 
ed positions at a specified height above the equator. 
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ed geostationary or synchronous satellites used in international com- 
munication. Some television programmes or events occurring in distant | 
countries are often relayed ‘live’ via these satellites. 

For a satellite to appear fixed at a position above a certain place 
on the earth, it must corotate with the earth so that its orbital period 
around the earth is exactly equal to the rotational period of the earth 
about its axis of rotation. Can this condition be satisfied at any height 
above the earth? The answer is yes, as we shall sce. 

Suppose a satellite of mass m is in a circular orbit round the earth 
at a distance r from the centre of the earth. For synchronisation, its 
period of revolution round the earth must equal the period of rotation 
(T) of the earth which is 1 day = 86400 seconds. Then the orbital 
speed is given by 


_ circumference of orbit 


period 
OF a z ; (8.13) 
The centripetal acceleration is [using Eq. (8.13)] 
2 Amr 
4, = a = TE (8.14) 
The gravitational force on the satellite due to the earth is 
Fe omm (8.15) 
r 


where M is the mass of the earth. From Newton’s. second law of 
motion, we have 


F= m, (8.16) 
Using Eq. (8.15) in Eq. (8.16) we get 
GM 
=o (8.17) 
Now we know that 
pie ou (8.18) 


vies is the radius of the earth, Using Eqs (8.14), (8.17) and (8.18) 
we ge 


T2 
tT a x gR? 


Tg R2 1/3 
or ro ( rin ) (8.19) 
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Equation (8.19) gives the orbital radius of a geostationary satellite. 
Substituting T = 86400.s, R = 6.38 x 10°m and g = 9.8 ms in 
Eg. (8.19) gives 


r = 42,250 km 
Therefore, the height of satellite above the surface of the earth is 
h =r — R= 35,870 km 


Thus, for a satellite to’appear stationary, it must be placed in orbit 
round the earth at a height of 35,870 km from the earth’s surface. 
This is often called the parking orbit of the satellite. Relay satellites 
are placed in parking orbits to transmit TV programmes from one 
part of the world to another. 


8.9 PLANETARY MOTION 


Ptolemy, a Greek astronomer who lived in the second century AD, 
was one of the. earliest to make a detailed study of the motion of 
planets ‘and their relative positions in space. He advanced a theory 
called the Geocentric theory which considered the earth as the centre 
of the universe, around which all the planets, the moon and the stars 
revolved in various orbits. The orbits proposed by the theory were 
very complex. Despite its complexities, the theory was universally 
accepted for more than fourteen centuries. 

In the year 1543, a Polish astronomer Copernicus proposed a new 

theory called the Heliocentric theory, according to which the sun was 
at the centre with planets revolving around it in various orbits. Co- 
Pernicus also believed that the earth rotated on its axis once each 
day, The great Indian mathematician and astronomer Aryabhat, who 
lived in the fifth century AD had made astronomical observations 
and said that the earth moved about an axis. 
_ The two scientists whose contributions made the most profound 
impact on the understanding of the universe were a Danish astrono- 
mer Tycho Brahe (1546-1601) and a German theorist Johannes Kepler 
(1571-1630). Tycho Brahe made very accurate observations of the 
Motion of planets and Kepler analysed these observations carefully and 
Systematically and modified the heliocentric theory. Kepler was able 
to unify the observations into three empirical laws relating to planet- 
ary motion, These laws formed the basis of the famous Newton’s law 
of universal grayitation. 


Kepler’s Laws of Planetary Motion 


Kepler (1571-1680) made a careful study of Tycho Brahe’s records of 
observations on planetary motion and proposed the following three 
aws, now known after his name, as Kepler’s laws. 
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1. Each planet revolves round the sun in an elliptical orbit with the 
sun at one focus of the ellipse (the law of orbits). 


2. The line joining the sun and the planet sweeps out equal areas in 
equal times (the law of areas). 


3. The squares of the periods of revolution of the planets are propor- 
tional to the cubes of their mean distances from the sun (the law of 
periods). 


Figure 8.6 shows the elliptical orbit of a planet round the sun at 
one focus of the ellipse. The shaded portions are the areas swept out 
by, the line joining the sun and the planet in equal intervals of time. Jf 
ris the mean distance of the planet from the sun and T the time 
period of its revolution, then Kepler’s third law states that 


Pon ps 
T2 
or z3 = Constant for all planets 


Liked ; Elliptical orbit 


Fig. 8.6 Kepler’s laws of planetary motion 


The speed of the planet in its orbit varies but the variation is such 
that the areas swept out (shown shaded) in equal times are equal. The 
gravitational force between the sun and the planet provides the nece- 
ssary inward force to keep it in orbit, 


Kepler’s laws were empirical. Kepler could not give a theoretical 
proof of his laws. He obtained. them by inductive reasoning. It is 
inded remarkable that the predictions of the positions of planets 
based on Keplet’s laws! agree very well with, observation. 


Derivation of Kepler’s Law of Periods from the Law of Gravitation 


Newton was able to give complete derivations of Kepler’s laws. His 
derivations, which use calculus, are beyond the mathematical level of 
this book. We will give here a simpler derivation of Kepler’s third law 
without using calculus. Let us assume that the planet of mass m moves 
around the sun of mass M in a circular orbit of radius r. Hence, from 


Newton’s law of gravitation, the force of attraction of the sun on the 
planet is given by 


mM 
phn ees 
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if this force is the centripetal force keeping the planet in orbit, then 
(see Fig. 8.7) 
m? 

r ` 
where v is the speed of the planet in the 


circular orbit. Therefore, equating the two, 
we have 


Ihi 


m’ g mM 
K r 
or aoe (i) 


IfT is the period of revolution of the 
planet around the circle, 


PE ga (ii) Fig. 8.7 
Substituting (ii) in (i), we get 
47r? GM 
TORIN, 
$ r M 
T2 4 n2 


i 
. i 3 ites 
Since GM is constant for any planet, it follows that 7, is constant, 


72 
which is Kepler’s third law. 


Exampre 8.11 If the earth were a perfect sphere of radius 6.37 x 
10° m, rotating about its axis with a period of 1 day (= 8.64 x 10° s), 
how much would the acceleration due to gravity (g) differ from the 
Poles to the equator? 


Solution Let us take an object of mass mand measure its weight at 
the poles and at the equator with a spring balance, At the north or 
south pole, the object has no rotation about the polar axis. The resto- 
Ting force F, in the spring measures the weight mg, of the object, 
where g, is the acceleration due to gravity at the poles (Fig. 8.8a). 

When the same object is taken to the equator, it rotates with the 
carth at an angular velocity w given by 


AAA 
hy hike 
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where Tis the rotational period of,the earth. The object, therefore, 
has a centripetal acceleration Rw? which is directed to the centre of 
the earth. Here R is the radius of the earth (Fig. 8.8 (b)). The restoring 
force F, on the spring acting upwards is, therefore, given by 


F, = mg, — MRa? 


mgp-mRes? 


Fig. 8.8 


~ But Fe = Mge, where ge is the acceleration due to gravity at the equ- 
ator. Thus we have 


or &p — a we 


— (6.37 x 10°) x @ x 3,14)? 
(8.64 x 104) P 

ioe = 0,0337 m s~? 

EXAMPLE 8.12 Calculate the minimum energy required to launch a 


250 kg satellite from earth’s surface in a circular orbit at an altitude 


of 2 R, where R is thé radius of the earth and is km. 
Mass of the earth = 6 x 10% kg. Ast oh 


Solution Consider a satellite of mass m moving with a speed vat an 
altitude 7 (measured from the centte of the earth), Then 
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Kinetic energy (KE) = $ mo? 
Gravitational potential energy (PE) = — Sas 


where M is the mass of the earth. 
For a satellite in circular orbit, we have 


2 G. 
mo. EMM A 
fal F r 
1 9. GmM 
S PT ae 
x GmM 
XE KE = a 


Thus the KE of a satellite in a circular orbit is numerically half its PE 
but opposite in sign. The total energy of the satellite in orbit is- 


E = KE + PE 
_GmM _ GnM _ _ GmM 
a ee Pa 2r 


It is given that r =2R+R=3R, where Ris the radius of the 
earth. 


GmM 
RENT 
GmM 
Now PE on the surface of the earth = — = 
att GmM GmM 
Minimum energy required (Enin) = — GR (- R ) 
__5GmM 
Tee 


Substituting the given values of m, M and R and G = 6.67 x 10-1! 
Nm? kg~, we get 
Enin = 1.3 x 10! J 


EXAMPLE 8.13. A high jumper.can jump 2.0 m on carth.: With the 
Same effort how high will he be able to jump on a planet whose den- 
sity is one-third and radius’one-fourth those of the earth? 


Solution Suppose the person of mass m jumps avheight. h. on earth 
and a height h, on the planet. If he gives himself the same kinetic 
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energy on the earth and on the planet, the potential energy gained at 
maximum height will be the same, i.e. 

ME pNy = ME che 
where g, and g, are the accelerations due to gravity on the planet 
and on earth respectively. So 


Ee ii A 
Ties a Oe, (i) 
P A 
Now for the earth, 
GM, G 4r 4r p> 
a-g (F Rn) = “FG R p. (ii) 


where R, and p, are respectively the radius and. density of the earth. 
Similarly for the planet we have 


&) = = GR, Pp (iii) 
From (ii) and (iii), we get 
BAUR As 
<= SS = 4x 3= 12 
Ep Rppo 


From (i) we have 
h, = 12 x 2 = 24 m 


8.10 TORQUE DUE TO GRAVITY: CENTRE OF GRAVITY 


While determining the gravitational potential energy of a spherical 
body at a certain distance from the earth, we had assumed that the 
body and the earth behave as if their entire mass were concentrated at 
their centres. We will now show that this assumption is true. For 
simplicity, we will consider the case in which the acceleration due to 
gravity (g) is constant. 

We have seen in Chapter 7 that, while dealing with extended bodies, 
an important quantity we must consider is the torque about any point 
in the body due to forces acting at all points in the body. Here we 
consider only the gravitational forces. 


ae 

Consider a body in a constant gravitational field ( g = constant at 

all points of the body). We regard the body as being made up of a 

large number of point masses. Consider one such point mass m; loca- 
> 


ted at position vector r; with respect to an arbitrary origin O, as shown 
in Fig. 8.9. We will find the total torque about O. Since the force 
acting on 7; is m; g, the total torque about O is given by 


> > => => >> > 
t= LS Lx mes=Lm,r, x gs 
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Fig. 8.9 Torque due to gravity about a 
point O in a body 


where the summation is taken over all the mass points of the body. 


oe 
Since g is constant, we can write 


TEn 7) x8 


Now from the definition of the centre of mass we have 
=> => —> 
Lm r, = Ros u m = Rou M 


-> 
where M = Y, m, is the total mass of the body and Roy is the radius 
vector drawn from O to the centre of mass of the body. 


> > => 
Thus, t = Rom x (Mg) 
Thus we find that the torque acts as if the entire mass M of the body 


=>. 
were concentrated at its centre of mass at which the force (M g) ap- 
pears to act. 


> 
If the point, O itself happens to be the centre of mass then Rey = 0 
> 


because the radius vector Rem is now drawn from O to itself which is 
obviously zero. Hence the torque about the centre of mass of the body 
is zero, i.e. the body is in equilibrium under gravity. That is why the 
centre of mass is often called the centre of gravity. It is evident that 
the centre of gravity of a sphere (with a uniform mass distribution) is 
located at its centre. Thus a uniform spherical body behaves as if its 
entire mass were concentrated at its centre. i 


MC HARA ne 
‘SUPPLEMENT y 
The General Theory of Relativity, pooo jn 


Albert Einstein, one of the greatest’ human minds ever, was born on 
March 14, 1879 in the German city of Ulm, near Minchen. His revo- 
lutionary ideas about space aiid ‘time have'become part and -parcel of 
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modern physics. In 1905, he proposed his Special Theory of Relativity 
which is a modification of Newton’s laws of motion. It turns out that 
as long as we are dealing with velocities (v) which are small compared 
to c, the velocity of light in vacuum (v < c), Newton’s laws give an 
adequate description of motion. But when the ratio v/c — 1, depar- 
tures become marked. Einstein had to change the accepted notions of 
space and time to account for such departures. The conclusions of his 
special theory of relativity have since been confirmed experimentally 
in the laboratory. The famous relation E = mc? enables us to calcu- 
late the energy released in nuclear fission and fusion reactions. 


Einstein’s special theory of relativity considered how natural pheno- 
mena appear when viewed from different inertial (i.e. non-accelerating) 
frames with his new notion about space and time which are considered 
on an equal footing. 


Einstein wanted to incofporate gravitation into his spacetime pic- 
turce. Because gravitation produces acceleration in material bodies, he 
had to consider phenomena in accelerated frames (i.e. non-inertial 
frames). He got the clue from the equivalence of gravitational and 
inertial mass of a body. He argued that bya suitable selection of an 
accelerated frame with respect to an inertial frame, gravitation could 
be increased, decreased or even annulled. This was a stroke of super- 
human genius. We can understand it by an example. 

Imagine that you are in lift (or elevator) and the cable is cut. The 
lift falls freely. You and all objects in the lift will fall with the same 
acceleration (g) and will be in a state of ‘weightlessness’. You and all 
objects around you will float around. The gravity is absent, i.e. it has 
been annulled. Your freely falling (i.e. accelerating) frame has cancelled 
gravity due to its acceleration. Now imagine that you are in a space-ship 
far away from the earth where gravity is negligible. If the space-ship 
is accelerated upwards (by shooting rockets downwards), you will begin 
to feel gravity as the floor of the ship presses your feet. Thus you have 
‘created’ gravity using an upward accelerated frame. 

To include gravitation, therefore, Einstein had to generalize his 
special theory of relativity by considering accelerated frames. He 
accomplished this formidable task in 1915 and developed the General 
Theory of Relativity which revolutionized our idea of gravitation. The 
predictions of his new theory such as bending of light rays by gravi- 


tation and the discrepancy in the precession of planet Mercury have 
been confirmed. 


A Biographical Note on Einstein 


Albert Einstein, was born on 14th March, 1879, in the German city 
of Ulm, near München. As ‘a child he was very slow in learning to 
speak. This created an apprehension that he might be mentally retarded. 
After his parents had moved to Italy, Einstein tried to enter the Fed- 
eral Polytechnic School in Zurich. He failed in his first attempt. 
Although he did remarkably well in mathematics, he failed in modern 
languages, zoology, and botany. After managing to gain entrance, he 
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successfully graduated in the summer of 1900. This lack of interest in 
studies made one of his high school teachers remark, “You will never 
amount to anything, Einstein’. |, 

Two years after his graduation with the influence of his friend’s 
father, Einstein managed to get a steady job as a patent examiner in 
the Swiss Patent Office in Berne. 

It was while working at the patent office in Berne that Einstein 
published four epoch-making papers in 1905. This was an event 
unique in the history of science. These papers were to change our 
view of the Universe in a profound and far-reaching manner. 

Einstein’s first paper contained an explanation of the photoelectric 
effect—the phenomenon of emission of electrons from a metallic 
surface when light falls on it. His theory postulated that light consists 
of particles (which were later named photons by G.N. Lewis). These 
ideas were experimentally confirmed by Millikan, nine years later. For 
this work, Einstein was awarded the Nobel Prize in 1921. His second 
paper provided an explanation of Brownian motion. This consists of 
the random motion of microscopic particles suspended in a viscous 
medium, like pollen grains suspended in water, which was first observ- 
ed, under the microscope, by the Scottish botanist, Robert Brown in 
1827. The experimental confirmation of Einstein’s theory by Perrin, 
Svedberg, Westgren, and others, was the first direct experimental evi- 
dence for the existence of atoms and molecules. 

Einstein’s third paper developed the theory of special relativity. In a 
footnote to this paper, Einstein derived the famous E = mc? formula. 
This is the basis of energy generation in nuclear fission (in an atom 
a or a reactor) and fusion (in stellar sources, the hydrogen bomb, 
etc.). 

After ten years of effort, Einstein published his monumental work, 
“Foundations of the General Theory of Relativity”, in 1916. This was 
a reformulation of the laws of physics so as to make them invariant 
with respect to non-inertial observers. Einstein’s general theory is a 
theory of gravitation which is based on the geometry of space-time. 
All the predictions of this theory have been confirmed by experiment. 
It is the starting point of all cosmological models of the Universe. 

After the end of the First World War the rise of militarism in Ger- 
many horrified Einstein. In 1933 the Nazi leader Adolf Hitler became 
Chancellor of the German Reich. When the systematic persecution of 
Jews started, Einstein left Germany in 1933, never to return. He settled 
down in the United States at Princeton, New Jersey, and took upa 
post at the Institute for Advanced Studies. This last phase of Einstein's 
life was not very productive in terms of scientific achievements. He 
attempted to unify gravitation and electromagnetism but was not 
successful. 

On April 18, 1955, Einstein died in his sleep at the Princeton 
Hospital, 
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SUMMARY 


Newton’s law of universal gravitation’ states that any two particles 
of matter anywhere in the universe attract each other with a force 
which is directly proportional'to the product of their, masses and inver- 
sely proportional to the square of the distance between them, i.e. 


wa n pa Stig 


where G = 6.67» ¢40-!', Nm? kg is the universal gravitation con- 
stant, 


The acceleration due to gravity. on:the surface of a planet of mass 
Mand radius R (assumed: spherical and of uniform mass density) is 
given by \ 


I 


& 


The gravitational potential energy of a mass m at a distance ” from 
another mass M is defined as the amount of work done in bringing the 
mass m from infinity to a distance r and is given by 


a GmM 
r 


PE = 


PE is always negative and increases to zero at infinity. The gravita- 
tional potential is given by 


The escape velocity for a planet of mass M and radius R is 


an MG 
‘ ve = TERS 
= V2gR 


Kepler’s laws of planetary motion are: 


1. Each planet revolves round the sun in an elliptical orbit with the 
sun at one focus of the ellipse. 


_ 2, The line joining the sun and the planet sweeps out equal areas 
in equal times. 


_ 3. The square of the period of revolution of the planet is propot- 
tional to the cube of its mean distance from the sun, 


N 
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EXERCISES 


. State Newton’s law of universal gravitation. How did Newton arrive at 


the law? 

What is the universal gravitation constant? In what sense is it a universal 
constant? State its value with units. 

Briefly describe the Cavendish torsion balance, How isit used to mea- 
sure G? 

How did Cavendish ‘weigh’ the earth? 

Distinguish clearly between the inertial and gravitational mass of a body, 
Comment on their equivalence. 

Discuss the variaticn of g with altitude. Why are the values of g different 
at the poles and the equator? 

Define gravitational potential energy, Deduce. the expression for it for a 
mass in the gravitational field of the earth. 


- Define gravitational potential at a point in a gravitational field. 


What is escape velocity? Obtain an expression for the escape velocity for 
a planet. 


. The moon has no atmosphere. Why? 
- What are geostationary satellites? Deduce the expression for the orbital 


radius of a geostationary satellite. 


. State Kepler’s laws of planetary motion. How will you deduce the law of 


periods from the law of gravitation? 


. Obtain an expression for the torque acting on a body due to gravity and 


hence show that the entire mass of an extended body may be treated to 
be concentrated at its centre of mass. 


. Write a brief essay on Einstein’s general theory of ‘relativity. 


PROBLEMS 
(Take G = 6.67 x 10-11 Nm? kg- wherever necessary.) 


- The acceleration due to gravity on the surface of the moon is 1.7 m s=, 


If the average radius of the moon is 1.7 x 10° m, compute its mass. 


. The mass of the planet Jupiter is 1.9 x 10% kg and that of the 


sun is 1.99 x 10% kg. The mean distance of the sun from Jupiter is 
7.8 x 10 m, Calculate the gravitational force which the sun exerts on 
Jupiter. Assuming that Jupiter moves in a circular orbit around the sun, 


calculate the speed of Jupiter. 


- Calculat» the value of the escape velocity for a particle of a gas 1000 km 


above the surface of (i) the earth, (ii) the moon and (iii) the sun. Given 
mass of the earth = 5.98 x 10% kg, its radius = 6.37 x 10°m; mass of 
the moon = 7.34 x 10° kg, its radius = 1.74 x 10° m; mass of the sun 


= 1.99 x 10% kg, its radius = 6.96 x 103 m. 


- Two isolated equal masses of 6.40kg are separated bya distance of 


0.16 m. A small mass is released from a point P equidistant from the two 
heavy masses and at a height 0.06 m from the line joining them (see Fig. 


8.10). Calculate the velocity of this mass when it passes point Q, 
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ea 0:1 6m —_——_—_- 


Fig. 8.10 


5. If the earth were rotating about its axis at an angular velocity of 1.237 


x 10-* rad s-4, what would be the weight of a body of mass 5 kg at the 
equator? 


6. An artificial satellite moving in a circular orbit around the earth has a 


period of revolution equal to that of its rotation about its own axis. 
Find its distance from the earth’s surface. Radius of earth = 6400 km. 


7. Find the velocity acquired by a body in falling to the surface of the earth 


from 


(a) an extremely large distance 
(b) a point distant twice the earth’s radius from its surface. 
R = 6400 km. 


8. A research satellite of mass 200 kg circles the earth in an orbit of ave- 


rage radius 3R/2 where R is the radius of the earth. Assuming the gravi- 
tational pull on a mass 1 kg at the earth’s surface to be 10 N, calculate 
the pull on the satellite. 


9. Taking the earth to be a uniform sphere of radius 6400 km, and the 


10. 


it. 


value of g at the surface to be 10 m s~*, calculate the total energy needed 
to raise a satellite of mass 2000 kg to a height of 800 km above the 
ground and to set it into a circular orbit at that altitude. 

A satellite revolving in a circular equatorial orbit of radius 2 x 10* km 
from west to east appears over a certain point at the equator every 11.6 
hours. Calculate the mass of the earth. d 
What is the acceleration of a satellite moving in a circular orbit of radius 
2R round the earth of radius R. 

The maximum height up to which a fully-dressed astronaut can jump 0D 
the earth is 0.5 m. With the same effort, to what height can he jump on 
the moon? What is the ratio of the time duration of his jump on the 
moon to that on the earth? The mean density of the moon is 2/3 that of 
the earth and the radius of the moon is 1 /4 that of the earth, 
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9.1 INTRODUCTION 


A significant development in science took place when man began to 
consider the properties of matter, rather than the behaviour of 
particular objects. It is one thing to know the properties of various 
iron objects of all sizes and shapes, but it is surely of greater impor- 
tance to study the nature of the substance iron itself than to limit 
ourselves to specific iron objects. Every substance, such as iron or 
aluminium, has its own characteristic properties, namely, heat conduc- 
tivity, electrical conductivity, specific gravity and specific heat, to 
mention only a few. Can we go a step further and consider what, if 
anything, is common to both iron and aluminium? The study of this 


aspect deals with the structure of matter. 


9.2 THE ATOMIC HYPOTHESIS: ATOMS AND 
MOLECULES 


What would happen if you cut a piece of iron in two halves, then cut 
the halves in half and continue to subdivide the substance into tinier 
and tinier pieces? Would you ever obtain the tiniest piece of iron 
which cannot be further subdivided? Or is matter continuous? Man 
has asked these questions about the ultimate nature of matter since 
the time of the ancient Greeks, Democritus, the Greek philosopher who 
lived in the fifth century BC believed that there 1s a limit to how far 
matter can be subdivided. These tiny particles of matter beyond 
which no further subdivision was possible were called ‘atoms’ which 
in Greek means ‘indivisible’. However, many ancient philosophers, 
including Aristotle, believed that matter was continuous, consisting of 
four basic elements earth, air, water and fire. 

The continuous theory and the atomic theory of matter had a num- 
ber of followers, However, towards the end of the 16th century, phi- 
losophers noticed that certain aspects of the behaviour of matter were 
easily understood in terms of the atomic theory. But the atomic theory 
was not universally accepted until chemical experiments were per- 
formed in the 18th and early 19th centuries. 


290 Physics far Class XI 


Elements and Compounds 


Chemists have long been concerned with how different materials could 
be combined to form other materials or with questions like whether 
a given substance could be broken down into simpler substances. They 
found that certain substances such as iron, gold and silver could not 
be broken down by any chemical means. They called them elements. 
Other substances were found to be made up of combinations of ele- 
ments and were called compounds. For example, water is a compound 
because it can be broken down into the elements hydrogen and oxy- 
gen. In the year 1800 chemists discovered the Zaw of definite propor- 
tions, which says that when two or more elements combine to form 
a compound, they always do so in the same proportion by mass. For 
example, water is always formed from one part of hydrogen and eight 
parts of oxygen. Similarly common salt (sodium chloride) is always 
formed by combining 23 parts by mass of sodium with 35 parts by 
mass of chlorine. 

It was the British scientist John Dalton who, inthe year 1808, re- 
cognised that the law of definite Proportions could be explained only 
by the theory that elements consist of atoms. He argued that the 
weight proportions required to make a compound correspond. to the 
relative masses of the combining atoms. For example, to explain why 
23 parts by mass of sodium always combine with 35 parts by mass of 

~ chlorine to form the compound sodium chloride, Dalton reasoned as 
follows: each atom of sodium combines with a single atom of chlorine 
and one atom of sodium have a mass 23/35 times the mass of one 
atom of chlorine. The combination of one sodium atom and one 


chlorine atom was called a molecule by Dalton. Thusa molecule is a 
fixed combination of atoms, 


The atomic theory neatly describes the difference between elements 
and compounds. Substances that contain only one kind of atoms, such 
as iron and aluminium, are elements, Substances that are made up of 
one kind of molecules, such as water and common salt, are compounds. 
A molecule comprises atoms; it may consists of atoms of the same 
kind or different kinds, For example a hydrogen molecule consists of 
atoms of the same kind whereas a water molecule contains atoms of 
different kinds. Molecules, in general, may contain any number of 
atoms. Those having just one atom are called monoatomic molecules, 
those with two atoms are called diatomic molecules, Often molecules 
may be polyatomic (see Fig. 9.1) 


9.3 BROWNIAN MOTION 


Perhaps the most direct y 
matter was a phenomenon discovered accidentally by botanist Robert 
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Fig. 9.1 Monoatomic, diatomic and polyatomic molecules 


was surprised to see that the tiny grains were in a state of continuous 
vigorous haphazard motion even though the water was perfectly still. 
This phenomenon is called Brownian motion, The haphazard path of 
a typical grain is shown in Fig. 9.2. 


Experimental Demonstration of Brownian Motion 


The experiment to observe Brownian motion is illustrated in Fig. 9.3. 
The apparatus consists of a glass cell containing water in which very 
fine particles of graphite are suspended. The particles are illuminated 
by focussing light from a bright source by means of a convex lens as 
shown. When viewed through a microscope, these particles appear as 
bright points moving about in haphazard fashion as pollen grains ob- 
served by Brown (Fig, 9.2). 


Ms 
Microscope 
Glass cell 
tA Light 
Source feng 
Fig. 9.2 Brownian motion Fig, 9.3 Experiment to observe Brownian 


motion 


This experiment shows Brownian motion in a liquid. To see this 
Movement in a gas, such as air, the glass cell is filled with air contain- 
ing a little smoke from a burning candle. The smoke consists of tiny 
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particles of combustion products. These particles also show a simi- 
lar haphazard movement. 


Explanation of Brownian Motion 


Brownian motion is easily explained if we assume that the molecules 
in a substance are constantly moving with large speeds (Fig. ie 
Thus the tiny pollen grains in Brown’s experiment are po y 
‘bombarded’ by the fast moving molecules of water. The molecules 
themselves, of course, are so small that they 
cannot be seen even with the most power- 
ful microscope. A piece of wood floating in 
still water is too large and has too much iner- 
tia to be influenced by the bombardment by 
the molecules. But a pollen grain (although 
much larger than a water molecule) is so small 
that if several molecules strike its imultane- 
ously, it rebounds. The random bombard- 
ment of water molecules from all directions 
thus gives rise to the observed zig-zag motion 
of Fig. 9.2. 

The fact that the molecules are able to kick 


a pollen grain shows that the molecules must be moving with very 
high speeds. 


Fig. 9.4 


Factors Governing Brownian Motion 
How large is the Brownian 
If the 


Table 9.1 Factors overn’ng brownian motion of a particle 


Factor Effect 


1. Decrease in size of particle 

2. Decrease in density of medium 

3. Increase in temperature of medium 
4. Tacrease in viscosity of medium 


1. Increase in Brownian motion 
2. Increase in Brownian motion 
3. Increase in Brownian motion 
4, Decrease in Brownian motion 
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Atomic and Molecular Sizes 


It was Albert Einstein who, in the year 1905, first explained Brownian 
motion using the atomic point of view. The theoretical investigations 
of physcists such as Rudolf Clausius, Einstein and Jean Perrin in the 
19th century predicted reasonably accurately the atomic diameters. It 
was found that atoms do not vary a great deal in size even though 
their masses cover a wide range (if the atomic mass of hydrogen is 1 
unit, the atomic mass of uranium will be 238 units). Most atoms have 
a diameter in the range 1.0 x 1078 cm to 2.0 x 10-* cm. 


Molecules, on the other hand, have a wide range of sizes. The size 
of a molecule depends upon the number of atoms that it consists of. 
Most molecules are small because they comprise only a few atoms. 
For example, a water molecule has a size of about 3.0 x 1075 cm. 
At the other extreme are the long macromolecules found in plastics 
and living organisms. For example, if one DNA molecule in a human 
cell were stretched out, it would be about 10 cm long. 


Brownian Motion of Larger Objects 


Particles, such as pollen grains, are not the only ones that undergo 
Brownian motion. The molecules of a gas themselves are in Brownian 


Mirror 


l 


o vacuum pump 


+5 
10 atm 


(b) 
Fig. 9.5 (a) Brownian motion of a suspended mirror ; 
(b) Photographic record of the random twisting of the 
suspended mirror at two pressures 
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movement owing to collisions with other molecules. Brownian move- 
ment of bigger objects has also been observed. Figure 9.5 (a) illustra- 
tes a famous experiment for observing the Brownian movement ofa 
suspended mirror. 


A small mirror is suspended by a fine quartz fibre in a glass cham- 
ber which is connected to a vacuum pump so that the air pressure 
in the chamber can be varied. The mirror will be hit by the air mole- 
cules and should show Brownian motion. The small twisting of the 
mirror is detected by the movement of a spot of light incident on it 
and reflected on to a movable photographic film. Figure 9.5 (b) shows 
the photographic record of the motion of the mirror at two pressures 
of air in the chamber. Decrease in air pressure increases Brownian 
motion of the air, 


9.4 AVOGADRO NUMBER 


Can you guess how many molecules of water are there ina glass of 
water? There are about 10*° molecules in about 250 cc of water. This 
is an enormous number. Such large numbers are not found by actual 
counting; it would take millions of years to count so many molecules 
if we could see them. How then do we find the number of molecules 
in a given substance? 

We begin by defining the Avogadro number which is named after 
Amadeo Avogadro de Quarenga (1776-1856). The Avogadro number 
is the number of molecules in a mole of a substance and its value is 


N = 6.0225 x 10% 


Why a mole of any substance contains the same number of molecules 
and why a mole is chosen as a standard, can be understood from the 
following arguments. 

We know that all atoms of a given element are identical and have 
the same mass. Similarly all molecules of a given compound are iden- 
tical and have the same mass. But the masses of atoms and molecules 
of different substances are different. We can compare the masses 0 
atoms and molecules of different substances. For example, we know 
that two molecules of water decompose into two molecules of hydro- 
gen and one molecule of oxygen. A given volume of water is decom- 
posed and hydrogen and oxygen released are collected and weighed. 
Comparing their masses we can find the relative masses of oxygen and 
hydrogen molecules. We can use this method to find the relative mas- 
ses of molecules of different substances, : 


; To express these masses we choose a standard or a unit. For a long 
time, the mass of a hydrogen atom (which is the lightest of all ele- 
ments) was accepted as a unit of atomic mass. In terms of this unit, 
the mass of an atom of carbon is about 12 units and that of oxygen is 
16 units. One could also express the masses of molecules in terms O 
this unit. For example a molecule of water (H,0) has a mass 1 + 1 + 
16 = 18 units, This number is called the relative molecular mass (or 
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simply molecular mass). For example the molecular mass of methyl 
alcohol (CHOH) is 12 + (1 + 1+ 1) + 16+ 1 = 32. 


The Mole of a Substance 


Isotopes of many elements were discovered in the first quarter of the 
19th century. The isotopes of an element have the same chemical pro- 
perties (and cannot be distinguished by chemical means) but the atoms 
of one isotope of an element have a different mass from those of an- 
other isotope of the same element. For example !4C, '2C, 18C, 14C, etc. 
are all isotopes of carbon. The nucleus of carbon in each isotope has 
the same number (6) of protons but a different number of neutrons. 
For example '3C stands for carbon, the nucleus of each atom of which 
has 6 protons and 13 — 6 = 7 neutrons. 

To be precise, therefore, it is necessary to assign a standard mass to 
one isotope, and find the relative atomic masses of the other. For this 
purpose, it has been internationally agreed to assign a mass of 12.000 
units to a particular isotope, the carbon-12 isotope ('ZC). This then is 
used to fix the relative atomic and molecular masses. 

Consider a molecule of a substance A, let its relative mass on the 
C-12 scale be M,. Then a'mole of substance A is defined as the mass 
M, in grams. Thus a mole is defined as the amount of the substance 
which containts as many elementary units as there are in 12.000 g of 
C-12, Thus the mass‘ of 1 mole of C-12 is 12.000 g. Similarly a mole 
of water has mass of 18 g (approximately). 

It is clear that a mole of a substance has a mass proportional to the 
mass of its molecule. Hence the mass of a mole of a substance can be 
expressed in terms of the absolute mass of its molecule. For example, 
suppose 7, is the absolute mass of a molecule of substance A and mcg 
is the absolute mass of an atom of C-12. 

Then it follows that 


my, _ Me 
Mie Ie 
12 
or Baie 9.1 
M, (2) Ma (9.1) 


where M, is expressed in grams. 

The ratio M,/m, is the number of molecules of substance A in one 
mole of it. This is called the Avogadro number N. From Eq. (9.1) it 
follows that 


y=% 2 (9.2) 
my me 


which shows that the number N is independent of A. In other words, 
vogadro number is the same for all substances. 
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Determination and Significance of Avogadro Numbet 


If we can measure the absolute mass m, of an atom or a molecule of 
a substance A and the mass M, of a mole of that substance, then 
according to our definition (9.2) the ratio M,/m, determines the 
Avogadro number N. Absolute masses can be measured to a high 
degree of accuracy by using an instrument called Aston’s mass spectro- 
meter. For example, the mass of atom of C-12 is found to be 1.9925 
x 10- g. Hence the Avogadro number is 


12.000 
N = (9095 x 10-23 = 6.0225 x 10 


A very accurate value of N can also be obtained from the study of 
crystals. Crystals have a regular arrangement of atoms (see Chapter 
10). The spacing between the atoms can be computed from the x-ray 
diffraction experiments. Once the arrangement of atoms in a crystal is 
known, it is possible to compute the number of atoms in a given volu- 
me of the crystal. From the knowledge of the density of the crystal, 
one can find the volume of a mole of the crystal and hence the Avo- 
gadro number. 


The following example illustrates the significance of the value of 
Avogadro number. 


EXAMPLE 9.1 A mole of aluminium has a mass of 27g and the rela- 
tive density of aluminium is 2.7, Estimate the radius of an aluminium 
atom. Avogadro number N = 6.02 x 1023, 


Solution Mass of a mole of aluminium (Ma) = 27 & = 2.7..x1 1077 kg; 
By definition, Avogadro number N is the number of atoms in a 
mole of any substance. Hence the mass of an atom of aluminium is 


aa My 


N 


Now the density of aluminium (ea) = 2.7 x 103 kg m~. Therefore, 
the volume of an atom of aluminium is 


alae) 2.7 x 10-2 
paN 2.7 x 103 x 6.02 x 1023 


= 1.66 x 10-2 m? 


Assuming that the atom is a sphere of radius rą we have 


V, = Sr = 1.66 x 1072 


which gives Ta = 1.58 x 10-1 m = 1.58 A 
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A mofe accurate analysis gives ra = 1.43 A. Thus we find that the 
atoms are very small in size; the atomic radius being of the order of 
107" m or just 1A. 


9.5 AVOGADRO’S HYPOTHESIS 


In the year 1811, the Italian physicist Amadeo Avogadro proposed a 
strikingly simple hypothesis, now known as the Avogadro’s hypothesis 
which states that: 

‘Equal volumes of all gases at the same temperature and pressure con- 

tain an equal number of molecules’. 
Avogadro proposed this hypothesis much before it was verified by 
experiments. The fact that this hypothesis is true is a remarkable 
expression of a simplicity in nature. In the next chapter (Chapter 10) 
we will see how Avogadro’s hypothesis follows from the properties of 
an ideal gas. Most real gases, under ordinary pressure and tempera- 
ture, obey the ideal gas laws. 

Here is an interesting consequence of Avogadro’s hypothesis. A mole 
of any substance has the same number of molecules (6.02 x 1074). 
If we take a mole of different gases, then it follows from Avogadro's 
hypothesis, that they must all occupy the same volume at the same 
temperature and pressure. Experiments show that this indeed is true. 
At 0 °C and atmospheric pressure, all gases are found to occupy a 
volume of 22.4 litres or 2.24 x 10 m°. 


This verifies Avogadro’s hypothesis. 


EXAMPLE 9.2. Estimate the fraction of molecular volume to the actual 
volume occupied by oxygen at STP. Take the diameter of an oxygen 
molecule to be roughly 3A. 


Solution Let us consider one mole of oxygen at STP. It contains N 
= 6 x 107 molecules. 


Diameter of one oxygen molecule = 3 A= 3 x 10-° m 


Volume of an oxygen molecule (assumed spherical) is 


Y= oh = 2 x (1.5 x 10-10} = 14 x 10% m’ 
\ 
“slope of N molecules (Vy) = 6 x 10% x, 1.4.x 10” = 84 x 
m? m”. 
Now, 1 mole of a gas at STP occupies a volume of V = ‘2.24 x 107 
m°. Therefore the fraction of molecular volume to actual volume is 


ty BA x Hie 3.15 x 104 = 4 x 10-4 
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EXAMPLE 9.3 A drop of olive oil of 1 mm diameter is transferred 
lightly over water dusted with lycopodium powder. It spreads out into 
a circular thin film of diameter 14.1. cm. Estimate the size of a mole- 
cule of the oil assuming that the film is only one molecule thick. 


Solution 


Volume (V) of the oil drop = = re (i) 
where r = 0.5 mm = 0.5 x 107° mis the radius of the drop. The 
drop spreads out into a circular film of radius R = 14.05 cm = 
0.1405 m. The thickness of this film = diameter (4) of a molecule. 
Hence the volume of the circular oil film is 


V= Rd (ii) 
Equating (i) and (ii) we get 


gat 4 X05 x 107} 
3R? 3 x (0.1405) 
f SRA LO Mm 
This is a very rough estimate of the molecular size since the film is 
never one molecule thick. 


9.6 INTERATOMIC AND INTERMOLECULAR FORCES 


It is clear from Fig. 9.1 that a molecule may consist of atoms of the 
same kind or of different kinds. How are the atoms held together in a 
molecule? Why do some atoms cling together in pairs while others do 
not? Newton’s law of universal gravitation does not give the right 
answers to these questions. This does not mean that gravitational 
attraction does not exist in molecules, but there are other forces which 
are much stronger than the gravitational force. These forces are elec- 
trical in nature, which can be attractive or repulsive. A proper under- 
standing of these forces is related to the structure of the atom itself. 


A Brief Look Inside the Atom 


In the early part of the 20th centur ici 

1 a he y, physicists found that an atom 
cae of a tiny positively charged nucleus (size = 10-'5 m) consist- 
ing of protons and neutrons with negatively charged electrons revolv- 
ing around it in various elliptical orbits which extend over a distance 
of order 107"? m (atomic size) (rig. 9.6). 


Interatomic Potential Energy and Force 


The potential energy of an atom is due to i i i 

; interactions with the surro- 

anding atoms. When two atoms are brought closer together, then at 
istances comparable to atomic size (10-!° m) the positively and nega- 
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tively charged parts of the two atoms are 

at substantially different distances fromeach 4% 

other. Consequently, there is a net electro- 

static force between them which is responsi- ) 
ble for the interatomic potential energy. 

Detailed mathematical calculations and Nucleus 
experiments show that the potential energy 
V of a pair of identical atoms varies with R 
(where R is the separation between their 
nuclei) as shown in Fig. 9.7(a). Along the 
part AB of the curve, the potential energy is Fig. 9.6 Model of an atom 
positive and along the part BCD of the curve 
the potential energy is negative. The energy becomes more and more 
negative as R decreases from a large value up to a distance Ry where 
the energy has a maximum negative value. As R is decreased further, 
the potential energy begins to increase. 


+ “Electron 


dV 5 
The force between the atoms is given by F = — Jp: the negative 


potential gradient, Thus the force F at any given separation R can be 
found by drawing a tangent to the potential energy curve at that value 
of R and finding the slope. The negative of the slope gives the magni- 
tude of the force F. When this is done for various values of R to the 
curve in Fig. 9.7(a), we get the magnitude of force at various values of R. 
Figure 9.7(b) shows how the magnitude of the interatomic force varies 


Fla 
V 


8 (a) 


Repulsive (R<Ro) 


Aitractive (R>Ro) 


fig. 9.7 (a) Interatomic potential energy V as a function of R, the 
distance between the nuclei of two identical atoms 
(b) Variation of inter atomic force F as a function of R 
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with R. Notice that for R > Ro, the force is attractive. The force is 
zero at the equilibrium value R = & and for R < Ro, the force is 
repulsive, 


Bonds between Atoms and Molecules 


The atoms and molecules in solids, liquids and gases are held together 
by the so-called bonds between them. There are different kinds of 
bonds—covalent, ionic, metallic, etc. These bonds are due to electro- 
static forces between the positive charge of the nucleus and the nega- 
tive charge of the electrons. 


Covalent bond The value of R = Ry when the potential energy V isa 
minimum corresponding to a stable or equilibrium spacing between 
two atoms. Detailed calculations show that for two hydrogen atoms 
the value of Ry = 0.74 A. At this spacing the repulsive and attractive 
forces balance so that F = 0 and no net force acts and the two hydro- 
gen atoms will be in equilibrium with minimum potential energy. This 
stable or equilibrium arrangement is called the hydrogen molecule. The 
radius of a hydrogen atom is 1.2 A. Since Ro is smaller than the ato- 
mic radius, the two atoms in the hydrogen molecule cannot be treated 
as independent and the two electrons are shared between them. The 
electron in one atom, say atom A, wanders to the other atom B. Thus 
at any instant, the atom A from which the electron has departed is left 
with a positive charge and the atom B to which the electron moves 
has a negative charge. The resulting electrostatic attraction between 
the two opposite charges holds the two atoms together [Fig. 9.8 (a)l. 
The same result is obtained when the electron moves from B to A. 


ge pong between atoms due to shared electrons is called a covalent 
ond, 


Shared Free electron Electron 
electron cloud 
Fixed 
© \ © ion entre of 
J mass of 
A B electron cloud 
i) Covalent bond (b)Lonic bond (c) Metallic bond (d) Vander Waals ben” 


Fig. 9.8 Diagrammatic illustration of the types of bonds 


In covalent bonding, there is a reduction in energy. In the case of a 
hydrogen molecule, the reduction in energy is 7.2 x 107! J. This 
energy (Eo in Fig. 9.7(a)) has to be supplied from outside in order to 
dissociate a hydrogen molecule. Since a mole of any substance has 6 


x 10” molecules, the energy required to dissociate a mole of hydro- 
gen is 


7.2 x 10- x 6 x 10% = 4,3 x 105J 


Molecules 301 


which is quite large. The stability of a hydrogen molecule indicates 
that the covalent bond is a strong bond. 


Tonic bond Sodium chloride, in the solid. state, consists of positive 
sodium ions (Na*) and negative chlorine ions (CI-). The ions are formed 
because a sodium atom readily gives up an electron to a chlorine atom 
(Fig. 9.8(b)). The ions in the crystal are held together by the clectrosta- 
tic attraction between Na* and CI” ions. This is called an ‘ionic’ bond, 
Notice that in an ionic bond, there is a transfer of electrons from one 
atom to another; but in a covalent bond the electrons are shared 
between the two atoms. Like the covalent bond, the ionic bond is a 
strong bond. 


Metallic bond In solid metals, such as sodium or copper, one or more 
electrons in the outermost part of the atom may leave the atom and 
occupy the orbit of another. These ‘free’ electrons wander through the 
structure of the metal which consists of fixed positive ions (Fig. 9.8(c)). 
The electrons are not attached to any particular atom as in the case 
of a covalent bond. The metallic bond is not as strong as the coyalent 
or ionic bonds. 

It may be remarked that the ionic bond is ‘non-saturated’; the force 
of attraction between two ions is not influenced by the surrounding 
ions. But covalent bonds can be saturated. The metallic bond is an 
unsaturated covalent bond. This explains why the atoms are closely 
packed in metals. 


Van der Waals’ bond From Fig. 9.7(b) we notice that for R > Ro, the 
force between atoms or molecules is attractive. The potential energy 
varies as V = constant x R% and the attraction between neutral (or 
uncharged) atoms or molecules can be explained by assuming that the 
shape of the atom undergoes a fluctuating distortion due to its inter- 
action with other atoms. At any instant, more electrons may appear 
on one side of the nucleus than on the other. Thus the centre of mass 
of the electron cloud (i.e. the negative charge) is slightly displaced form 
the positive charge of the nucleus (Fig. 9.8d). The two charges form 
what is called an electric dipole. A dipole will attract electrons from 
the neighbouring atoms, thus forming other dipoles. The forces bet- 
ween electric dipoles are weak; they are called van der Waals’ forces 
in honour of the Dutch physicist C.F. van der Waals who had predic- 
ted similar attractive forces between molecules of gases. 


Intermolecular Forces 


The variation of potential energy (V) and force (F) between two mole- 
cules with separation (R) between their centres of mass has the same 
general form as shown in Figs. 9.7 (a) and (b), which shows the varia- 
tion of interatomic potential energy and force. But there are important 
differences as detailed below. 


1. Since molecules are not generally spherical in shape, the inter- 
molecular potential energy and force depend not only on the separa- 
tion R but also on their relative orientation. 
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2. The intermolecular forces are fifty or a hundred times weaker 
than interatomic forces. The minimum force between two molecules 
occurs at larger separations than between two atoms. In the stable 
configuration of an oxygen molecule, the oxygen atoms are 1.2 A apart 
while the distance of minimum potential energy for two oxygen mo] €- 
cules is 2.9 A. The energy required to break the bond between two 
oxygen atoms is 4.2 x 10°J per mole, whereas that required to 
separate two oxygen molecules is’8.4 x 10° J per mole, which is fifty 
times less. 


The larger minimum energy distance between molecules implies that 
molecular bonds are unsaturated, i.e. a molecule can attract not just 
one but many molecules to itself. This is in contrast to a saturated 
covalent bond between atoms, for instance if two hydrogen atoms 
form a molecule then they cannot take in (or bind) a third atom. But 
a molecule can attract neighbouring molecules without any appreci- 
able loss in its attractive force. Thus neighbouring molecules continue 
approaching each other as long as there is room to accommodate. 


The forces between atoms at short distances are due to the sharing 
of electrons (covalent bonding), which leads to their rearrangement. 
Consequently, when one or more atoms are added to a molecule, two 
possibilities exist: (i) a new stable arrangement of electrons is obtained, 
ie. a new molecule is formed or (ii) the new arrangement is energeti- 
cally unfavourable. For example, when an atom of oxygen is added 
to a water molecule, a new molecule, hydrogen peroxide is formed 
(O + H,O > H;0,). But when a hydrogen molecule is added toa 
water molecule no new molecule is formed; they remain separate 
because forces between molecules are much weaker and cannot bring 
about a rearrangement of electrons to correspond to a new molecule. 


EXAMPLE 9.4 The potential energy curve for two hydrogen atoms is 
the same as that shown in Fig. 9.7(a) with R= Ry = 0.74 Å. Is the 
interatomic force repulsive or attractive at R = 0.5 A, 0.74 A and 
1.9 A? At which of these points is the magnitude of force the greatest? 


Solution At R = R, = 0.74 A, the force F = 0 since the potential 
energy is minimum at this point. At R = 1.9 A, the force is attaractive, 
since the slope of the potential energy curve is positive at this point. At 
R = 0.5 A, the slope of the potential energy curve is negative; hence 
the force is repulsive. Since the curve is not symmetric around R = Ro, 
it is clear from Fig. 9.7(a) that the magnitude of the slope at R = 0.5 A 
is greater than that at R = 1.9 A. Therefore, the repulsive force at 
R = 0.5 A is stronger than the attractive force at R = 1.9 A. 


EXAMPLE 9.5 The binding energy of a hydrogen molecule is 4.75 eV. 
How much energy is needed to dissociate 0.05% of hydrogen gas 
occupying a volume of 5.6 litres at STP? 


Solution The electron volt (eV) is a unit of energy and is equal to the 
kinetic energy acquired by an electron in falling through a potential 
difference of 1 volt. 1 eV = 1,6 x 10-! J. Therefore 
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Binding energy of a hydrogen molecule = 4.75 x 1.6 x 10719 
= 7,6 x 10-5 


This is the energy required to dissociate one molecule of hydrogen. 
Now, the volume of hydrogen to be dissociated is 


0.05, M 
» = 700 x 5.6 litre 
We know that one mole of any gas at STP contains 6.02 x 10°° 
molecules and occupies a volume of 22.4 litres. Therefore, the number 
of molecules of hydrogen to be dissociated is 


23 
6.02 x 10? | 0.05.%15:6 L 7595 x 109 


22.4 100 
Total energy needed = 7.525 x 10! x 7.6 x 107” 
ee ee a) 


9.7 STATES OF MATTER 


The forces which exist between molecules can not only explain the 
existence of the three states of matter, (solid, liquid and gas) but can 
also explain many properties of matter, such as change of state, elasti- 
city, thermal expansion, evaporation, diffusion, etc. These intermole- 
cular forces arise from two main causes. 


_1. The potential energy of the molecules, which is due to interac- 
tions with surrounding molecules and is electrical in nature, as descri- 
bed in Section 9.6. é 

2. The thermal energy of the molecules which is also their kinetic 
energy, and which depends on temperature (see Chapter 10). 


The particular state in which matter appears, i.e. solid, liquid or 
gas, and the properties of matter in a given state are determined by 
the relative magnitudes of these two energies. 


Distinction between the Three States of Matter 


The difference between solids, liquids and gases can be attributed to 
the strength of the forces between molecules. 


The Solid State In a solid, the intermolecular distances are small and 
hence the forces between the molecules are too strong for the mole- 
cules to undergo translation. They can only vibrate about their mean 
Positions. Because of these strong forces, a solid maintains a fixed 
shape and size. 


The Liquid State Ina liquid, the forces’ between the molecules are 
Not sufficiently strong to hold them in fixed positions. Consequently 
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they move freely. It is this freedom of movement which enables a 
liquid to take up the shape of any yessel in which it is placed. How- 
ever the forces are sufficiently strong to prevent the molecules from 
going too far apart, and leave the body of the liquid. Therefore, 
liquids have a definite size (volume) but,no definite shape. 


The Gaseous State In a,gas, the molecules move rapidly because the 
forces between them are extremely weak. They do not even stay close 
together They are much farther apart in a gas than in a liquid ora 
solid. They move’ everywhere, filling’ any container they are placed in. 
Therefore, gases have no definite size or shape. 


Transition from One State to Another 


Suppose we haye oxygen gas at 0°C and at normal pressure. The 
average spacing between molecules is about ten times their diameter. 
Therefore, the intermolecular forces are very weak. The molecules are 
constantly moving about because they have kinetic energy which is 
proportional to absolute temperature (see Chapter 10). Because the 
intermolecular attractive forces are very weak, the molecules wander 
about as essentially free particles colliding occasionally with each 
other (Fig. 9.9 a), 


Now suppose the gas is cooled (so that the thermal: motion of the 
molecule slows down) and the pressure is increased (so that the inter- 
molecular spacing is decreased). The intermolecular potential energy, 
and hence the attractive intermolecular force, increase: A stage is rea- 
ched when the average kinetic energy of a molecule becomes less than 
the ayerage attractive potential energy. At this stage, the gas conden- 
ses into a liquid, The molecules no longer wander about as free mole- 
cules (as in a gas) because their freedom of movement is now restric- 


se by the increased attractive intermolecular potential energy of 
orce. 


i D R QO ( 
DD LA plo 
(a) Gas (b) Liquid (c) Solid 


Fig. 9.9 Transition from one state to another 


In a liquid, the molecules are closer together and move about much 
more slowly than in a gas (Fig. 9.9 (b)). Suppose the liquid is cooled 
further. The thermal motions become negligibly slow and intermole- 
cular spacing decreases. A stage is reached when the average spacing 
between. molecules becomes comparable to that for minimum potential 
energy, i.e. R = Rp. At this stage, the molecules begin to reorient 
themselves and tend to attain the stable equilibrium configuration 
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corresponding to minimum potential energy. Molecules for which the 
spacing R is slightly greater than the equilibrium value Ro; will experi- 
ence an attractive force which will restore them to their equilibrium 
position. Molecules, for which Ris slightly less than Ro, will experience 
arepulsive force which will restore them fo their equilibrium position. 
At this stage the liquid condenses to the solid state. So the molecules of 
asolid can only vibrate about their equilibrium positions (Fig. 9.9 (c)). 
The Molecules are still in motion; but the amplitude of motion is very 
small. 

Theoretical and experimental investigations carried out during the 
last 30 years have shown that the picture of the solid state presented 
above is not entirely correct. Computer simulation experiments involv- 
ing the study of the motion ‘and collisions of about a hundred tiny 
rigid spheres have shown that the attractive part of the interatomic and 
intermolecular potential energy cutve is not needed for the formation 
of a solid; only the repulsive part (for R< R,)is necessary. Follow- 
ing the motion of a group of such spheres on a computer, one finds 
that the centres of the spheres trace a zig-zag path (like the path 
of a molecule in a fluid) until a certain density is reached. At densities 
higher than this density (which describes a fluid), the spheres tend to 
arrange themselves in a regular pattern and the centre of each sphere 
oscillates about a fixed equilibrium position. These mean positions are 
Ppeneng regularly in space. This arrangement describes a crystalline 
solid, 

Thus the computer experiments show that the formation and exis- 
tence of the liquid state requires attraction between atoms or mole- 
cules; but the solid state requires a strong repulsion, It is difficult to 
believe that it is the strong repulsion between atoms which is responsi- 
ble for the crystalline structure of solids. 


EXAMPLE 9.6 Estimate the average intermolecular binding energy per 
molecule of water. The molecular mass of water is 18 and its latent 
heat of vaporisation is 2.26 x 10° J kg". 


Solution Let « be the binding energy pet molecule of water. It is the 
energy needed to separate a molecule of water from other molecules. 
Now in a mole of water there are N molecules where Nis the Avoga- 
dro number. So the energy required to preak the bonds of all the mole- 
cules at the boiling point 1s N e. This is the latent heat of vaporisation 
of water per mole (L). Thus 


L=Ne 
or c= = G) 


The latent heat of vaporisation of water is 2.26 x 106 J kg? or 
2.26 x 10? J gt. Now a mole of water has a mass of 18 g. Therefore, 
L the latent heat of vaporisation per mole is 


L226 UBE 4,068 x 104 J mol 
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Also Avogadro number N = 6.02 x 10”. Substituting for L and N 
in Eq. (i) we get 


e= 0.676 x 10-9 J 
=O042eV  (.° TeV =1.6 x 10°? J) 


SUMMARY 


The phenomena of diffusion, evaporation and Brownian motion pro- 
vide an evidence of the fact that matter consists of atoms or molecules 
and that the molecules are in ceaseless random motion. 

The number of molecules in a mole of any substance is called the 
Avogadro number and its value is 6.0225 x 10%. A mole of a subs- 
tance is the amount of substance which contains as many elementary 
units as there are in 12.000 g of C-12. 

Avogadro’s hypothesis states that equal volumes of all gases at the 
same temperature and pressure contain equal number of molecules. All 
gases at STP occupy a volume of 22.4 litres or 2.24 x 10-2 mê. 

The atoms and molecules in solids, liquids and gases are held toge- 
ther by various types of bonds, such as the covalent bond, ionic bond, 
metallic bond and van der Waals bond. 

There are three states of matter, namely, solid, liquid and gas. The 
particular state in which matter appears under given conditions of 
temperature and pressure and the properties it has in that state are 
determined by the relative magnitudes of the potential energy of the 
molecules (which is due to molecular interactions) and the thermal 
(kinetic) energy of the molecules (which depends upon temperature). 


EXERCISES 


1, Distinguish between elements and compounds. Give four examples of 
each. 

2. State the law of definite proportions. Give two examples of the law. How 
is the law explained by the atomic hypothesis? Explain with the help of 
an example. 

3. (a) What is Brownian motion? How is it experimentally observed? 

(b) How is Brownian motion accounted for? 

(c) Explain qualitatively how the extent of Brownian motion is affected 
by the size of the Brownian particle, density, temperature and visco- 
sity of the medium. 

4. (a) Define a mole of a substance. 

(b) What is the Avogadro number? Why does it have the same value for 
all substances? 

(c) How is the Avogadro number determined? What is its significance? 


aa 
6. 


10. 


H: 
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State and explain Avogadro’s hypothesis. 

Graphically show the variation of the interatomic potential “energy as a 
function of the separation between the nuclei of two identical atoms. 
How is the graph used to find the interatomic force at any separation? 
Which points on the graph correspond to (a) repulsive force, (b) zero 
force and (c) attractive force? 

Describe and explain the different types of bonds between atoms in a 
substance. 

In what respects are intermolecular potential energy and force different 
from interatomic potential energy and force? Illustrate your answer with 
examples. In which respects are they similar? 

How will you distinguish between the three states of matter on the basis 
of the strength of intermolecular forces? 

Explain the transition from gaseous to liquid and solid states on the 
basis of the molecular structure of matter. 

‘The formation and the existence of the liquid state requires attraction 
between atoms or molecules but the solid state requires a strong repul- 
sion’. Comment. 


PROBLEMS 


Take Avogadro number = 6.02 x 10° wherever necessary. 


ie 


2. 


. The intermolecular binding energy pet mol 


A mole of mercury has a mass of 200.6 g. Estimate the size of a mercury 
atom. The relative density of mercury is 13.6. 

Estimate the fraction of the volume of all the molecules to the actual 
volume occupied by a gas at STP. Take the diameter of a molecule to be 
roughly 3 A. 

Estimate the fraction of molecular volume to the volume occupied by 
water vapour at 100°C and 1 atm pressure. The density of water vapour 
under these conditions of temperature and pressure is 0.6 kg m~’. 
Oxygen at STP occupies a volume which is 2500 times the volume occu- 
pied by its molecules. Estimate the diameter of an oxygen molecule. 
Figure 9.7 (a) in the text shows the potential energy curve for two oxygen 
atoms, The value of Ry = 12 A. Is the interatomic force repulsive or 
attractive at (i) R = 0.5 A, (ii) R = 1.5 Å and (iii) R = œ ? At which of 
these points is the magnitude of force the greatest. (iv) What is the mag- 
nitude of the force at R = 1.2 A? 

The binding energy of an oxygen molecule is 4.4 eV. How much energy 
is needed to dissociate the atoms of 0.01 % of oxygen gas occupying a 
volume of 11.2 litres as STP? 

57.2 J of energy is needed to dissociate the atoms of 0.05% of hydrogen 


gas occupying a volume of 5.6 litres at STP. Find the minimum potential 


energy of a hydrogen molecule, f 
ecule of water is 0.42 eV. Esti- 


mate the latent heat of vaporisation per mole of water, 
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9. 


10. 


Estimate the average intermolecular binding energy per molecule of mer- 
cury. The atomic mass of mercury is 200.6 and its latent heat of vapori- 
sation is 2.72 x 10° J kg-+. 

The intermolecular binding energy per molecule of mercury is 57 eV and 
the latent heat of vaporisation is 2.72 x 10° J kg-1. Estimate the mass of 
a mole of mercury, 


10 


Properties of Matter 


10.1 INTRODUCTION 


All elements and compounds generally exist in one of the three states 
of aggregation, namely, solid, liquid or gas. In Chapter 9 we have 
learnt the basic differences between the three states of matter in terms 
of inter-molecular forces. In this chapter we will discuss a few 
characteristic properties of solids, liquids and gases. 

This chapter is divided into four sections. Section A deals with 
solids. We will describe the most characteristic property of solids, 
namely, elasticity or elastic deformation under external forces. The 
electrical and magnetic properties of solids are outside the scope of 
the present study. In Section B, devoted to fluids, we will discuss pro- 
perties which are common to both liquids and gases, such as trans- 
mission of pressure, buoyancy, viscosity and fluid flow. In Section C 
we will discuss a property called surface tension characteristic only of 
liquids. In Section D, we will discuss the relationship between pres- 
sure, volume and temperature of a gas. We will conclude this section 
by describing the postulates and implications of the kinetic theory of 
gases. 


SECTION A—SOLIDS 


10.2 INTRODUCTION 


We know that each molecule or atom in a solid is at a fixed average 
location with respect to other molecules which make up the solid. 
The average locations of the molecules do not change with time. 
Since the molecules are almost completely lacking in mobility, their 
Kinetic energy is very small; almost negligible. It is this lack of mobi- 
lity which endows a solid with a definite shape and appreciable stiff- 
ness or rigidity. This rigidity is the cause of elastic behaviour (called 
elasticity) in solids—which we will discuss in Section 10.4. Let us 
first look at two basic structures in solids. 
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10.3 CRYSTALLINE AND AMORPHOUS SOLIDS 


Solids may be classified into two main groups — crystalline and amor- 
phous (or glassy) solids. In a solid, each atom or molecule is confined 
to a definite small space between neighbouring atoms or molecules. 
How an atom is arranged in relation to its neighbours distinguishes a 
crystalline solid from an amorphous one. 


Crystalline Solids 


A collection of atoms in a symmetrical arrangement is called a crystal, 
Within each crystal, the atoms or molecules are arranged in regular 
geometrical patterns. The crystalline structure can be noticed if you 
examine the grains of solids, such as common salt, sugar or copper 
sulphate with a good microscope. The main feature of crystalline 
solids is their long-range order, The crystal structures of crystalline 
solids are different in both the spacing and the arrangement of atoms 
in them. The simplest example is that of a crystal of copper which 
can be described as follows: the basic structural unit in the case of a 
copper crystal is the cube. We consider cubes of equal size and cons- 
truct the regular geometrical pattern by stacking together a large 
number of cubes, They are stacked in three dimensions, i.e. next to 
each other and on top of each other. Then we imagine copper atoms 
placed at the corners of the cubes and at the centres of the square 
faces, as shown in Fig. 10.1 (a). Each atom at a corner of a cube is, 
therefore, shared by eight cubes and the atom at the centre of a face 
(called the face-centre atom) is shared by two cubes. In a copper crys 
tal, the side of each cube is 3.61 A (1 A = 107! m). This arrange 
ment is called face centred-cubic arrangement. 


(b) 
Fig. 10.1 (a) Arrangement of copper atoms in a copper crystal; 
atoms at front and back face centres are not shown. 
(b) Arrangement of sodium and chlorine ions in a 
sodium chloride crystal 
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; Figure 10.1 (b) shows the arrangement of sodium and chlorine ions 
in a sodium chloride crystal which is ionic in nature. The small 
spheres represent Nat ions and the large spheres CI- ions. They are 
held together by the electrostatic forces of attraction between ions of 
opposite charge. The crystal consists of two face-centred cubic struc- 
tures, one occupied by Na* ions and the other by CI- ions. Each Nat 
ion is surrounded by six Cl- ions and vice versa. The nearest neigh- 
bour separation is 2.82 A and the side of each cube is 5.63 A. 


The arrangement of atoms in a crystalline solid can be complicated 
but a basic feature is preserved, i.e. all crystals can be obtained by a 
periodic (or regular) repetition of a basic pattern in.three dimensions. 
How do we know that atoms in a crystal are indeed arranged in this 
pattern? The fact that naturally ‘occurring and artificially prepared 
crystals have flat faces suggests this kind of face-centred structure. 
But with modern techniques called x-ray diffraction and scanning 
tunneling microscopy, it is possible to determine the various geometric 
parameters, like spacing between atoms, bond angles, etc. in different 
crystals. 


Amorphous or Glassy Solids 


The word ‘amorphous’ means ‘without form’. Many solids are not crys- 
talline; they are amorphous such as glass, wheat flour, rubber, cellu- 
lose, fused mica etc. In amorphous solids the molecules have no de- 
finite orderly arrangement; they exhibit only a short-range order, In 
such solids, the force of attraction between molecules varies from 
molecule to molecule. When such a solid is heated the weakest bonds 
are the first to snap followed by stronger ones at higher temperatures. 
As a consequence of this, the melting process in amorphous solids is 
rather gradual. Unlike crystalline solids, amorphous solids do not have 
a definite melting point. The difference in the behaviour between 
crystalline and amorphous solids is beautifully summed up by Azaroff 
in the following words: 

“In a crystal, the atoms are arranged like soldiers on a parade 
ground in well-defined columns and rows. When the command ‘Dis- 
missed’ is shouted, the soldiers dash off in every direction and the 
orderly arrangement disappears instantaneously, it may be said that 
the ranks have melted. In glass, the atoms never have a chance to 
organise themselves in an orderly arrangement in the first place.” 

_ When a liquid is cooled far below its freezing point without crystal- 
lizing, it solidifies to form a glass. Hence, glasses are sometimes calle 
supercooled liquids. These are characterized by fantastically high values 
of viscosity. Liquids which have a simple structure crystallize t00 
quickly to form glasses at ordinary rates of cooling. Among the sub- 
stances which form glasses easily are complex molecules, many oxides 
(like SiOz, B,O; etc.), the elements Se, Te, etc. 

In addition to crystalline and amorphous solids, there is another 
class of solids called polymers. These consist of long-chain of organic 
molecules. 
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10.4 ELASTICITY 


Newton’s first law of motion is concerned with the most fundamental 
property of matter, namely, inertia. Inertia is the tendency of a body 
to preserve its state of rest or of uniform motion. Newton’s second 
law tells us exactly what effect an applied force has on the state of 
motion of a body. Newton’s third law is related to another funda- 
mental property of matter, namely, elasticity, which is responsible for 
the reaction force. When we discuss this property, we are concerned 
with the effect the applied force has on the shape or size of a body 
rather than on its state of motion. 

It is common knowledge that all material bodies get deformed, i.e. 
undergo a change in shape, when subjected to a suitable force. Take 
a rubber ball and press it; it gets deformed. When the deforming force 
is removed, it regains its shape. Even a steel wire, when loaded, is 
deformed. It gets elongated. When the load is removed, it regains its 
original length. The ability of a body to regain its original shape and 
size, when the deforming force is withdrawn, is known as elasticity. A 
body which completely regains its original shape and size after the re- 
moval of the deforming force is said to be perfectly elastic. A body 
which retains its deformed shape and shows no tendency at all to 
regain its original shape, afte: 


g T the removal of the external force, is 
said to be perfectly plastic. In fact, no material body can be perfectly 


elastic or perfectly plastic. A body is more elastic or plastic in rela- 
tion to another body. Examples of nearly perfectly plastic bodies are 


mud, modelling clay (plasticine) and flour dough (a paste of flour and 


water). After the removal of the force, they do not recover their ori- 
ginal size or shape. 


Load-Extension Curve 


Let us consider what happens when a deforming force is applied to a 
metal such as copper. If the metal is in the form of a wire, it can be 


stretched by applying a force. The force may be applied by fixing one 
end of the wire rigidly to a su 


the pport and loading the other end. If the 
metal is in the form of a block ora rod, it can be compressed by 
applying a force. The force may be applied by holding one end of the 
rod against a rigid wall and hi 


ammering the other end. The portion 
OABC of the load-extension curve (Fig. 10.2) shows how the exten- 


sion changes as the load is gradually increased. The portion OA’ B' 


of the curve shows how the compression changes as the applied force 
is gradually increased. 


We will now discuss 
to a deforming force, 


Elasticity When the deformin 
regains its original size after 
solid is then said to be elastic, 
extension curve corresponds to 
ween A and A’ the deformatio 


the mechanical properties of a solid subjected 


g force is small, the solid completely 
the deforming force is removed. The 
The straight-line portion AA’ of load- 
the elastic beleviour of the solid. Bet- 
n 18 proportional to the applied force. 
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Applied force 
Yield point 


nis eee 
timit 


Compression Extension 


Elastic 
limit 


Fig. 10.2 Load-extension curve for a metal 


Plasticity When the deforming force is increased a limit is reached 
beyond which, if the applied force is removed, the solid does not come 


called the elastic limit. The points A and A’ correspond to this limit. 
Beyond the elastic limit the solid behaves like a plastic body. Thus 
the same body behaves like an elastic body (for small applied forces) 
and like a plastic body (for large applied forces). Beyond the elastic 
limit (point A) the deformation of the body may continue under the 
influence of its own weight. The body is then said to flow. For exam- 
ple, a paste of flour and water flows under its own weight. 


Ductility The point B beyond which a solid flows is called the yield 
point, Metals beyond the yield point are said to be ductile. Under 
such circumstances, rods of metals can be drawn into wires. 


Brittleness Different bodies behave differently when subjected to a 
deforming force. Make a ball of clay and let it dry. Press the ball. It 
breaks into pieces. Try to bend a piece of glass; it breaks. It is said 
to be brittle. Thus, if a body beyond the elastic limit flows, it is said 
to be plastic; but if it breaks into piecs, it is called brittle. 


Malleability When a solid is compressed, a stage is reached beyond 
which it cannot recover its original shape after the deforming force 
is removed. This is the elastic limit (point A’) for compression. The 
solid behaves like a plastic hody. The yield point (B’) obtained under 
compression is called the crushing point. After this stage, metals are 
said to be malleable, In other words, they can be hammered or rolled 
into sheets. 


Stress 


Take two steel wires of equal lengths but different diameters. It is 
clearly much easier to extend the thinner wire than the thicker one. 
In other words, the extension produced by a force depends on the area 
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of the cross-section of the wire. It can be shown that, within the elas- 
tic limit, if the area of cross-section is doubled, the force required to 
produce the same extension must also be doubled. Thus we conclude 
that if the force per unit area is the same, the extension produced will 
be the same. Therefore, it is more meaningful to talk in terms of force 
per unit area than in terms of the force itself, 


When a deforming force is applied to a body, it reacts to the 
applied force by developing a reaction (or restoring) force which, from 
Newton's third law, is equal in magnitude and opposite in direction 
to the applied force, The reaction force per unit area of the body which 
is called into play due to the action of the applied force is called stress. 
The magnitude of the stress is equal to the magnitude of the applied 
force divided by the area of the body, but the direction of the stress is 


opposite to that of the applied force. Stress is measured in units of 
force per unit area, i.e. Nm~2, 


Strain 


When a deforming force is applied to a body, it may suffer a change 
in length, volume or shape. For simplicity, first we shall consider 
changes only in length, i.e. longitudinal deformations. If we take two 
steel wires of the same thickness, one of length 50 cm and the other 
of length 100 cm, and apply the same load, we shall observe that the 
extension produced in the 100 cm wire is twice that produced in the 


50 cm wire as long as the elastic limit is not exceeded. Thus we con- 
clude that, within the elastic limit, the rati 
to the original length, for the s 


known as Hooke’s law, Refer to Supplement $1 at the end of this chap- 
ter for a derivation of Hooke’s law. 


Young’s Modulus 
Suppose that a rod of length L and a uniform cross-sectional area A is 


subjected to a longitudinal pull. In other words, two equal and oppo- 
site forces are applied at its ends as shown in Fig. 10.3 (a). 
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Ẹ 
L 
+ 
AL è 
(b) 


Fig. 10.3 A rod subjected to (a) tensile stress and 
(b) compressional stress 


_ Asa result of applying the deforming forces, there is an extension 
in length which we denote A L, The strain is given by 


Strain = ae 


Since the deformation involves a change in length, the strain is called 
longitudinal strain or linear strain, Since the length increases (AL > 0) 
it is also called extensional strain or tensile strain, The stress is given 
by 
E 
Stress = %4 


The stress in the present case is called linear stress, tensile stress, Or 
extensional stress. If the direction of the forces is reversed (Fig. 10.3b) 
so that A L is negative, we speak of compressional strain and compre- 
ssional stress. If the elastic limit is not exceeded, then from Hooke’s 


law 


Stress oc strain 


or Stress = Y x sirain 
stress F L % 
py SURES L oaei „1 
A strain 4A AL (0D) 


where Y, the constant of proportionality, is called the Young’s modu- 
lus of the material of the rod and may be defined as the ratio of the 
linear stress to linear strain, provided the elastic limit is not exceeded. 
Since strain has no units, the unit of Y is the same as that of stress, 
namely, Nm~. 
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Determination of Young’s Modulus of the Material of a Wire 


The apparatus consists of two wires of the same length and equal 
thickness hung side by side from a rigid support as shown in Fig. 10.4. 
The wire A (called the reference wire) carries a millimetre scale S and 
wire B (called the experimental wire) has a vernier scale V (which can 
slide over scale S) and a hook from which the load can be suspended. 
The reference wire is used to compensate for any change in length 
which may occur due to change in room temperature, since any change 
in length of the reference wire due to temperature change will be 
accompanied by an equal change in the experimental wire. When the 
wire is loaded, ie, it is pulled down by a force, the reaction of the 
support provides an equal and opposite force. 


Al. 8 
5 
(Main scale) v 
(Vernier) 

Initial load 
the same on n a 
both wires Pi one 

Fig. 10.4 


The experimental wire is initially loaded with some weight so as to 
make it straight and the reading of the vernier is recorded. The load 
is increased by, say, 250 g and the vernier reading is recorded again. 
The difference between two vernier teadings gives the extension pro- 
duced by the load. 


If L is the initial length of the wire and M is the load required to 
produce an extension L then 


PSR. Me 
Stress = TOn 
where r = radius of the wire, 
f AL 
and Strain = T 


so that 
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Knowing M, L, AL and r, the value of Y is determined. Table 10.1 
gives the measured value of Y for some common substances. 


Table 10.1 Young’s modulus of some common substances ~ 


Substance Young’s Modulus 
(Nm~*) 
Steel 20 x 10° 
Copper 10 x 10% 
Aluminium 7.0 x 10% 
Lead 1.5 x 10% 
Brass 9 x 107° 
Glass 5.8 x 10° 


The value of the Young’s modulus is a measure of the elasticity of 
the substance. Notice from Table 10.1 that steel is more clastic than 
copper and aluminium is more elastic than lead. This means that steel 
can be subjected to much higher stresses than lead. It is for this reason 
that heavy-duty machines and bridges are made of steel. 


Stress-Versus Strain in Different Solids 


The linear relation, stress proportional to strain, is found to hold for 
small values of strain, i.e. the graph of stress versus strain 1s linear for 
small values of strain, especially for metals. Typically the strain must 
not exceed 0.1% for metals for Hooke’s law to hold. The range of 
stress and strain values for which Hooke’s law holds is called the elas- 
tic region, 

If the load in the experiment illustrated in Fig., 10.4 is increased 
beyond this range, the graph of stress versus strain is no longer linear. 
Figure 10.5 shows a typical graph for a metal (aluminium). 

Hooke’s law holds for the linear portion OA of the graph. The 
point A corresponds to the elastic limit for aluminium. Within this 
limit, if the stress is removed, aluminium regains its original state. 
But at a point beyond A (such as point B), if the stress is reduced to 
zero, the metal does not recover its unstrained state; since some strain 
remains. This is known as elastic hysterisis. As the strain is increased 
(by increasing stress) to a value indicated by point C, the metal breaks 
or flows, as it were. The stress at this point is called the tensile strength 
of the metal. 


Bulk Modulus (or Volume Elasticity) 


A solid may also be deformed by subjecting it toa uniform normal 
pressure P in all directions as shown in Fig. 10.6. 
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Stress in 10 NM’ —e 


1 2 3 4 
Strainin Wie 


Fig. 10.5 Stsess versus strain graph Fig. 10.6 (a) Pressure on a 
for aluminium general surface, 
(b) Pressure on a 

rod or wire | 


Stress and pressure have the same dimension (force per unit area), 
but pressure is not the same thing as stress. Pressure is the force per | 
unit area acting on the surface of a system, the force being everywhere l 
perpendicular to the surface so that, for a uniform pressure, the force 
per unit area is the same. Stress is also force per unit area, but the 
force may not be the same in magnitude on different surfaces and its 
direction may also not be perpendicular to the surface. In the case of 
the rod in Fig. 10.3 or wire in Fig. 10.4, the force is perpendicular to 
the circular cross-section but there is no force on the cylindrical face. 
In this case, the rod or the wire is not said to be subjected to a pres- 
sure. 

Pressure is a particular kind of stress which changes only the volume 
of the substance and not its shape as shown in Fig. 10.6. The substance 
may be a solid, liquid or gas. A small increase in pressure A P applied 
to a substance decreases its volume from, say, V to V — AV so that 
AV is the small decrease in volume. The volume strain is given by 


Volume strain = — a 
The bulk modulus is defined as the ratio of the excess pressure and 
the corresponding volume strain, i.e. 


AP APV 
Bia Soci E BN See La 
(- AV AV (10.2) 
7) 


_If AP is positive, AV will be negative and vice versa. The negative 
sign in our definition of bulk modulus 8 (Eq. 10.2) ensures that B is 
always positive. The SI unit of B is Nm-*. The reciprocal of B is 
known as campressibility. Table 10.2 gives the measured values of 2 
for some substances. 
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Table 10.2 Bulk moduli of some substances 


Substance Bulk modulus 
(Nm-*) 
Solids 
Aluminium 7.0 x 101° 
Copper 1.2 x 104 
Glass 3.6 x 10%° 
Iron 8.0 x 10% 
Steel 1.6 x 104 
Liquids 
Water 2.2 x 10° 
Mercury 2.5 x 10° 
Gases 


Air (or any gas at atmospheric 
pressure) 1.4 x 108 


A study of this table shows that the bulk modulus of solids is about 
50 times that of water. This means that solids are very difficult of 
compress; their compressibility (1/B) is very small. On the other hand, 
the bulk modulus of gases is about one million times less than for 
solids. This means that gases are easily compressed. 


Poisson’s Ratio 


Let us go back to the experiment shown in Fig. 10.4 where the wire 
is under tension but not under pressure (in the true sense of the term 
pressure) since no force acts perpendicular to the cylindrical surface 
of the wire. Careful experiments show that, apart from an inerease in 
length, there is a slight decrease in the diameter of the wire, i.e. both 
shape and volume change under the longitudinal stress. The ratio of 
the decreases AD in diameter to the original diameter D is called 
lateral strain, i.c. strain at right angles to the deforming force. Thus 


. __ change in diameter _ AD 
Tee) a original diameter D 


change in length _ AL 
L 


Also Longitudinal strain = original length Ta 
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It is found experimentally that within the elastic limit, the lateral 
strain is proportional to the longitudinal strain. The ratio of the two 
is called Poisson’s ratio and is denoted by o. Hence, 


rape lateral strain Me A D/D 
~ longitudinal strain A L/L 
ee L 
TEDUAL 


Since it is a ratio between two types of strain, ø is dimensionless. 
Theoretically, one can show that it must be less than 0.5. For most 


solids it lies between 1 and i and for rubber it is very nearly 0.5. 


Shear Modulus (or Modulus of Rigidity) 


Shear is a particular kind of stress which only solids can withstand. 
The solid is deformed by changing its shape without changing its size. 
The body does not move or rotate as a whole: there is a relative dis- 
placement of its contiguous layers. One can visualize this by imagin- 
ing a pack of cards pressed with the hand and pushed horizontally. 


Consider a solid in the form of a rectangular cube as in Fig. 10.7. 
Suppose the lower face PQRS is held fixed anda force F is applied 
parallel to the upper face MNUV. If we 
do this to a liquid, it will begin to flow; v u 
it will not remain in equilibrium. In AL = 
other words, liquids cannot withstand 
this kind of shear force. But when it is 
applied to a solid, it will remain in eq- 
uilibrium because no net force and no 
net torque act on it. There isa couple L 
produced by this force and an equal and 
opposite force coming into play on the 
lower face. As a result of this, the lines S 
joining the two faces turn through an Fig. 10.7 A solid subjected to 
angle 0. We say that the face MNRS is a shear stress 
shéared through an angle 6 (measured 
in radians). The angle 9 is called the shear strain or the angle of shear 
and is a measure of the degree of deformation. 

If A is the area of the face MNUV, the ratio F/A is the shearing 
stress. It is found that for small deformation, the shearing stress 1S 
proportional to the shear strain, i.e. z 


Jae 


Sy 
AL 


he 
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or G 

F 

or ag (10.3) 
The quantity G is called the shear modulus or the modulus of rigidity. 

Referring to Fig. 10.7, if 6 is small 


te 


10.1) for Young’s modulus with 
stress and not longitudi- 


so that (5 ) 2 (10.4) 


This equation looks similar to Eq. ( 
the difference that F/A here is the tangential 


nal stress. 
A common method of finding the shear modulus is to fix a wire or 
wn force at the other and measure 


10.8). 


rod at one end and apply a kno 
the twist produced in the wire (see Fig. 


Fig. 10.8 Schematic diagram of an apparatus for measuring the 
shear modulus 


Table 10.3 Shear moduli of some common solids 
Solid Shear modulus 
(Nm-*) 


Aluminium 2.5 x 10% 
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The stress and strain in the three elastic moduli can be summarised 
as follows. 


Stress Strain Change in Name State 
Shape Volume of 
modulus 


1. Forces perpendicular Extension or com- Yes Yes Young’s solid 
to two parallel sur- pression parallel 
faces, no force on to force and com- 
other surfaces pression or exp- 

ansion perpendi- 
cular to force 
(longitudinal and 
lateral strain) 

2. Forces perpendicular Compression or No Yes Bulk Solid, 
everywhere to the expansion (volume liquid, 
surface, pressure strain) gas 
(= force + area) 
constant everywhere 

3. Forces parallel (tan- Pure shear Yes No Shear Solid 
gential) to one sur- 
face, the opposite 
surface being fixed 


Applications 


The knowledge of the elastic moduli of different substances is very 
useful in estimating how much stress or strain a substance can with- 
Stand. We describe below three examples by way of illustration. 

1. You must have seen cranes lifting and moving heavy loads from 
one place to another, They have a thick metal rope to which the load 
1s attached. Suppose the rope is made of steel and the crane is to lift 
a load of, say, 10 metric tons (1 metric ton — 10? kg). How thick 
should the rope be so as to withstand the longitudinal strain produced 
by the load? The elastic limit for steel is about 3 x 10° Nm- and the 
load to be lifted is M = 10 x 103 kg. Therefore the area of cross- 
section of the rope should at least be 


ye Mg _ 10 x 10 x 9.8 
Elastic limit ~~ ~ 3.0 x 108 


Ti means that the diameter of the rope should at least be equal to 
cm. 


_ 2. What should be the dimensions and the kind of material to be used 
in a bridge so that it can withstand the load of the traffic, its own load 
and the force of winds, so that it does not bend or brake? For a given 
load, the bending of a bridge depends on its length, its cross-sectional 
area and the Young’s modulus of the material of which it is made. 


= 3.3 x 10% m 
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Having fixed the length and cross-sectional area of the bridge, the 
bending under a given load is inversely proportional to the Young’s 
modulus of the material. The higher the value of Y, the smaller is the 
bending of the bridge. Hence steel (having the highest Y) is used in 
the construction of bridges. 


3. The maximum height of a mountain on earth depends upon the 
shear modulus of rock. At the base of the mountain, the stress due 
to all the rock on top should be less than the critical shear stress at 
which the rock begins to flow. This can be estimated as follows. Sup- 
pose the height of a mountain is h and the density of its rock is p. 
Then the force per unit area (due to the weight of the mountain) at the 
base is hpg. The material at the base experiences this force per unit 
area in the vertical direction; but the sides of the mountain are free. 
Hence there must be a tangential shear which is approximately of the 
order of hog. Now the elastic limit of a typical rock is about 3 x 108 


Nm~ and the density is about 3'« 10° kg m>”. Hence 
hanp E = se 


pos 3 x 108 
Imax = 3 x 10 x 9.8 


which is about the height of the Mount Everest. A height greater 
than this will not be able to withstand the shearing stress due to the 
weight of the mountain. 


or = 10,000 m = 10km 


Exampte 10.1 A steel wire of diameter 2.0 mm can withstand a 
maximum strain of 10-3, Find the maximum load it can hold. Young's 
modulus of steel is 2.0 x 10!! Nm”. 


Solution 
y A iee maximum stress_ 
oung’s modulus = jyaximum strain 
Maximum stress = 2.0 x 10" x 10-3 = 2.0 x 10° Nm? 
l ad? 
Now, Area of cross-section = %4 
d= 2.0 mm = 2.0 x 107? m 
Load F 
and = —— 
Stress ea 


> F = stress x area 
a x (2.0 x 10? 
4 


= 9,0 x 10® x 


ll 


628.4 N 
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EXAMPLE 10.2 A steel wire of cross-sectional area 4.0 x 1075m? 
stretches by the same amount as a copper wire of cross-sectional area 
3.0 x 10 m° under the same load. What is the ratio of the original 
length of the steel wire to that of the copper wire ? Young’s modulus 
of steel is 2.0 x 10'' Nm~ and that of copper is 1.0 x 10"! Nm. 


Solution Let L, and L, be the original lengths of the steel and copper 
wires respectively and A, and A, their respective cross-sectional areas. 
The stretchings produced in them by a load F are given by 


F E 
(AL), a A. i A 
s Ss 
and (AD), le ict 


where Y, and Y, are the Young’s moduli of steel and copper respec- 
tively. It is given that (AL), = (AL),. Hence 


s 
a ( x 10%\ (2.0 x Ioa) 
4x 10> 1.0 x 10!! 
3 
2 


EXAMPLE 10.3 A 


steel wi igi igi iametet 
0.10 Gh) Add ak ire (original length 1.5 m, original diame 


rass wire (original length 1.0 m, original diameter 
0.20 cm) are loaded as shown in Fig. 10.9. Compute 
P727 the extension of the steel and brass wire. Young's 

modulus of steel is 2.0 x 10'! Nm- and that of 
brass is 0.91 x 10!! Nm. 


Stee! Solution 


Force on steel wire (F,) = (6 kg + 4 kg) wt 
= 10 kg wt = 10 x 9.8N 


Akg = 98 N 
Force on brass wire (F,) = 6 kg wt = 6 x 9.8 N 
Brass = 58.8 N 


The extension of the steel wire is given by 
(AL), = x . L, = af, G 


2 

Ayes ond. Y, 
6kg Substituting the numerical values F, = 98 N, 
d, = 0.10 cm 


Fig. 10.9 = 0.1 x 10-? m? 
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bL,=145m and Yy = 2.0 x 10! Nm 
ye pet (AL), = 9.36 x 104m 


Similarly the extension of the brass wire is 
(AL), = 2.06 x 104m 


Exampie 10.4 A 10m long cable consists of 40 strands of steel each 
5 x 1076 m? in cross-section. By how much will the cable stretch when 
it is used to lift a crate weighing 400 kg? Young’s modulus of steel 
= 2.0 x 10" Nm. 


Solution 


400 x 9.8 _ 7,84 x 108 Nm » 


forc 
Stress = ra 5 10 


This stress must distribute equally over the entire cross-section of 
the cable consisting of 40 strands. Hence stress on each strand is 


7,84 x 108 _ Loran 
meer We ei 1.96 x 10’ Nm 
Stress 


<. Strain in each strand = Young’s modulus 


7 


Extension of each strand = 0.98 x 10 x 10 = 0.98 x 103m 


= 0.98 mm 


Since each strand stretches by 0.98 mm, the cable is stretched by 


0.98 mm. 


EXamprn 10.5 A composite wire of a uniform cross-section of 
2.5 x 10-5 m? consists of a steel wire of length 1.5 mand a copper wire 


of length 2.0 m. By how much wi Y 
mass of 200 kg? Young's modulus of steel is 2.0 x 1 
that of coppor is 1.0 x 101! Nm. 

Solution Since the steel and copper parts of the wire are of the same 
cross-section (A) and are loaded with the same weight (F = Mg) they 


are under the same stress (F/A). Therefore 


Y, (AL), TAA, ae ae 
L, FH 


c 
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where subscripts s and ¢ refer to steel and copper respectively. 


Mg E, 
a ke 
EMERSI 
and (AL), = N ad 


Substituting the given values of the various quantities, we get 
(AL), = 5.88 x 10m = 0.588 mm 
and (AL), = 15.68 x 10-*m = 1.568 mm 
.. Extension of the composite wire = 0.588 + 1.568 = 2.156 mm 
= 2.16 mm 


Exampte 10.6 Artificial diamonds are made by subjecting graphite to 
a pressure of 1.5 x 10° atmosphere ata high temperature. Assuming 
that natural diamonds were formed at such high pressure within the 
earth, what must have been the original volume of a diamond whose 
mass before cutting was 175 g? The density of diamond = 3500 kg m” 
and its bulk modulus B = 6.2 x 10'! Nm. 


Solution 
Mass of the diamond = 175 g = 0.175 kg 
Density = 3500 kg m= 


0.175 


Volume = “3500 


= 50 x 10-5 m3 = 50 cm’ 


The decrease in volume (— AV) under the pressure p during formation 
is given by 
PV 


me Wer 


where P = 1.5 x 10° atm = 1.5 x 105 x 1.01 x 105 
= 1.515 x 10!° Nm, since 1 atm = 1,01 x 105 Nm. Hence 


L Ava L515 x 10! x 50_x 10-6 


6.2 x 10" = 1.22 x 10m 


= 1.22 cm’ 
“. Original volume of the diamond = 50 + 1.22 = 51.22 cm? 


EXAMPLE 10.7 A rubber eraser 3.0 cm x 1.0cm x 8.0 cm is clam- 
ped at one end with the 8.0 cm edge vertical. A horizontal force ° 
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e). Calculate the horizon- 


the tee end (che top fac 
dulus of rubber is 


45.4 N is applied at 
f the top face if the shear mo 


tal displacement O 

1.4 x 10° Nm. 

Solution Figure 10.10 shows a rubber eatser ABCD clamped at the 
F applied at the free end DC resulting 


end AB and a horizontal force 
ent DD’ CC which is to be 


in a displacem 
evaluated. The shear strain 8 is given by 
00 cus 
DD’ ; 


tan o = Ap 


Since 8 is small tan ô = 6, so that 
Shear strain 0 = 


Now shearing stress is applied on the top face 


whose area is 
A= 3.0 cm X 1.0cm i 
Aia cm B 


= 3 cm? 
13x0 me 


Shearing stress = 7 = 3 x 10 
— shearing stress 
Now shear modulus (G) = oa anas 


s 4 
shearing stress __ $ x a = 0.057 rad 


Shear angle 
DDA e 
D ore 


or 
But AD = 8.0 cm 
Therefore DD’ = 0.057 x 8.0 = 0.46 cm = 4.6 mm 


EXAMPLE 10.8 A piece 
2 x 108? Nm?. What wi 


Normal density of lead i 


11 be the density 0 
s 11400 kgm™ 


of lead is subjected to a constant pressure of 
ity of lead under this pressure? 
3 and its bulk modulus is 


0.8 x 10!° Nm. 
piece. Its mass 


Solution Let V m? be the original volume of the lead 


is 
M = density x volume = 11400 V kg 
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The decrease in volume under pressure is given by 


n Hs VARTA 

New volume = V — AV = V — maf ao 
mass 

new volume 


_ 11400 V kg 
~ 39V/40 m? 
= 11692 kg m3 


New density = 


EXAMPLE 10.9 Show that the potential energy per unit volume of a 
wire stretched by a force within elastic limit is 4 stress x strain. 


Proof The force F needed to stretch a wire of length L by an amount 
lis given by 


YAI 


E (i) 


where A is the cross-sectional area of the wire and Y its Young's 
modulus. 


The work done by this force in stretching the wire is stored in it as 
potential energy. This work is calculated as follows. 


Work done for a small increase d! in the length of the wire 
= F.dl 


Therefore, the total work done for an increase / in the length of the 


Wire is 
T 

w= | ra ti) 
0 


Using Eq. (i) in Eq. (ii) we get 


ldl 


(Y, A and L are constants) 
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Now, volume of the wire = AL. Therefore, the potential energy per 
unit volume 


OY iets 

Bagel eee) lac 

uh abe te 

TE Dae 

ee cou 3 YAI 
AT (. r=) 
= 4 stress x strain 


SECTION B: FLUIDS 


10.5 INTRODUCTION 


The general term ‘fluid’ refers to any substance that has no definite 
shape and has the ability to flow. Liquids and gases do not have any 
definite shape and they flow. Thus liquids and gases are fluids. Many 
areas of science and industry are concerned with fluids. Engineers and 
scientists who are engaged in the design of submarines, aeroplanes, 
missiles, rockets, ships and satellites are concerned with fluids. Devices 
used in science and industry, such as barometers, hydraulic presses, 
hydraulic brakes, etc. are manufactured by taking advantage of the 
properties of fluids. 

We will study some basic properties of a fluid at rest and in 
motion. 


10.6 FLUID PRESSURE 


Unlike solids, fluids do not have a definite shape; they take the shape 
of the vessel in which they are contained. We have seen that solids 
can withstand a tangential force and can be sheared. But fluids cannot 
withstand any force tangential to their surface. This can be understood 
as follows. 

Suppose you are sitting in a boat floating on water in a lake and 
the boat and the water are still, i.e. they are in a state of static equili- 
brium. The forces acting vertically downwards on the system are (i) 
the weight of the atmosphere, (ii) your weight, (iii) the weight of the 
boat and (iv) the weight of the water in lake. All these forces add up 
to a total force W exerted at the bottom of the lake. From Newton’s 
third law the bottom of the lake exerts an upward force equal to wW 
so that the system (i.e. the boat, you and water) is in equilibrium (see 
Fig. 10.11(a). 

Now suppose a small horizontal force (parallel to the water surface 
is applied to the boat, This force can be applied by a person on the 
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shore by pulling at the rope tied to the boat. You can also exert such 
a force sitting in the boat by throwing something (say fish) in a direc- 
tion parallel to the water surface. The fish will, in turn, exert an equal 
and opposite force on you and the boat. You will notice that a small 
force F (see Fig. 10.11(b)) is enough to moye the boat. If you look at 
the water near the boat, you will notice that water also moves in the 
direction of the boat, The system is no longer in equilibrium. Thus if 
a tangential force is applied to a liquid, it begins to flow, since it can- 
not withstand any tangential force. Thus we conclude that the forces 
acting on a fluid in equilibrium are always perpendicular to its surface. 
It is for this reason that the free surface of a fluid at rest in a contai- 
ner is always horizontal. 


(a) (b) 
Fig. 10.11 (a) Boat and water in equilibrium (b) Equilibrium 


disturbed by a small force F applied parallel to 
the water surface 


Since the direction of the force acting ona fluid in equilibrium is 
always specified (being normal to its surface), the force is completely 
described by its magnitude. Hence, while dealing with fluids, it is more 
meaningful and convenient to use the concept of pressure rather than 
force. The total force acting on a surface is called thrust, Pressure is 
defined as the thrust exerted normally on a unit area of the surface, In 
the SI system, the unit of pressure is newton per square metre (Nm-*) 
also called pascal (symbol Pa), 

Since pressure is force per unit area, it follows that a given force 
will exert a different pressure if it acts over a different area. To clarify 


Fig. 10.12 
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further, let us first consider the example of the pressure exerted by a 
solid, for example, a brick. Figure 10.12 shows a brick of dimensions 
20 cm x 10 cm x 5 cm lying on a table. In Fig. 10.12(a) the brick is 
lying on its side and in Fig. 10.12(b) it is standing on end. If the mass 
of the brick is 5 kg, it exerts a force of 5 kg x 9.8 ms? = 49 N on 
the surface. Here 9.8 ms~ is the acceleration due to gravity. In case 
of Fig. 10.12(a) the force of 49 N acts over an area = 20 cm x 10cm 


: 49N 
= Drak 2 a 
200 cm 0.02 m?. Hence it exerts a pressure of 6.02 nm? 2450 


Nm. In case of Fig. 10.12(b) the same force of 49 N now acts over an 
area = 10cm x Som = 50 cm- = 0.005 m’. Hence it exerts a pres- 


sure of ene — 9800 Nm. Thus the same force acting on a 
smaller area exerts a larger pressure. That is why it is easier to cut 
with a sharp knife than with a blunt one. Since the area of the edge 
of a sharp blade is extremely small, even a small force will exert a very 


high pressure. 


m 20cm 
(a) 


Fig. 10.13 


ure exerted by a liquid at the bottom 
of a container. Take equal mass, say 5 kg, of water in two rectangular 
containers as shown in Fig. 10.13. The force exerted by a mass of 5 
kg of water is 5 kg x 9.8 ms = 49 N. In Fig. 10.13(a) water exerts 
this force over an area = 20cm Xx 5 cm = 100 cm’ = 0.01 m’. 
Hence the pressure exerted by water on the base of the container 
= as N 4 = 4900 Nm~. In Fig. 10.13(b) the same force now acts over 
01 j 
an eo 10cm x 5em = 50 cm? = 0.005 m°. Hence the pressure 


49 N 2 
A i wit te 9800 Nm~. Thus water exerts th 
exerted in this case iS 6 905 m? 98 $ 


same force but not the'same pressure at the bottom of the container 
in these two cases. We haverseen that, like ‘solids liquids also exert 
pressure. But unlike solids, liquids exert pressure not only at the bot- 
tom but also on the sides of the vessel in which they are contained. If 


Let us now calculate the press 
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you make å hole in the vessel, the liquid begins to cothe out of it. If 
you place your finger on the hole, you can feel the pressure. 


10.7 PASCAL’s LAW 


Blaise Pascal (1623—1662), a French scientist, discovered a principle 
which tells us how force (or pressure) can be transmitted in a fluid. 
Pascal’s law states that pressure in a fluid in equilibrium is the same 
everywhere (if the effect of gravity can be neglected). 


Experimental Demonstration of Pascal’s Law 


Ina liquid at rest, the force exerted by the liquid on any surface is 
prependicular to the surface. Any force acting parallel to the surface 
will make the liquid flow and the liquid will not stay at rest. Whenever 
such a liquid is subjected to a pressure, it transmits equally in all 
directions. To illustrate this take a glass flask having small tubes J 
jetting out from the side as well as the bottom of the flask. The flask 
is filled with water and is fitted with a piston, which can be pushed 
down by applying a force at the handle H (Fig. 10.14). Apply a force 
at the handle and push the piston down. The jets of water will be seen 


to rise to the same height. This shows that the pressure in a liquid acts 
equally in all directions. 


Fig. 10,14 


Fig. 10.15 


„Figure 10.15 explains why the pressure should be the same in all 
directions. Consider a tiny sphere of a liquid that is so small that we 
can ignore the gravitational force on it. Then the pressure on one side 
of it must be equal to that on the side opposite to it, as shown in the 
diagram. If the pressures were not equal, the tiny piece of liquid would 
move. In other words, the liquid will flow. Hence when the liquid is 
at rest, the pressure must have the same magnitude in all directions. 
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Proof of Pascal’s Law 


We will show that the pressu jo poi i i 
is the same (see Fig. 10.16). Tenet pee e sein? = 
that we have a right circular cylinder 
in the fluid with the line P, P, as its 
axis. Let A be the area of the circular 
end-faces of the cylinder. 

Let us suppose that the cylinder is 
filled with a fluid which is in eqaili- 
brium under the influence of the fluid 
outside. The forces from the outside 
fluid act normally on the “surfaces of 
the cylinder as shown: It is clear that’ Fig. 10.16 A cylinder in a fluid; 


forces F, and F, on the circular the arrows indicate 
aces at P; and P, are perpendicular the direction of pres- 
to the forces on the cylindrical sur- sure 


faces. Hence forces F, and F, must add 

to zero because the cylinder is at rest. Since the areas of the circular 
end-faces are equal, it follows that the pressures at P, and P; are also 
equal. Similar arguments show that the pressure at a point does not 
depend on the direction of the surface on which it acts. 


Effect of Gravity 


We will now find out how Pascal’s law is modified if gravity is taken 
into account. Consider again a vessel con- 
taining a fluid, Imagine a cylindrical colu- 
mn of the fluid of height h as shown in Fig. 
10.17. Then the pressure at a point P, on 
the top face of the cylinder will be the same 
as that on a point P, on the bottom face, 
if the forces due to gravity are neglected. 
Will these pressures remain equal if the 
effect of gravity is included? The answer is 
no. 
The cylindrical column of the fluid is in 
equilibrium which means that the forces 
acting on it are balanced. The horizontal 
forces acting on the sides of the cylinder 
- = are mutually balanced. The vertical forces 
Fig. 10.17 The pressure- acting on the cylinder are: 
depth formula (i) the force pA acting on the top face 
vertically downwards, where pı is the fluid 
pressure at P, and A is the cross-sectional area of the top face, (ii) the 
weight mg of the fluid of mass ™ in the cylinder acting vertically 
downwards and (iii) the force pA at the bottom face acting vertically 
upwards. Since the cylinder is in equilibrium, we have 


pA TEME p24 
or (P — Pi) A= mg (10.5) 
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If p is the mass density (mass per unit volume) of the fluid, then 
the mass (m) of the fluid in the cylinder of height h and base area A is 


m = density x volume = phd 


Substituting this in Eq. (10.5) we have 
Pz — Py = hpg (10.6) 


We have assumed here that the mass density of the fluid is uniform 
and does not depend upon pressure. This assumption is true for liquids 
(because they are practically incompressible) but not for gases (which 
are easily compressed). i 

Equation (10.6) describes how Pascal’s law (Pa — Pi) = Vis modi- 
fied due to gravity. This equation tells us that the pressure difference 
between two points in a fluid depends upon h, the vertical height bet- 
ween the two points, p the density of the fluid and g, the acceleration 
due to gravity. Since the base area A does not appear in Eq. (10,6) it 
is evident that the pressure difference (pz — pı) does not depend on 
the amount (i.e. mass) of the fluid column but only on its vertical 
height. 


Fig. 10.18 Liquid seeks its own level 


It is for this reason that a liquid seeks its own level, Pour some water 
in the communicating tubes A, B and C as shown in Fig. 10.18. When 
equilibrium is established, the water level will be the same in each tube, 
although the amount of water in tubes B and Cis much greater than 
that in tube A. 


Applications of Pascal’s Law 


We have seen that the pressure difference between two points in a fluid 
is either zero (if they are at the same horizontal level) or is a definite 
quantity depending on their height difference. So if the pressure at 
some point in a fluid is changed, there will be an equal change in pre- 
ssure at any other point. Thus fluids, especially liquids (because they 
are incompressible) are ideal for transmitting pressure. This fact is 
used in hydraulic machines, such as hydraulic press, hydraulic brakes, 
hydraulic jacks, etc. 
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Principle of a Hydraulic Machine 


Consider two cylindrical tubes of areas of cross-section A, and A, 
connected by a horizontal tube T as shown in Fig. 10.19. The appara- 
tus is filled with a liquid. There are water tight pistons P; and Pz. 


Fig. 10.19 Principle of a hydraulic machine 


If a force F, is applied at piston P; the pressure exerted at any 
point on it is F,/A;. This pressure is transmitted unchanged to piston 
P». Therefore the upward force F, exerted on piston P; is 


_F, x A, 
R= 
Fy _ Ay 
a Fra MA 


If A, > A, then F, > F. Thus a small force can be used to exert a 
much larger force. This relation is valid only if the two pistons are at 
the same height. If the smaller piston is at a height /: above the larger 
one, the pressure at the larger piston will be the sum of the pressure 
due to a force F) on the smaller piston and the pressure due to a 
column of liquid of height 4. 

Hydraulic Lift The hydraulic lift is used for lifting heavy loads such 


as cars or other heavy vehicles. The principle of its working is the same 
i that of a hydraulic press. Figure 10.20 shows a simple hydraulic 
ift. 
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he effort is applied on the smaller piston P,. The car Is placed on 
ane platform of the larger piston P,. The whole apparatus is filled with 
oil. When an effort is applied on the handle H, valve V opens and oil 
is forced into the larger cylinder. The piston P, is raised, thus raising 
the car. When the car has teached the desired height, the handle is 
released; the closing of the valve V prevents the machine from running 
backward. 3 


Hydraulic Brakes Hydraulic brakes are also based on the principle 
of transmission of pressure in a liquid. These brakes are used in auto- 
mobiles. Figure 10.21 shows the essential parts of a braking device 


used in automobiles. 


Inner rim of wheel 
Brake shoe 
Fig. 10.21 Hydraulic brake 


It consists of a tube T containing oil. One end of this tube is connec- 
ted to the cylinder C fitted with a piston which is connected to the 
pedal as shown. The other end of the tube is connected to a cylinder 
Cı having two pistons which are connected to the brake shoes. The 
cylinder C, has a larger diameter than that of C. When the pedal is 
pressed, increase in the pressure is transmitted through the oil to the 
pistons in cylinder C, which are pushed towards the rim of the wheel. 
When the shoe presses against the rim, the brake is applied, retarding 
the motion. In this way a small force applied to the pedal causes 4 
much larger retarding force. 


Examp.e 10.10 A cylindrical jar of cross- 
sectional area 0.01 m°? is filled with water to 
a height of 50 cm. It carries a tight fitting 
piston of negligible mass. Calculate the 
pressure at the bottom of the jar when a 
mass of 1 kg is placed on the piston, 


Solution As shown in the diagram the pres- 
sure at the bottom of the jar is due to the 
weight of a column of water 50cm high 
and the weight of the load (Fig. 10.22). Fig. 10.22 
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Total force acting on the base 


= hpgA + mg 

= 0.5 x 1000 x 9.8 x 0.01 + 9.8 

=5x 98+9.8 

=6 x 9.8 

= 58.8 N 

Pressure = force _ 58.8 _ 5880 Nm-? or Pa 
area 0.01 


EXAMPLE 10.11 A hydraulic automobile lift is used to lift a car with 
amass of 3000 kg. The cross-sectional area of the piston on which 
the car is supported is 425 cm2. What pressure would the smaller piston 
have to bear if (a) both the pistons are at the same horizontal level and 
(b) the bigger piston is 3 m above the smaller piston. The density of 
oil filling the hydraulic machine is 800 kg m”. 


Solution L 
Force on bigger piston = 3000 x 9.8 = 2.94 x 10° N 


Area of bigger piston = 425 om? = 4.25 x 10? m? 


(a) a bi ist _ 294 x 104 
Pressure at any point on bigger piston = 775 x 102 


= 6.92 x 10°Nm™° or Pa 


Since pressure is transmitted unchanged in the fluid, the smaller piston 
would have to bear a pressure of 6.92 x 10° pa. 

(b) The additional pressure due to a column of oil of height 3m and 
density 800 kg m~? = hpg 


= 3 x 800 x 9.8 = 2.35 x 104 Pa = 0.23 x 10° Pa 
Therefore, the total pressure on the smaller piston, in this case, is 
6.92 x 10° + 0.23 x 105 = 7.15 x 10° Pa 


The atmospheric pressure which is common to both pistons 
ignored. 


has been 


10.8 ATMOSPHERIC PRESSURE 


Like liquids, gases also exert pressure. The atmosphere of the earth is 
a mixture of gases. Near the surface of the earth, air 1s made up 0 
about 78% nitrogen, 21% oxygen, slightly less than 1% argon, tmy 
amounts of carbon dioxide and traces of other gases. Because of the 


pull of gravity, these gases tend to accumulate near the surface of the 
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earth. Thus air is the densest at sea-level and becomes thinner and 
thinner as we go up. 

Like all gases, air also has weight and hence exerts pressure. Just as 
water pressure is caused by the weight of water, the weight of all the 
air above the earth causes an atmospheric pressue of about 10° Nm. 
The atmosphere exerts this pressure not only on the earth’s surface, but 
also on the surface of all objects on the earth including living beings. 
The surface area of an average human being is about 2 m°. Therefore 
the total force exerted over his body by the atmosphere = atmos- 
vheric pressure x area = 2 x 10° N. This is an enormous force, But 
we do not feel such an enormous force on our body. Why are we not 
crushed by this huge force? The answer lies in the fact that the blood 
in the cells of our body and bodies of all other organisms exerts an 
equal pressure. Thus the pressure inside a cell equals the atmospheric 
pressure outside. When placed in a vacuum, the cells of any organism 
actually explode because of this internal pressure. 


Measurement of Atmospheric Pressure: The Mercury Barometer 


A baremeter is a device for measuring the atmospheric pressure. It 
was invented by the Italian physicist, E. Torricelli in 1643. It is called 
the simple barometer, A simple baro- 
meter can be made by taking a glass 
tube about 1 m long and closed at 
one end. It is filled with mercury up to 
the brim and a finger is placed over the 
open end as shown in Fig. 10.23(a). 
The tube is then inverted and the open 
end, with the finger securely placed 
over it, is dippedin a dish containing 
mercury, as shown in Fig. 10:23(b). The 
finger is then removed, The moment 
this is done, the mercury level drops 
to a height has shown. At sea-level the 
height # at which the mercury column 
stands is about 76 cm. This height is 
a 7 the same regardless of the diameter 
Fig. 10.23 The simple barometer of the tube or the length of the 
vacuum space at the top. 


= a aig at point C is due to the atmosphere above. Since points 
Hf are at the same horizontal level, the pressure at B must oF 
e same as that at C, i.e. the presssure at B is atmospheric. The 
pressure at B is due to a column of mercury of height / plus pressure 
a ae A due to some traces of air above the point A. But, 
è Is vacuum. i ne 

Thus the pressure at B is De see hy yee SAAN an 


P = hpg 
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where p is the density of mercury. At sea-level the value of A is 0.76 m. 
The atmospheric pressure at sea level is 


P = 0.16 m x 13600 kgm x 9.8 ms” 
= 1.01 x 105 Nm” or Pa 


The SI unit of pressure is Nm called pascal (Pa). Pressure is also 
expressed in terms of the height of mercury column as centimetres or 
millimetres of Hg. The atmospheric pressure at sea-level is 76 cm of Hg. 
The pressure of blood flowing in major arteries is about 120 mm of 
Hg in a normal person. A pressure of i mm of Hg is called a Torr 
(in honour of Torricelli). Pressure is also measured in units of atmo- 
spheric pressure. The pressure at a depth of 10 m in water 1s about 2 
atmospheres. The unit of pressure used for meteorological purposes 1s 
called the bar. One bar is about 10° Nm. A smaller unit is the millibar 
which is 10? Nm~. 

The reason for using mercury in a liquid barometer is that it is the 
densest of all liquids. Consequently only a 76-cm height of mercury 
column is sufficient to balance atmospheric pressure. With any other 
liquid, the height would be much larger. For example, with water it Is 
10.34m which is inconveniently large. Another reason is that the 
vapour pressure of mercury is negligible. If any other liquid is used, 
more vapour will be present in the vacuum above the liquid column. 
Due to the pressure exerted by the vapour, the barometer will give less 


pressure than the true value. 


Aneroid Barometer 


The mercury barometer, on account of its large size and the risk of 
spilling the mercury, cannot be easily taken from one place to another. 
For this purpose, a light and portable barometer called the aneroid 
barometer is used. In this barometer no liquid is used. The word ‘ane- 
roid’ means ‘without liquid’. 

Figure 10.24 shows the essential parts of an aneroid barometer. It 
consists of an air-tight metal box B which is fitted with a lid D of thin 


Fig. 10.24 Aneroid barometer 
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corrugated metal. The inside of the box is partially evacuated with a 
vacuum pump. The box is then sealed. The lid or diaphragm D is elas- 
tic and yields readily to changes in the atmospheric pressure. 

The lid rises and falls with changes in the atmospheric pressure. The 
lid rises as the pressure decreases and falls when the pressure in- 
creases. The motion of the lid is very small for small changes in pres- 
sure. This motion is magnified by a system of levers Li, Ly and L; 
which communicate this motion to an axle A to which is attached a 
hair spring H. The spring H winds or unwinds as the pressure changes. 
Consequently, a pointer P attached to the axle moves in a clockwise or 
anti-clockwise direction. So a circular scale S over which the pointer 
moves is calibrated by comparison with a mercury barometer to read 
the pressure directly in centimetres of mercury. 


10.9 VARIATION OF ATMOSPHERIC PRESSURE 
WITH ALTITUDE 


Since the atmospheric pressure at a place is due to the weight of the | 
air above it, it is obvious that the pressure will decrease as we £0 i 
higher up above the sea-level. Thus the atmospheric pressure is less on 
mountains than on plains. If we take a barometer up through the 
atmosphere, the height of the mercury column will decrease. On the 1 
other hand, if we take it into a mine, the height of the mercury column 
will be greater than 0.76 m. Since the barometric height varies with 
the altitude, it is clear that the barometric reading at a place can be 
e in finding the height of the place of observation above the sea- 


If the density of air is taken to be 1.29 kg m™, then 1 cm (0.01 m) | 
of mercury column is equivalent to 


0.01 m x 13600 kg m~* 
1.29 kgm® 


= 105m 


of air column. Thus the barometeric height falls by 1 cm for about 
105 m altitude. This result has been A amis that the den- 
sity of air remains constant. Since the density of air decreases with 
altitude, the relation between change in pressure with altitude is not 
so simple. Experiments have shown that for about 108 m change in 
altitude, the reading of the barometer changes by 1 cm. The variation 
of atmospheric pressure with altitude is shown in Fig. 10.25. 


The Manometer 


A manometer is a device used for measuring the pressure of a gas en 
closed ina vessel e.g. compressed gas in storage cylinders. It essen- 
tially consists of a U-tube containing some liquid. One end of the U- 
tube is connected to the cylinder containing gas and the other is open 
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to the atmosphere (Fig. 10.26). If the pressure of the gas in the cylin- 
der is equal to the atmospheric pressure the liquid will stand at the 
same level in the two arms of the manometer. 


“ 
a 


Scale 


o 
© 


Gas tap 


Connected to 
the vessel 
containing 
gas 


N 
o 


Atmospheric pressure (cm of Hg) 
ra 
oO 


5 10 TOZO 
Height above sea-level (km) 
Fig. 10.25 Variation of atmospheric Fig. 10,26 A manometer 
pressure with altitude 


_ Let us assume that the pressure P of the gas enclosed in the vessel 
is more than Po, the atmospheric pressure. When the gas tap is opened 
the pressure P forces the liquid to a level B in the arm connected to the 
vessel. The liquid in the other arm rises to level A. Let h be the differ- 
ence between the two levels. 

Now since the points B and C are at the same horizontal plane, the 
pressure at B = pressure at C. The level at A is open to the atmo- 
sphere. Hence the pressure at A = Py, the atmospheric pressure. 


= Pressure at C 


= Pressure Py + Pressure due to a height h of a column 
of liquid. 


= Py + heg 
where p is the density of the liquid used. 


The excess pressure is P — Po = hpg is called the gauge pressure. 
Hence by measuring the level difference h, we can measure the pressure 
P or pressure difference P — Po. In order to measure low pressures 
(P — Py) a low density liquid should be used. If the pressure difference 
(P — P,) is large, a high-density liquid (e.g. mercury) may be used. 


Exampre 10,12 A U-tube contains water and alcohol separated by 
mercury. The mercury columns in the two arms are level with 10.0 cm 
of water in one arm and 12.5 cm of alcohol in the other. What is the 
relative density of alcohol? If 15,0 cm more of water and alcohol each 
are poured into the respective arms of the U-tube, what will be the 
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difference in the levels of mercury in the two arms? Relative density of 
mercury = 13.6 


Solution 


TNT 


AHN 


7 
i 


; 
: 
I 


Fig. 10.27 


Referring to Fig. 10.27(a), since the levels A and B of mercury are 
at the same height, the pressure due to 10.0 cm of water exerted at A 
equals that due to 12.5 cm of alcohol exerted at B. Thus 


hy, Py & = Ng Pa È 


where subscripts w and a refer to water and alcohol respectively: 
Therefore the relative density of alcohol is 


If 15.0 cm more of each liquid is poured into the respective arms, 
the level of mercury in arm A falls while that in arm B rises. Let fm 
be the difference in the mercury levels (Fig. 10,27(b)). It is clear that 


Pressure of water column at A = pressure of alcohol column 
at B + pressure of mercury 
column of height Am 


i.e. 25 py 8 = 27.5 pa g + hn p8 
or 25 = 27.5% 4 h, 2 

Pw Pw 
Now 2% = 0.800 and fæ = 13.6. Therefore, we have 


25 = 27.5 x 0.800 + 13.6 hy, 
or hy = 0,221 cm 
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Pyampre 10.13 A vertical U-tube of uniform inner cross-section con- 
tains mercury on both sides of its arms. A glycerine (density 1300 kg 
m=) column of length 10 cm is introduced in one of its arms. Oil of 
density 800 kg m= is poured into the other arm until the upper sur- 
faces of oil and glycerine are at the same horizontal level. Find the 
length of the oil column. Density of mereury = 13600 kg m™. 


Solution Let hy (in metres) be the height of the oil column when the 
upper surfaces of oil and glycerine are at the same horizontal level, as 
shown in Fig. 10.28. E and B indi- 
cate the mercury levels in the two 
arms. A and B are two points in 
mercury at the same horizontal 
level. 


Pressure at A = pressure due to 
oil column of height Ao 
+ pressure due to 
mercury column 
of height 


EA = (0.1 — ho) 
= ho po +(0.1 — ho) Pm 8 G) 


Pressure at B = pressure due to 
glycerine colu- Fig. 10.28 
mn of height h, 


a (ii) 


Since A and B are at the same horizontal level, 
Pressure at A = pressure at B 

From (i) & (ii) we get 
ie. hoos + (0.1 — Bo) Pm = hehe (iii) 
Now py = 800 kg m~’, pm = 13600 kg m°, Pg = 1300 kg m”, 
and h, = 10 cm = 0.1 m. Substituting these numerical values in 
(iii) we get 

ho = 0.096 m = 9.6 cm 


10.10 ARCHIMEDES’ PRINCIPLE 


Bodies seem to weigh less when immersed in a liquid. Fill a bathtub 
with water. Take a brick or a stone which you find difficult to lift. 
Immerse it in the bath water. Now slowly lift it out of the water. You 
will notice that as long as the brick remains under water, it is readily 
lifted; but the moment it comes out of water, the same brick seems 
too heavy to be easily lifted. We conclude that a liquid exerts an up- 
ward force on a body immersed in it. The tendency of a fluid to exert 
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an upward force on a body immersed in it is called buoyancy and the 
upward force is called buoyant force. It is obvious that the buoyant 
force is equal to the apparent loss in the weight. 

Let us try another home experiment. Take a small piece of cork 
and take it to the bottom of a jug full of water and leave it. It rises 
to the surface, although the force of gravity is pulling it downwards. 
It rises due to the fact that, in this case, the upward force exerted by 
the liquid on the cork is greater than its own weight. 

Now try this experiment with a bigger piece of cork and carefully 
notice its rise to the surface. You will see that the bigger cork rises 
faster than the smaller one. This shows that the buoyant force depends 
on the size, i.e. the volume of the body. 

Try these experiments with a saturated solution of salt and water. 
The mixing of salt increases the density of the solution. You will 
notice that a given piece of cork rises much faster in the salt solution 
than in water. This shows that the buoyant force experienced by a 
given body depends on the density of the fluid in which it is immersed. 
Thus we conclude that the buoyant force depends on (a) the size or 
volume of the body and (b) the density of the fluid. How large is this 
buoyant force? The answer to this question was discovered by the 
Greek philosopher and mathematician, Archimedes (287-212 B.C.) 
and is known as Archimedes’ Principle which states that: 


‘When a solid body is wholly or partly immersed in a fluid, it experi- 


ences an upthrust or buoyant force equal to the weight of the fluid 

displaced by it.’ The word ‘fluid’ includes both liquids and gases. The 

principle is a general one and holds for solids of any shape and for all 
uids. 


Theoretical Proof of Archimedes’ Principle 


Consider a solid cylinder having a cross-sectional area aand height 4 
completely immersed in a fluid of density p (Fig. 10.29). The fluid exerts 
pressure on the top and bottom faces as well P P P 

as on the sides of the cylinder. The thrust 
due to the pressure of the fluid at a point 
on the side of the cylinder is cancelled by 
an equal and opposite thrust acting ata 
point diametrically opposite to it in the 
same horizontal line, as shown by the 
arrows pointing towards the sides, But the 
thrusts on the two faces of the cylinder do 
not cancel out. 


Let the top face A of the cylinder be at 
a depth A; below the free surface of fluid 
and the bottom face B at the depth h, 
below the free surface of fluid. Let P be - = 
the atmospheric pressure. Then, Fig. 10.29 


Total downward thrust on face A = (P + h, pg) a 
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Total upward thrust on face B = (P + h pg)a 


Since h, > h,, the upward thrust > downward thrust. 
Resultant upthrust on the cylinder. 
= (P + hypg) a — (P + hpg) a 
= (h, — hı) p ga 
= hpga Ceo h, — h = h) 
But h x a = Volume (V) of the cylinder which is evidently the 
volume of the fluid displaced by it. 
Upthrust = V p g = Mg 
C M =V x p where M is the mass of the fluid displaced) 
i.e. Upthrust = weight of the fluid displaced. 


It may be worthwhile to mention that the above mathematical proof 
of Archimedes’ Principle has been given for the special case of a solid 
of a regular shape immersed in a fluid of uniform density. The most 
remarkable feature of this principle is that it holds for solids of any 
shape immersed in a fluid of even non-uniform density. The mathema- 
tical proof of the general case is extremely complicated. 


Floatation 


When a body is placed in a fluid, two forces act upon it: (a) the 
weight W of the body acting downward and (b) the buoyant force 
acting upward. W may be greater than equal to or less than WA 


Case I W>W': The downward pull of the weight of the body is 
higher than the upthrust. The body, therefore, sinks in the fluid (Fig. 
10.30 (a)). 


w 
w 
eg EN 
(a) WoW" (b) WE (c) WSW 
Fig. 10.30 


Case 2 W = W!: This case is shown in Fig. 10,30(b), The weight of 
the body is just balanced by the upthrust and, therefore, the body just 
floats or is at rest in the body of the fluid. 


Case 3 W > W’: In this case the downward gravitational force W 
is less than the upward force 7’. Therefore, the body, when held below 


the surface of the fluid, experiences anet upward force to the surface. 
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It comes to rest when the upthrust or buoyant force becomes equal to 
the weight of the body (see Fig. 10.30 (c)). Similarly when a block of 
wood is placed on the surface of water, it begins to sink, The sinking 
stops when the buoyant force W’ equals the weight W of the block. 
When this happens the block is partly submerged. 


From the above discussion it is clear that the necessary condition 
for a body to float in a fluid is that the weight of the fluid displaced 
by it must be equal to that of the body. This is the law of floatation. 
This law does not express a new principle. It is nothing but Archime- 
des’ principle applied to the case of a floating body. 


Exampte 10.14 A block of wood floats in a liquid with four-fifths of 
its volume Submerged. If the relative density of wood is 0.800, find 
the density of the liquid. 


Solution 
Let the volume of the block be V m3 


Volume of block under liquid = ay m? 


Volume of liquid displaced = LE m 


Now let the density of the liquid be p kg m= 
Mass of liquid displaced = (volume of 
liquid displaced) x (density of liquid) 
4V 
eerste kg 
: acca bers 4V 
Weight of liquid displaced = “3 * P X g newton 


Relative density of wood = 0.8 
Density of wood = 0.8 x 1000 = 800 kgm? 
Mass of the block = 800 x V kg 
Weight of the block = 800 x V x g newton 
From the law of floatation, 
Weight of block = weight of liquid displaced 


or 800 x Vx g= E xp xg 


W p = 800 x 2 = 1000 kgm“? 


BIA 
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Notice that although the buoyant force on the block depends on 
the value of g (the acceleration due to gravity), the fraction of the 
volume of the block submerged under a liquid is independent of g and 
depends on the density of the block relative that of the liquid. 


EXAMPLE 10.15 A cubical block of steel 10 cm on each side is float- 
ing on mercury in a vessel. The density of steel is 7.8 x 10° kgm? 
and that of mercury is 13.6 x 10° kem™. (a) What is the height of 
the block above mercury level? (b) Water is poured into the vessel 
until it just cavers the steel block. What is the height of the water 
column? 


Solution 
Volume of steel block = 10 x 10 x 10 = 10°cm’ = 10° m? 
(a) Let h; be the height of the block above the mercury surface. 
Volume of mercury displaced = (0.1 — hı) x 0.1 x 0.1 m? 
Weight of mercury displaced = (0.1 — fy) x 0.1 x 0.1 x 13.6 
x 10° g newton 
This must be equal to the weight of block which is 
7.8 x 10° x 10-3 x g newton = 7.8 x g newton 
(0.1 — hy) x 0.1 x 0.1 x 13.6 x 10° x eg = 71.8 xs 
which gives h, = 0.0426 m = 4.26 cm 
(b). Let hy be the height of the water column required to just sub- 
merge the steel block. Thus 


weight of the block = weight of water displaced + weight 
of mercury displaced 


ie” 78 x g hai lon Omi M000’ g + Cl’ h) x 0.1 
x 0.1 x 13.6 x 10° x g 


which gives h, = 0.046 m = 4.60 cm 


EXAMPLE 10.16 A spring balance reads 10 kg when a bucket of water 
is suspended from it. What will be the reading of the spring balance 
when 
(a) an ice cube of mass 1.5 kg is put into the bucket, and bau 
(b) an iron piece of mass.7.2 kg suspended by another string is im- 
mersed with half its volume inside the water m the bucket? Relative 
density of iron is 7:2. ea 


Solution’ (a) When an ice cube of mass 1.5 kg: is dropped. into the 
bucket, the total mass of the system suspended from the spring 


——_ 
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balance will be 10 kg + 1.5 kg = 11.5 kg. Hence the balance will read 
11.5 kg. 

(b) Since the relative density of iron is 7.2, its density is 7.2 x 10° 
kg m°. Therefore, the volume of the iron piece is 


Sepp MASS. ates 71.2 kg Be EAE 
Ve ee 7 7210 kgm 


$ f BA BeAr. 
Now, volume of iron piece under water is a? which is the volume of 


water displaced by it. Hence weight of water displaced = volume 
displaced x density of water x g 


=i x 1000 x g newton 


= } g newton = weight of 0.5 kg 
CEEA A) 


This is the buoyant force exerted by water on the iron piece. Hence 
the iron piece will exert an equal force on water in the downward 
direction, which will increase the reading of the balance by 0 5 kg. 
Hence, the spring balance will read 10 kg + 0.5 kg = 10.5 kg. 


10.11 VISCOSITY 


We have so far dealt with fluids at rest. We will now consider fluids 
in motion. The branch of science that deals with the motion of liquids 
is known as hydrodynamics, The study of motion of liquids finds im- 
portant applications in various fields, such as meteorology, marine 
engineering, civil engineering, etc. Liquids while flowing obey the same 
fundamental laws of motion as obeyed by particles. But the descrip- 
tion of motion of a liquid is often more complex than that of a solid, 
for the simple reason that the intermolecular forces in liquids are not 
as strong as those in solids. To avoid complexities, we often make 
certain simplifying assumptions regarding the nature of the liquid and 
its flow. We shall assume that the liquid is incompressible and that the 
flow is steady or uniform. We will first discuss a very important pro- 
perty of a liquid which manifests itself when the liquid flows and has 
a profound influence on its motion. This property is called viscosity. 
Later we shall discuss the flow of liquids through pipes, a problem that 
finds numerous industrial applications. 


Steady (or Streamlined) Flow 


The flow of a liquid is said to be steady or streamlined if the velocity at 
every point in the fluid remains constant in magnitude as well as direc- 
tion. In other words, in a steady flow, each infinitesimally small volu- 
me element of the liquid (which we may call a particle of the liquid) 
follows exactly the same path and has the same velocity as its preced- 
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ing particle. Consider the flow of a liquid along the path ABC (Fig. 
10.31(a)), where A, B and C are points inside the liquid. Each new par- 
ticle of the liquid arriving at A will always have the same yelocity V 4 
in a direction tangential to the curve ABC at point A. Similarly, a 
particle arriving at point B will always have the same velocity Ve 
which may or may not be the same as V4. The same is true for point 
C. The line ABC along which the particles of the liquid move, one 
after another, with their velocities constant (but not necessarily equal) 
at the various points on it and directed along the tangents to these 
points is called a streamline. 


Ve 
C 
Va 
A 8 
V, 
s (b) 
(a) 


Fig. 10.31 Steady or streamlined flow 


A streamline may be defined as a curve, the tangent to which at any 
point gives the direction of the liquid flow at that point, A streamline 
may be straight or curved. Figure 10.31(b) shows the streamlines of the 
steady flow of a liquid through a pipe of variable cross-section. Since 
the volume of liquid crossing any section of the pipe per unit time 1s 
the same, the velocity of water flowing through the narrower part 
must be greater than that flowing through the broader part. But 
every particle of the liquid passes a particular section of the pipe with 
the same velocity and in the same direction. The streamlines are more 
crowded in the narrower part where the flow of the liquid is faster. 
They never cross each other. 

The liquid flow remains steady or streamlined if its velocity does not 


exceed a limiting value, called its critical velocity (see below), beyond 
which the streamlines bend in an irregular manner causing the liquid 
to move in disorderly fashion, often breaking up into eddies and 
whirls. Such a disorderly, churning motion of a liquid is known as 
turbulence and the flow of the liquid is said to be turbulent. We shall, 


however, deal only with a steady or streamlined flow of liquids. 


Laminar Flow 


Imagine that a liquid is in contact with a fixed horizontal surface Q 
at its bottom (Fig. 10.32(a)). Place a glass plate P on its surface and 
move it forward as shown. The liquid begins to flow because a 
liquid, by definition, cannot withstand the shearing strain caused by 
the moving plate. The particles of the liquid in contact with plate P 
move with the velocity, say v, of the plate, but the particles in contact 
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with the stationary horizontal surface Q are practically at rest: The 
particles of the liquid lying between Q and P move with velocities 
lying in the range zero to v. 


Glass plate 
=v 
Foe mous ae v 


ayere ee ee eae 
SS =z 
fern se ge SN (i Seana ee 
ecameead saree ony Velocity 
profile 
(a) (b) 


Fig. 10.32 (a) Laminar flow (b) Velocity profile in laminar flow 


If the liquid flows slowly and steadily, it behaves as though it con- 
sists of a number of layers or laminae one above the other. The _up- 
permost layer in contact with the plate has the maximum velocity v 
whereas the lowermost layer in contact with Q is at rest. The velocity 
of the intermediate layers decreases gradually. Thus, the uppermost 
layer P is the fastest and each succeeding layer, such as R, is slower 
than the one above it, with the lowermost layer Q in contact with the 
fixed horizontal surface Q remaining at rest. In Fig. 10.32(b), the magni- 
tude of the velocities of the various layers is represented by the length 
of the arrowed lines. The greater the distance of a layer from the fixed 
surface Q, the greater is the velocity of the layer. The dotted curve in 
Fig. 10.32(b) represents what is called the velocity profile or velocity 
shape of the flow. 

Similarly, when a liquid flows slowly and steadily through a pipe, 


the layer A of the liquid in contact with the pipe is practically station- 
ary, but the central layer C 


moves with a maximum velocity Pipe 


(Fig. 10.33). At other layers bet- ~~A 

ween A and C, such as B, the ....... (ei flow 
velocity is less than that at C. 

The lengths of the arrows repre- A 


sent the magnitude of the veloci- 1 
ties of various layers, The layers Fig. 10.33 Laminar flow in a pipe 
are cylindrical in form, one in- 
side the other. The velocity of the layers increases from zero at the 
walls of the pipe to a maximum along its axis. The velocity profile is 
parabolic as shown in the diagram. 

Such a liquid-flow in which the different layers or laminae glide over 


one another at a slow and steady velocity, without intermixing, is call- 
ed a laminar or viscous flow, 


aoe 


Viscosity 


If we swim in a pool of water, we experience a resistance to our mo- 
tion, If a liquid in a vessel is stirred and left to itself, the motion will 
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disappear after sometime. This shows that there is some kind of a 
frictional force in liquids. This force is called viscous force in the case 
of fluids. 

To understand the origin of the viscous force in a liquid, let us 
again consider a steady laminar flow of a liquid over a fixed horizontal 
surface Q (Fig. 10.32(a)). The experiment shows that (as stated above) 
the uppermost layer has the maximum ‘velocity, which decreases pro- 
gressively as we go to other layer below the uppermost layer until we 
reach the lowermost layer which is at rest. 


Let us consider two adjacent layers PP’, and RR’ of the liquid at 
certain distances from. the lower- 
most fixed layer QQ’ as shown in p’ 

Fig. 10.34. The force acting on the A ico aba 
upper layer PP’ tends to accelerate Bee Fer 
the motion of the lower layer RR’, 
whereas that acting on the lower 

layer tends to retard the motion of 

the upper layer. Thus there are two 2 
forces which act on layers in oppo- 

site directions. Consequently, the | Fixed surface Q 
liquid between the two layers is Ox 

subjected to a shearing stress. But Fig. 10.34 Newton’s law of viscous 
a shearing stress cannot produce laminar flow 

shearing strain in a liquid. it will ‘ 

instead cause the liquid to flow so that the stress disappears. We con- 
clude that the force acting on the adjacent layers tends to destroy the 
relative motion between them. This force is called the viscous force or 
viscous drag. The property of a liquid which gives rise to such a viscous 
force which tends to oppose the relative motion between its layers is 
called viscosity. 

Viscosity is sometimes called the internal friction because it acts bet- 
ween two layers of the same substance. Like friction between two solid 
surfaces, the viscous force acts tangentially in a direction opposite to 
the relative motion between the different layers of the liquid. It follows, 
therefore, that if a relative velocity between the layers of a liquid is to 
be maintained, an external force must be applied to it. In the absence 
of the external force, the relative motion between the layers is destroy- 
ed and the flow of the liquid-ceases. It is for this reason that the mo- 
tion of a liquid disappears after it is stirred and left to itself, Once the 
liquid stops flowing, the force due to viscosity stops acting. 

The viscosity of liquids such as water, alcohol, etc, which readily 
flow over a solid surface, is said to be low. Liquids such as glue, gly- 
cerine, coal tar etc, have a high viscosity. The viscosity of a lubricating 
oil is one of the factors which decides whether it is suitable for use in 
the engine of a machine, Thus the subject of viscosity has considerable 
practical importance. 

Coefficient of Viscosity 


Newton was the first person to study the factors that govern the _Vis- 
cous force in a liquid. Consider a layer RR of a liquid moving witha 
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velocity v and situated at a distance x from the fixed horizontal sur- 
face QQ’ (Fig. 10.34). PP’ is another layer at a very small distance dx 
above RR’ moving with a velocity (v + dv), where dv represents a very 
small increase in velocity. Then the ratio dv/dx is the rate of change of 
velocity with distance in a direction perpendicular to the direction of 
the flow of the liquid. This ratio is called the velocity gradient at the 
part of the liquid in consideration. 


According to Newton's law of viscous flow, the magnitude of the vis- 
cous force F on a certain layer of liquid is proportional to (i) the area 
A of the layer, and (ii) the velocity gradient (Z) at the layer of the 
liquid considered. 


In symbols, we have 


dq 
Foa-A dk 

or F= — PS (10.7) 
dx 


where 7 is a constant depending upon the nature of the liquid and is 
called the coefficient of viscosity of the liquid. The negative sign indi- 
cates that the viscous force acts in a direction opposite to the direction 
of liquid flow. Equation (10.7) is applicable only when the flow is 
laminar. 

It is worthwhile to recall that in the case of a solid sliding over an- 
other solid, the frictional force is independent of the area of contact 
and of the relative velocity between the solid surfaces concerned. This 
is not true of the frictional force which is called into play when a 
liquid layer slides over another. 

do = 1] ms m" 
D 


From Eq. (10.7) it follows that if A = 1 m? and z 


the numerical value of 7 equals F newton. Thus, the coefficient of vis- 
cosity of a liquid may be defined as the tangential viscous force per unit 
area which is called into play between layers of a liquid in which a unit 
velocity gradient exists in a direction normal to the layers. Alternatively, 
the coefficient of viscosity may be defined as the tangential force per 
unit area required to maintain a unit velocity gradient normal to the 
direction of liquid flow. 


Units of Coefficient of Viscosity It follows from Eq. (10.7) that the 
numerical value of 7 is given by 
pry er ae 
1 = A (dojdx) 
Its dimensions in terms of dimensions of force, length and time are 
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Thus in the SI system, 7 is experessed ‘in Nsm? (newton second per 
square metre) which is also called Poiseiulles (symbol PI). 


Dimensions of Coefficient of Viscosity In terms of the fundamental 
dimensions of mass, length and time, the dimensions of 7 are: 


a Gia g Dimensions of force ; 
Dimensions of area x Dimensions of velocity gradient 


Viscosities of a few fluids are given in Table 10.2 below at the indicat- 
ed temperatures. 


Table 10.4 Coefficients of viscosity of some fluids 


Fluid Temperature n 
CC) (Nsm? or PI) 

Blood 37 1.5 x 10-* 
Light machine oil 16 0.113 
Water 20 1x 10 
Air 0 1.7,.%51075 
Water vapour 100 1.25 fos 
Honey 20 2 x 107 
Til oil 20 4 x 10-? 


Critical Velocity and Reynold’s Number As mentioned earlier, 
Eq. (10.7) holds only for laminar flow. The flow remains streamlined 
or laminar only so long as its velocity does not exceed a certain limi- 
ting value called the critical velocity, Beyond the critical velocity, the 
flow becomes unsteady and disorderly with the velocity changing 
abruptly and haphazardly. Such a flow is called turbulent flow and 
most of the energy needed to drive the liquid is dissipated in setting 
up whirlpools, vortices and eddies in it. - 

It was Osborne Reynold who, in 1883, showed experimentally that 
the value of the critical velocity ve of a liquid is given by 


pee (10.8) 
pr 


where » and p stand for the coefficient of viscosity and density of the 
liquid respectively, r is the radius of the tube in which the liquid flows 
and k is a number called Reynold’s number. 
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The value of Reynold’s number is usually very high. For pure water 
k is about 1100, The flow of a viscous liquid is saidto be laminar if 
k of the liquid lies between 0 and about 2000, For values of k above 
3000, the flow is turbulent. 

It follows from Eq. (10.8) that the value of the critical velocity v 
will be high if » is large, and p and r are small. If follows, therefore, 
that the flow of liquids of higher viscosity and lower density through 
narrow pipes tends to be streamlined whereas the flow of liquids of 
lower viscosity and higher density through broad pipes tends to be- 
come turbulent, since in this case, the critical velocity becomes very 
small. 


A Sphere Falling througha Fluid: Stokes’ Law It is a common 
experience that a body falling through a viscous medium (liquid or 
gas) experiences a retarding force resulting in absorption of energy 
by the medium in the form of heat. As it falls, the body drags the layer 
of the fluid with it. The fluid at a large distance” from the body is 
unaffected by it and is, therefore, at rest. Thus the motion of the body 
produces a relative motion between the different layers of the fluid. 
Consequently, it experiences a viscous force which tends to retard its 
motion. When a small object, such as a small steel ball, is released in 
a viscous liquid like glycerine it is found to accelerate first, but soon 
begins to experience a retarding force. If the weight of the ball is 
sufficiently small, it is found that after attaining a certain velocity the 
retarding force just becomes equal to the effective (apparent) weight 
of the ball in the liquid. The ball then does not experience any force 
(and hence any acceleration) and, therefore, falls with a constant 
velocity known as the terminal velocity. 


Stokes’ law Sir George Stokes made extensive experimental studies 
on the motion of small spherical bodies in various fluids and found 
that if a small spherical body of radius r moves with a small uniform 
velocity v through an infinitely extensive, homogencous fluid of coeffi- 
cient of viscosity m, the retarding force experienced by it is given by 


F = 677 rv (10,9) 
This relation is known as Stokes’ law, 


Expression for terminal velocity If p is the density of the falling 
spherical body, then the mass 74 of the body is given by 


m = volume x density 
4 
es arp 
The weight W of the body is given by 


W = mg = t nr pg 
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The volume of the fluid displaced by it is ; ar? and if o is the density 


of the fluid, the weight of the fluid di it i i 
alee g isplaced by it is the upthrust U it 


Thus 
pee nA 
UNG nrog 


ha oe effective (ot apparent) weight of the body inside the fluid is 


W-U=zar(p- 28 


abe the body attains a terminal velocity. vs this downward force on 
it must just be balanced by the viscous force F 
acting upwards against motion. We therefore, 
have (see Fig. 10.35) 

Pi A ail 


Using Stokes” law, we get 


6rnro, = $ nr? (p — a) & 


2l = oT Fig. 10.35 Motion of a 
Tg e= ors (10.10) small spherical 
2 A 5 body through a 
This relation tells us that the terminal velocity homogeneous fluid 
», of a small spherical body falling under gra- 
hes in a fluid depends on the radius and density of the body and on 
the density and viscosity of the fluid. 

The graph in Fig. 10.36 illustrates how the velocity of a small sphere 
dropped from rest into a viscous fluid varies with time. Notice that 


or vi 


v t initially the body is accelerated and after 
Terminal some time it acquires its terminal velocity 
velocity vi 


ExamrLE 10.17 An oil drop falls through 
air with a terminal velocity of 5 x 1074 
m s". (a) Calculate the radius of the drop. 
(b) What will be the terminal velocity of 
the drop half this radius? Viscosity of air 
5 — 18 x 105 Nsm?, density of oil = 
Time 900 kgm. Neglect the density of air 
Fig. £0.36 compared to that of oil, 


Acceleration 
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Solution 
(a) Neglecting a compared to p in Eq. (10.10) we have 
2 org 
Lah ae 
9 vm 1/2 
o r= (ae) 
9 


= ( x 5 x 10-4 x 1.8 x oo 
T 2 x 900 x 9.8 
= 2.14 x 10-€m 


(b) The terminal velocity v, for r?, from the above expression. Hence 
when the radius is decreased by half, the terminal velocity becomes 
one-fourth. 


New terminal velocity = } x 5 x 10+ 
SS DEA Ope E 
Steady Flow of a Fluid through a Pipe: Poiseiulle’s Formula 


The steady flow of a fluid through a pipe was first investigated by the 
French physician and physiologist Jean Louis-Marie Poiseiulle (1799- 
1869). In 1844, he discovered a formula for the volume (Q) of a fluid 


flowing per second through a pipe (while working on the flow of 
blood in arteries) which is 


= A 
2 = Fi 


where p = pressure difference at the ends of a pipe of radius r and 
length / where a fluid of viscosity 7 flows through it without turbu- 
lence. This formula is known as Poiseiulle’s formula. A derivation o: 
this formula, based on first principles, is given in Supplement S2 at 
the end of this chapter. 


(10.11) 


EXAMPLE 10.18 Glycerine flows steadily through a horizontal pipe of 
length 1.5 m and radius 1.0 cm. If the amount of glycerine collected at 
one end is 4.0 x 10° kg s~!, what is the pressure difference between 
the two ends of the pipe? Density of glycerine = 1.3 x 10° kg m7 
and viscosity of glycerine = 0.83 N sm~. Is the flow laminar or not? 


Solution 
Rate of flow of mass of glycerine = 4 x 10-3 kg s~! 


Volume of glycerine flowing per second 
(0) = tate of flow of mass 
density 
L 4 x 107 kg s~! 
1.3 x 10 kg m= 
= 3.077 x 10-6 m3 s~! 
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Radius of pipe (r) = 1.0 cm = 1.0 x 107m 

Length of the pipe (/) = 1.5 m 

Viscosity of glycerine (n) = 0.83 N sm 
From Eq. (10.11) the pressure difference between the two ends of the 
pipe is given by 
_ 8g 


DS art 
Substituting the values, we get 
p= 9.75 x 10 Pa 


To find out whether the flow is laminar or not, we find the Reynold’s 
number 


The velocity (v) of the flow = = 0.98 x 1072m s™', which gives 


ke lo 


Since k is small, the flow is laminar. 


10.12 FLUID FLOW 


In the preceding section, we have discussed a very important property 
of a fluid in motion. We have found that every fluid (liquid or gas) 
has viscosity. In this section we shall y a 

of motion of a fluid through pipes. These equations, for a viscous 
fluid, are very complicated. But it turns out that many physical phe- 
nomena associated with fluid flow are satisfactorily explained even 
when the effect of viscosity is neglected. 


Equation of Continuity 


The equation of continuity is a fundamental equation of fluid flow and 


is a special case of the general law of conservation of mass. 


AS 


Fig. 10.37 Continuity of flow 
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Consider an incompressible and a non-viscous fluid flowing slowly and 
steadily through a pipe of a non-uniform cross-section. Let A and B 
be two different sections of a pipe having areas a, and a), respectively. 
(Fig. 10.37). Let v; and v; be the respective velocities of the liquid flow 
through these sections. Let As, and As, be the small distances covered 
by the fluid at A and B respectively in time Ar. Then, if p; and p, are 
the densities of the fluid at A and B tespectively, we have 


Mass of fluid entering per unit time at A = ene x Density 


Time 
GAS KP fs As, 
= TN aa: = QVP . eis At 


Similarly the mass of fluid leaving per unit time at B = a,x,p,.. Now 
from the principle of conservation of mass, there can be no accumu- 
lation of mass anywhere, i.e. 


T04P1 = Agv2p2 
Since the fluid is incompressible, p; = Po. Hence we have 
Av, = azo, 
or a = Constant (10.12) 


This equation is called the equation of continuity for streamline flow. It 
shows that the quantity av remains constant throughout the flow pro- 
vided it is steady or streamlined. Since av is constant, it follows that 
v © 7, Le. the velocity of fluid flow at any section of the pipe is in- 


Wea proportional to the area of cross-section of the pipe at that 
ion. 


Energy of a Fluid in a Steady Flow 


A fluid in a steady or streamlined flow can have three kinds of energy; 
(i) kinetic energy, (ii) potential energy, and (iii) pressure energy. 


Kinetic energy The energy possessed by a body by virtue of its velo- 
city is called its kinetic energy. If m is the mass of a ‘fluid of volume 


V and density, p flowing with a velocity v, its kinetic energy (KE) is 
given by 


Kinetic energy of mass m = 4 my? 


Exh 2 

ae Kinetic energy per unit mass = l AAi EENS v 
2m 2 

and Kinetic energy per unit volume = 5 il = i pu 


Potential energy The energy possessed by a body by virtue of its 
Position above the earth’s surface is called its potential energy. If a 
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fhass m of a fluid is raised to a height h above the earth’s surface, its 
potential energy is given by 

Potential energy of mass m = mgh 
Potential energy per unit mass = gh 


and Potential energy per unit volume = p gh 


Pressure energy The energy possessed by a fluid by virtue of its pres- 
sure is called its pressure energy. A fluid under pressure çan do work 
and thus possesses potential energy. For example, a fluid in a cylinder 
can derive a piston as shown in Fig. 10.38, Let p be the pressure 


Atmospheric 
pressure 


Fig. 10.38 Pressure energy in fluid 


exerted by the fluid on a frictionless piston of area A. Let us say that 
the piston moves through a distance X due to the excess pressure p 
above the atmospheric pressure. Then the force exerted on the piston 
= Excess pressure x. Area = p X A, Therefore the work dW done 


by the fluid in giving a small displacement 4x isp x Ax dx, Hence 
the total work done in giving a displacement to the piston is given by 


x x 
w = \aw — | px Ax dx=pa i dx = pAx = pV 
0 


where V — Ax is the volume swept by the piston. This work is equi- 
valent to the energy contained in a volume V of the fluid on account of 


its pressure. Thus 
Pressure energy in volume V=pV 


Therefore, 
F ENOK E 
Pressure energy per unit volume ="; = p 
= its excess pressure 
bay pole 
and Pressure energy per unit mass = m = p 
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Thus the total energy per unit mass of a flowing fluid 
=2 4 hy Z 
P 2 
Total energy per unit volume of a flowing fluid 
=p+pgh+t pr 


Bernoulli’s Theorem 


In the year 1738, Daniel Bernoulli proposed a theorem which states 
that the total energy of an incompressible, non-viscous fluid in a stream- 
Tine flow remains constant through the flow. The theorem may be de- 
duced as follows. 


bk AS h, 
Ground level 


(b). , 


Fig. 10.39 Bernoulli’s theorem. A portion of the fluid moves 
through a section of a pipe from the position 
shown in (a), to that shown in (b) 


Consider a non-viscous and incompressible fluid flowing steadily 
through a pipe of a non-uniform cross-section (Fig. 10.39). Let us 
consider the flow of the fluid between two sections A and B of the tube. 
Let a, be the area of cross-section at A, v the fluid velocity, p the 
fluid pressure and h, the mean height above the ground level. Let 4, 
v2, P2 and hy be the values of the corressponding quantities at B. 

In a small time interval Aż the fluid layer A adyances to A’ bya 
small distance As; = v; At under the influence of a force p,a,. Hence 
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the work done by the force pa, on the fluid element enclosed in AA’ 
is given by, say W, where 

W, = force x distance = p,4,z,At 
In the same time interval At, the fluid layer at B advances to B’ bya 
small distance As, = v, At, against the force pa, exerted by the fluid 
pressure p, on the layer of area a). Hence the work done against the 


force psd, by the fluid element enclosed in BB’ is given by, say Wz, 
where 


W, = P2Mn02 At 
Thus the net work AW done on the fluid by the fluid pressure is given 
by $ 
AW = W, — W, 
or W = paw At — prav, At (10.13) 
Now avi At = a, As, is the volume of the fluid that crosses the sec- 


tion A in time At, If p is the density of the fluid, the mass Am, of the 
fluid crossing the section A in time At is given by 


Am, = density x volume = pd,v, At 


Since the fluid is incompressible, the density of the fluid crossing the 
section B must also be p. Therefore, the mass Am, of the fluid cross- 
ing the section B in time At is given by 


Am, = pan, At 


But from the principle of conservation of mass, there can be no accu- 
mulation of mass anywhere in the pipe. Hence 


Am, = Am, = Am (say) 


or pav, At = par, At = Am 
Am 
or ayo, At = a, At = FT, 
or au = 40 (10.14) 


This is the equation of continuity already obtained earlier. Substitut- 
ing in Eq. (10.13), we have 


AW = = (pi; — Pa) (10.15) 


As the fluid has moved from a position AB to a new position A'B', 
there is a decrease in its potential energy which is equal to the differ- 
ence between the potential energy (Amgh,) of mass Am when it was 
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enclosed between AA’ and the potential energy (Agi) of mass Am 
when it is now enclosed between BB’, i.e. 


Decrease in potential energy = Amgh, — Amgh, 
= Amg (hy — Ay) (10.16) 


The work AW done by the fluid and the decrease in its potential 
energy together are responsible for an increase in the kinetic energy 
of the fluid. Now, 


Increase in kinetic energy = 4 Amo? — 4 Amo? 
= } Am (vj — 27) (10.17) 


Now from the principle of conservation of energy, we have 
Work done by the fluid ++ decrease in PE = increase in KE 
Using Egs (10.15), (10.16) and (10.17), we have 


Am 
(pı = P2) + Amg (hy — hy) =i Am (v3 — v3) 


Pı 1 
or — + gh + = yp? = *2 A 
RG, 2% p S 


ie. Ss + gh + 5 v = constant (10.18) 


This is the familiar form of Bernoulli’s theorem. If we consider a 
unit mass of the fluid, this equation implies that the sum of pressure 
energy (p/p), potential energy (gh) and kinetic energy (4 0”) of a unit 
mass of a fluid remains constant. Thus the total energy of a unit mass 
of a fluid remains constant. Now, what is true of a unit mass is also true 
of any mass of the fluid. Therefore we conclude that the total energy 
of any incompressible and non-viscous fluid in a streamline flow remains 
constant throughout the flow. This is the statement of Bernoulli’s 
theorem, 

Since density p of an incompressible fluid is c n multi- 
ply Eq. (10.18) by p and write Boe 


P +p gh + 4 pi? = constant (10.19) 


This is another form of Bernoulli’s theorem in terms of pressure. 
It can easily be seen that every term in Eq. (10.19) has the dimensions 
of pressure. The term (p + p gh) is called the static pressure, because 
it is the pressure of the fluid even if it is at rest, and the term } pv? is 
called the dynamic pressure of the fluid which is the pressure by virtue 
of its velocity v. Thus we have 


Static pressure + dynamic pressure = constant 
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We can write Bernoulli’s theorem in yet another form. Since g is 
also a constant for a given place, Eq. (10.19) can be rewritten as 


2 


) tems 
Pi + =" = constant 
pg 2.8 


This is Bernoulli’s theorem in terms of lengths of heads. Every term 


here has dimensions of a length and is called a head. Thus 5 © is 


the velocity head, P isthe pressure head and his the gravitational 


head, so that pressure head + gravitational head + velocity head = 
constant. 
We will now consider a few special cases of Bernoulli’s theorem. 


Case I: Pressure at a Certain Depth in a Stationary Liquid Consi- 
der a fluid at rest in a vessel (Fig. 10.40). Its velocity is zero every- 
where. At point A on the surface of 
the fluid, the pressure is atmospheric, 
let us call it Po. Let p be the pressure; 
at a point B at the depth h below the 
a Thus we may write: For point H+h 


Pi = Pa m=H+h, z = 0 
and for point B. 
P= Pit P h =H, 1 =9 
Substituting in Eq. (10.19), we have 
Py ++ a E 
or p = pgh 


Ground level 


Fig. 10.40 Hydrostatic pressure 


which is Eq. (10.6) obtained in Sec- 10.7. 


Case 2: Velocity of Efflux Gar 
i or A 
vessel that has a small oe ae ai Howe “out” TEM 1041): We 
that t 
eaei the fall of the surface of the 
liquid can be neglected. Now the pres- 
sure at a point, such as A, of the sur- 
face is atmospheric. The pressure of the 
liquid at the end of the opening B is also 
atmospheric. Say, Po. 
Now referring to Fig. 10.41, for point 


Ground level Bs = Py fied H+h ee 0 


and for point B, 
ed, me (say) 


Fig. 10.41 Velocity of 
efflux 


D = Po 
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where vis the velocity of efflux of the liquid. It is the velocity with 
which the liquid flows out of the opening. Substituting in Eq. (10.19), 
we have 


Po + pg (H + h) + 0 = Py + ppH + 3p v2 
or pu” = pgh 
or y= 4/2 gh 


This shows that the velocity of the efflux through an orifice at a 
certain depth below the free surface of a liquid is the same as that 
attained by another body falling through the same height. This result 
is known as Torricelli’s theorem. 


Case 3 Liquid Flowing through a Horizontal Non-uniform Pipe Consi- 
der a liquid flowing steadily through a horizontal non-uniform pipe 
as shown in Fig. 10.42. Narrow vertical 
tubes P and Q, which are fused to the 
pipe, act as manometers to measure 
liquid pressure at various points. Consi- 
der two points A and B at. the same 
horizontal level. Let a, be the area of 
cross-section of the pipe, p, the liquid 
pressure and v the velocity of liquid 
flow at point A. Let a, p,, and vz be 
the values of the corresponding quanti- 
ties at B. Then, since 4, = h, = h, we 


have from Eq. (10.19) Fig. 10.42 A venturimeter 
Pi + pgh + 4 pot = py + pgh + 4 pi? 
or (pi — P) = $ p (v3 — v2) (10.20) 


Now since` the area of cross-section at B is smaller than that at A, 
it follows that v > vı. Equation (10.20) than tells us that Pi > Pr 
This result is called Bernoulli’s principle which may be stated as ‘when 
an incompressible and non-viscous liquid flows steadily through a non- 
uniform pipe, the pressure of the liquid is lower where the liquid velo- 
city is higher, (ie. where the cross-section is smaller) and vice versa. 
This principle is used in a venturimeter as described below. 


Applications of Bernoulli’s Theorem 


Venturimeter (or Flowmeter) The venturimeter is a device used to 
measure the rate of flow of a liquid in a pipe. It is usually employed 
to measure the rate of flow of water in a city’s water supply mains. It 
is based on Bernoulli’s principle which states that, in a liquid flow, 
the pressure is the maximum where the velocity is the minimum and 
vice versa. 

_As shown in Fig. 10.42 a venturimeter consists of three parts: (i) a 
pipe CD of area a, at its outer end C and tapering down to a much 


Properties of Matter 365 


smaller cross-sectional area a, at the other end, (ii) a short horizontal 
tube DE of uniform cross-sectional area a, and (iii) a pipe EF with 
cross-sectional area @, at its outer end F. 

Let p, and p be the liquid pressures at points A and B respectively 
where the velocities of the liquid flow are v, and vz. Then from Eq. 
(10.20) above, we have 


pa | 
24, = 024 or TER rm 


1 a? 
he ze a- 1) 
From Fig 10.42 it is clear that pı — P2 = /p8- Therefore 


1 a? 
hpg = 50 es — 1) 


2 gh 
a 

or n= (4 ts 1) 
2 


knowing g, h, a, and 4, velocity vı at A is determined. The rate of 
liquid flow is then obtained from the equation 


Volume crossing section A per second = v14, 


The Pitot Tube The Pitot tube is a simple device, based on Bernoulli's 
principle, for measuring the velocity of flow at any depth in a flowing 
liquid. Henry Pitot, in the year 1730, accidentally dipped an open- 
ended L-shaped tube (Fig. 10.43) in a river and observed that water 
rose in the tube. Such a tube came to be known as a Pitot tube. 


The arrangement illustrated in Fig. 10.43 consists of a vertical tube 
Q and an L-shaped Pitot tube P. The tubes have a small aperture at 
ends A and B. The plane of the f 
aperture at A and the plane of the 
aperture at B are respectively para- 
llel and perpendicular to the direc- 
tion of the flow. The ends A and B 
are placed very near each other and 
at the same height, say, H from the 
ground level. Let v be the velocity —F 
of the liquid at this plane and let 
its pressure at A be pı. Total energy Seep see se 
ee ey page a poe one Conde vel 

1 v . Now, c j 
the plane of K aperture at B is Fig, 10.43 A Pitot tube 
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normal to the liquid flow, the aperture is directly facing the liquid 
flow. The flow will, therefore, be stopped at the nose B of tube P. This 
point B is called the stagnation point. The whole of the kinetic energy 
of the liquid is converted into potential energy which will cause the 
liquid to rise in the tubz P to a certain height. Thus the total pressure 
at B will be different from that at A. Let this pressure be p>. Since 


v = 0 at B, the total energy per unit volume at point B is (p> + pg). 
According to Bernoulli’s theorem. 


Total energy at A = Total energy at B 


or Pi + 4 po + pgH = p, + pg 
or 4 po? = p, -pı 

or 4e = pgh (C P — pi = pgh) 
as shown in Fig. 10.43. 

or v = 4/2 gh 


Knowing g and h, the velocity of the liquid at point A is determined. 


Sprayer or Atomizer The working of an atomizer that is used to 
spray liquids is based on Bernoulli’s principle. Fig. 10.44 shows the 
essential parts of an atomizer. 


Balloon When the rubber balloon is pressed 
P the air rushes out of the horizontal 

Spra tube B decreasing the pressure m 

8 & a this tube to p, which is less than 

A the atmospheric pressure pı in the 


i Fail 
=Atmospheric container, Consequently the liqui 
4 as rushes up the vertical tube A. When 

it collides with the high speed air 


A in tube B, the liquid breaks up into 
Fig. 10.44 The atomizer a fine spray. 


Curved Path of a Spinning Ball Take a cricket ball and throw it hori- 
zontally with a certain initial velocity. The ball follows a curved pat 
as shown in Fig. 10.45(a) (see projectile motion, Chapter 4). When the 
same ball is thrown horizontally with the same velocity in such a way 
that it is given a twisting motion so as to cause it to spin as shown m 
Fig. 10.45(b), it is found that the path of the ball is much more sharply 
curved than when it was not spinning. The deviation of the path of the 
spinning ball from that of a usual projectile can be easily explained by 
Bernoulli’s principle, 

Consider again a ball moving horizontally with a velocity v without 
spinning. The situation is effectively the same as if the ball were at 
rest but the wind blows in the opposite direction with the same velo- 
city v. Figure 10.45(c) shows the shape and direction of the streamlines 
of the flow of air in this case. But when the ball is spinning as shown 
in Fig. 10.45(d), on the upper side A of the ball, the air moves in à 
direction opposite to that of the spin. Since the spinning ball 1s not 
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smooth, it drags some air with it while spinning. This causes a decrease 
in the resultant velocity of air above A. But on the lower side B, the 
air velocity is helped by the spinning motion; both being in the same 
direction, Consequently the resultant velocity of air below B increases. 
According to Bernouili’s principle, a reduction in velocity must be 
accompanied by a corresponding increase in pressure and vice versa. 
Thus the air pressure above A increases while that below B decreases. 
As a result the ball curves downwards in the direction of the spin as 
shown in the figure. í 


Ball with . Spinning 
no spin ball 
E y Path of C : 
Baas ball S. dao Path of 
EEN 4 ball 
y y 
` 
(a) (b) 
Steamline of Increasing pressure 
mS air flow x 
SAS Sout 
= Trajectory Å Trajectory 
=O et Oas y 
Se PN 
a See ok S 
(c) Reduced pressure 


F (downward force 
nee to spin) 


Fig. 10.45 Curving of a spinning ball 


Dynamic Uplift If the ball moving to the right were also spinning in 
an anticlockwise sense about an axis perpendicular to the plane of 
the paper (rather than in clockwise sense as shown in Fig. 10.45 d), 
then on the upper side A of the ball the air would move in the same 
direction as that of the spin, resulting in an increase in the yelocity of 
air above A. On the lower side B, the ait would move in a direction 
Opposite to that of the spin. The resultant air velocity, therefore, de- 
creases. From Bernoulli’s principle, the pressure above A is now lower 
than that below B. Consequently the ball would experience an uplift 
and its trajectory would be less curved than when it had no spin. This 
uplift is called. the dynamic uplift which must be distinguished from 
the static uplift which is the buoyant force that acts on an objectin a 
fluid in accordance with Archimedes’ principle, Similarly, an aircraft 


experiences an uplift by virtue of its motion through air. 


Aerofoil: Lift on an Aircraft Wing Aerofoil is the name given to an 
object shaped in such a way as to cause dynamic uplift by virtue of its 
horizontal motion through air. This upward force makes aeroplanes fly. 


Figure 10.46 shows a section of a wing of an aircraft in the plane 


of the paper. The wing is 50 designed that its upper surface is slightly 
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more curved (and hence longer) than the lower surface and the front 
edge A is broader than the rear edge B. As the aircraft moves in the 
indicated direction, the streamlines of the air flow curve around the 
wing at A and meet at B at the same time. Thus the velocity of air 
moving along the upper surface is higher than that along the lower 
surface. Now, according to Bernoulli’s principle, the air pressure on 
the upper surface is reduced below atmospheric pressure whereas that 
on the lower surface is increased above atmospheric pressure. Hence, 
the wing experiences an upthrust R, The vertical component of the 
thrust provides the lift L tending to take the aircraft higher up in the 
air and the horizontal component provides what is called the drag. 


Reduced 
pressure 


wing 


Increased pressure 


Fig. 10.46 Dynamic uplift on an aircraft wing 


EXAMPLE 10.19 Water flows steadily through a horizontal pipe of a 
non-uniform cross-section. If the pressure of water is 0.05 m of met- 
cury column at a point where the velocity of flow is 0.5 m s~!, what 1 
the pressure at another point where the velocity of flow is 0.75 m s~"? 


Solution According to Bernoulli’s theorem, for a horizontal flow at a 
height / from ground level, 


Pr + 4B pot + pgh = py + $ pur + pgh 

Pi + 4 pot = p + 4 pod 

or Po = Dy + 3 p (o? — 02) 

Here P, = 0.05 m of Hg = 0.05 x 9.8 x 13600 N m? 


a = 0.5 ms"! 


v = 0.75 m s~! 


= 1000 kg m= 
P, = 0.05 x 9.8 x 13600 + 4 x 1000 {(0.5)? — (0,75)} 
= 6539.56 N m? 
6539.56 


= 918 15800 0.049 m of Hg column 
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Exampce 10.20 Water stands at a depth H ina tank whose side walls 
are vertical. A hole is made in one of the walls at a depth h below the 
water surface. The emerging stream of 
water strikes the floor at a distance R from 
the tank. (i) Obtain an expression for R 
in terms of H and A, (ii) Show that R is 
maximum if h = H/2. 


Solution (i) Referring to Fig. 10.47, let h 
be the depth of the hole below the free sur- 
face of water. 

According to Torricelli’s theorem, the 
velocity of efflux v of water through the 


hole is given by Fig. 10.47 
v= V/2eh (i) 
The height through which water falls is 
S=H—-h 
If f is the time taken by water to strike the floor, then 
S = gt? 
or H-h=t8t? 
ene = Pe” (ii 
The distance R where the emerging stream strikes the floor is given by 
R= vt 


Substituting for v and ¢ from Eqs G) and (ii), we get 


R= /2gh x pi x Vi = nh) 


which is the required expression. 
dR 


(ii) R will be maximum at value of h for which gp = 0 
CR. 
and g< 
a Ran- 12 (iii) 


Differentiating with respect to h, we have 


(H — 2h) 7 
H =2 x% ; qH- Rye = hga ae 
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It is clear that 7 will be zero at a value of h given Ly 


H —2h=0 
i.e. hee 


To find out whether 7 is negative at this value of h, we 


differentiate Eq. (iv) with fespect to h to get 


PRI 2h Haid. <7 = 2H 
de m+ 5 ara 
Putting h = 1/2, we have 
aR wifes 
(z pi it V 2H 
2 


which is negative. Hence R will be maximum at h = 2/2, Thus for 


range R to be maximum the hole must be exactly in the middle of the 


tank. 


SECTION C: LIQUIDS 
10.13 SURFACE TENSION 


We will now consider a liquid surface 


tension. We will show that this phenom 
attraction. 


phenomenon called el 
enon is due to intermolecular 


are able to walk on the 
‘op of water which remains 
it falls, as if some force 
mercury splits, it gathers 
we gently place a a 
er, it may float on ye 
Head of needle elle its density is eight time 
F 


you watch closely, you will sea 
sia that immediately below the feed 
le, there is a slight depression m 
the water surface as if there w 
some kind of a membrane sm 
ched so as to support the nee h 
le. If the needle is heavy enoni 
it can pierce this heme 
and sink to the bottom of the 
beaker, These observations svg 


Fig. 10.48 A needle floating on water 


that of water (see Fig. 10.48). If 
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gest that the surface of a liquid behaves like a very fine elastic skin or 
stretched membrane. This property by virtue of which the free surface 
of a liquid at rest behaves like a stretched membrane is called surface 


tension. 


Molecular Theory of Surface Tension 


The fact that a liquid surface is in a state of strain or tension can be 
explained in terms of the intermolecular forces (see Ch 9). The horizon- 
tal line PQ in Fig. 10.49 represents the surface of a liquid in a large 
container. Let us first consider the forces acting on a molecule such as 
A which is well below the surface, i.e. which is situated in the bulk of 
the liquid. It is clear that there is a certain range around A within 
which it can feel the influence of its neighbours. The molecules far 
away from A exert negligible forces on A. The range of influence has 
been shown by drawing a sphere around A. The molecules present in 
this sphere exert forces on A. The molecule A is surrounded by an 
equal number of molecules in all directions within thesphere around 
it. The closer molecules exert repulsive forces on A while the farther 
ones exert attractive forces. Since, by symmetry, the molecules are 
uniformly distributed around A, the attractive forces balance the 
repulsive forces; the net effect is that the average intermolecular force 
between A and the surrounding molecules is zero. 

Consider next a molecule such as B which lies near the liquid sur- 
face and has a part of the upper half of its sphere of influence lying 
outside the surface as shown in the figure. 


Liquid sur face 


f F 
Ray Small inward 
Me force on B F 
A Large inward 
No inward force on C 
force on À 


Fig. 10.49 Molecular forces in a liquid 


Since the number of molecules of the liquid lying in the lower half of 
the sphere around B is much larger than that in the upper half, the 
molecule B experiences some resultant force tending to bring in inside 
the liquid. 

Consider now a molecule such as C which lies on the surface PQ 
and has the upper half of its sphere of influence lying completely 
outside the liquid surface. There are very.few particles on the vapour 
side above C compared to those in the liquid below. Consequently 
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this molecule experiences the maximum force directed inward towards 
the interior of the liquid. This applies to all the other molecules on 
the surface of the liquid. Thus the surface itself experiences a net force 
or tension. 


Energy of a Liquid Surface 


Let us now construct an imaginary plane P’Q’ parallel to the free sur- 
face PQ of the liquid so that the distance PP’ (or QQ’) is equal to the 
radius of the sphere of influence. The liquid enclosed between the 
planes PQ and P’Q’ is called the surface film. It is evident that the 
molecules below the surface film do not experience any net force, but 
those in this film experience a net inward force. Therefore, if you try 
to pull a molecule in this film near the free surface, work will have to 


be done to overcome the inward force. The molecules at the surface 1 


PQ experience a maximum inward force and hence require maximum 
amount of work to be pulled out of the surface. In other words, the 
molecules in the surface film have potential energy by virtue of their 
position there. It is clear that the molecules on the surface of a liquid 


have more potential energy than those below it. This energy is called 
the surface energy. 


Shape of Drops 


The potential energy of any system in stable equilibrium is minimum. | 


In other words, a system always behaves in such a way as to reduce 
its potential energy to a minimum value. Thus, under surface tension; 
the surface film tends to have the least potential energy, i.e. it tends 
to have the least number of molecules in it. Since the thickness PP’ (see 
Fig. 10.49) of the film cannot change (because the sphere of influence 
of molecular interactions is fixed), the number of molecules in it cal 
decrease only if the surface area becomes a minimum. Thus the fiee 


surface of a liquid of a given volume at rest tends to have the least sit- | 


face area, 


Mathematically, it can be shown that the shape of a given volume 
of liquid with the least surface area is a sphere. That is why raindrops 


and small droplets of mercury are nearly spherical in shape. 


gravitational force cannot distort the spherical sh reciably due 
to the very small mass of tiny aeoe crical shape app 


A soap bubble is almost exactly spherical because the gravitational 


force on it is extremely small and iquid i 1 
the sh then mat 
due to surface tension — oa 


Let us consider a small drop of mercur ity of 
meee y. Although the density 
mercury is high, a very small drop of it is poetical. Let us say 14 


i iusi : : . Ant | 
its radius is r. Then its surface area is 47r? and its volume is =3~" The 


ratio of surface area and volume is clearly proportional to 1 Thus the | 
r 
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smaller the radius, the greater is the influence of surface tension com- 
pared to the weight (or gravitation). Larger drops of mercury are 
flattened on top due to the relatively large weight of mercury. In this 
case, the shape is such that the sum of the gravitational potential 
energy and the surface potential energy must be a minimum. Hence, 
the centre of gravity must move down as low as possible, which 
explains the flattening of larger drops. 


Definition of Surface Tension 


We have seen that the free surface of a liquid behaves like an elastic 
membrane under tension, tending to contract so as to have minimnm 
sutface area. This behaviour of a liquid surface suggests that there 
exists a force on the surface of a liquid that creates a surface of the 
smallest area. The property by virtue of which the free surface of a 
liquid at rest behaves like an elastic membrane under tension which 
tends to contract the surface so as to have minimum surface area is 
called surface tension. 

A blown-up balloon has a surface in a state of tension. Draw a line 
on its surface. Since any point on this line is acted upon by two equal 
and opposite forces (because it is in equilibrium) we can say that the 
two equal and opposite forces act on the line itself. If the balloon is 
cut along the line with a razor blade, the rubber is drawn away from 
the line by the two forces present and the balloon bursts open. 

_ Similarly any imaginary line (such as AB 
in Fig. 10.50) drawn on the flat surface of Liquid sur face 
a liquid is acted upon by equal and oppo- 
site forces, perpendicular to the line on 
either side. Since every molecule of the 
liquid in the line AB experiences equal and 
opposite forces when in equilibrium, it is 
clear that the force acting on this line will 
be proportional to the length of the line. 
If l'is the length of the imaginary line and 
F the total force acting on either side of it, 
pona Fig. 10.50 Definition of 
Fel surface tension 


Fol 


where o, the constant of proportionality, is called the surface tension 


of the liquid. If / = 1, o = F. i 
Thus, surface tension is measured by the force (or tension) acting per 
unit length of an imaginary line on the liquid surface, the direction of 
the force being perpendicular to this line and tangential to the liquid sur- 
face. A much more meaningf definition of surface tension M terms 


of surface energy will be given in Sec. 10.14. 
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It may be mentioned that the magnitude of surface tension is quite 
independent of the area of the liquid surface. The above example of 
an inflated balloon is, therefore, not quite appropriate because here 
the tension on the surface of the balloon increases if its surface area is 
increased (by inflating). 


Unit and Dimensions of Surface Tension 


In the SI system, surface tension c is measured in newton per metre 
(N m7'), The dimensions of o are 


Dimensions of force _ MLT? _ MT- 
Dimensions of length MRT ei 


Experiments that Illustrate Surface Tension 


1. Take a circular wire frame and support a loop of cotton thread by 
means of two small threads tied to its frame as shown in Fig. 10.51(a). 
Dip the ring in soap solution. Remove it from the solution. A soap 
film in the ring is formed on which the loop of thread forms an irre- 
gular outline. Now prick the film within the loop by a needle. The film 
in the loop suddenly vanishes and the loop of thread assumes a circu- 
lar form as shown in Fig, 10.51(b). Since for a given perimeter, a circle 
encloses the maximum area, it follows that the film surrounding the 
loop tends to assume the least area. The film outside the loop, there- 
fore, contracts pulling the loop equally at all points so that it assumes 
a circular form. This shows that a liquid film tends to contract due to 
surface tension. 


‘Wire frame 


Fig. 10.51 A soap film in a circular frame 


2. We have mentioned above that, due to surface tension, the free 
surface of a liquid tries to contract to have a minimum area. For a 
given volume, a sphere has the least area. That is why tiny raindrops 
are spherical. A tiny mercury globule on a plane glass plate 1$ also 
spherical because of surface tension. We have explained above why 4 
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bigger globule of mercury will be flattened on top due to a gravita- 
tional force which can no longer be neglected. 

If the gravitational force were absent, the drop would have been 
perfectly spherical in shape- This has been beautifully demonstrated by 
what is called Plateau’s Spherule experiment illustrated in Fig. 10.52. 
He prepared a mixture of water and alcohol of density equal to that 
of olive oil. He put the mixture in a beaker and carefully introduced 
a drop of olive oil in it with the help of a pipette as shown. Since the 
density of the olive oil drop is the same as that of the surrounding 
liquid, the weight of the drop is counterbalanced by the upthrust 
of the surrounding liquid. Thus the effect of the gravitational force is 
eliminated. Therefore, the drop is perfectly spherical. 


Spherical drop 
of olive oil 


Mixture of water 
and alcohol 


3. The fact that a liquid drop becomes spherical due to surface ten- 
sion in the absence of external forces is used in the manufacture of lead 
shot. A fine stream of molten lead is poured down from a tower into 
a tank of cold water. The stream breaks into tiny droplets of lead 
which assume a spherical shape and solidify as they drop. The tiny 
lead drops have very little mass and hence the grav 
too small to distort their shape. ‘ 

4. A tiny sewing needle floats on the surface of water as shown in 
Fig. 10.48. The floating needle causes a little depression 10 the surface 
of water below it. The forces F due to surface tension of the curved 
surface are inclined as shown in the figure. The vertical components of 
these two forces support the weight of the needle. 


10.14 SURFACE ENERGY 


We have seen above that the molecules on the free surface of a liquid 
experience an inward force due to molecular interactions. These mole- 
cules possess potential energy since work will have to be done to pull 


them from the surface to overcome the inward foree due to surface 


olecule on the surface has a higher 


tension. As explained earlier, a mouecw’™ ©. ~ui 
potential energy than one deep in the interior of the liquid. In creat- 


ing a surface the liquid has to pull these molecules up to the surface. 
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Thus work has to be done in increasing the number of molecules on 
the surface. The energy required to create a surface is called surface 
energy and is defined as the amount of work done to produce a fresh 
surface of liquid film of a unit area, Alternatively surface energy may 
be defined as the potential energy per unit area of the liquid surface. 


Calculation of Surface Energy 


Take a rectangular frame ABCD of a wire. The arm BC of the frame 
is not fixed to the frame but can slide parallel to side AB resting on 
the arms AB and CD as shown in 
Fig. 10.53. The frame gently dipp- 
ed in a soap solution to form a 
soap film ABCD within the frame. 
Let / be the length of the arm BC 
(or AD) and o be the surface tension 
of the soap solution. Then, by defini- 
tion of surface tension, the force F 
acting on the wire BC is given by 


bie Ge XD) = Gi] 


Soap film 


Ax 


F=2o1 


The factor 2 appears in this expres- 
sion because the film has two sur- h 
faces, each of length /. Fig. 10.53 Stretching of a film 


Now let us slide the arm BC to a new position B’ C’ by a small 


distance Ax, The film is now stretched. The increase in the surface 
area of the film is given by 


AS = 21 Ax 


It is clear that, in stretching the film, work has to be done on the 
film against the inward force F due to surface tension. Let the work 
done be AW, which is given by 


AW = F Ax = (2c 1) Ax 
= o AS 


or work done = surface tension x increase in the area of the film. If 
AS = 1, AW = o, Thus, the work done to increase the surface area 
of a film by unity is equal to the surface tension of the liquid. This 
gives us a much more meaningful definition of surface tension. T% 
surface tension of a liquid is the amount of work done in increasing the 
surface area of a film of the liquid by a unit amount. This work is stored 
as the surface energy in the soap film. Thus the surface tension is 
numerically equal to the free surface energy per unit area. Defined in 


this way, surface tension is measured in the units of work (or energy) 
per unit area, ie. J m”. 
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Measurement of Surface Tension 


In practice, the force acting on wire BC (Fig. 10.53) can be measured 
by a very simple experiment. Take a rectangular frame of a clean wire 
and suspend it from one arm of a sensi- 
tive beam balance (Fig. 10.54). A bea- Arm of beam balance 
ker containing soap solution is placed 
under the frame and its height adjusted 
till the frame is completely dipped in 
the solution. The beam is balanced by 
adding mass on the other pan. The bea- 
ker is now gently lowered a little so that 
the portion of the frame which is now 
outside the solution carries a film of the 
soap solution. More mass will have to 
be added for the beam to be balanced 
again. Let the mass added be m. Fig. 10.54 Measuring force due 
The film has two surfaces, each of to surface tension 
length, say, l. The downward force N 
due to surface tension exerted by the film is 2ø /. We have neglected 
the mass of the film itself, This force is balanced by the weight mg. 


Thus, 


20 l= mg 


mg 
or o = 72 T 

This experiment demonstrates the action of surface tension and its 
measurement in a very simple manner. 


Examprr 10.21 Calculate the work done to break up a drop of mer- 
cury of diameter 1.0 x 10-7 m into eight drops, all of the same size. 
Surface tension of mercury is 0.035 N m™- 


Solution To calculate the work done, we have to determine the 
increase in the surface area. Let R be the radius of the big drop. 


Surface area of big drop = 4a R 
5 4 
Volume of the big drop = 3 7 R 


Let r be the radius of each tiny drop. Then the total surface of eight 
drops =8 x 4 rr? = 32 m r°? 


4T 


327 3 
Total volume of eight drops = 8 x ce ae ae r 


3 = 


378 Physics for Class Xi 
As the total volume remains unchanged, we have 


327 5 _ 47 ps 
ti a E 


AUS: 


or sr = Rk SERUMI ER or r= 5 


2 
Total surface area of eight drops = 32 m r? = 32 rA 


= 8 r R? 
Hence, the increase in surface area 
=8r R —4rnR=4r R 
= r D? 
where D = 2R, is the diameter of the big drop. 


Thus, 
Work done = surface tension x increase in area 
=o D? 
100s aA (10 x 10-2) 
JURE Meer Ay 


EXAMPLE 10.22 Calculate the work done in blowing a soap bubble of 
radius 5 cm. Surface tension of soap solution = 3.0 x 10? N m`. 


Solution 
Radius of bubble (r) = 5 cm = 5 x 10- m 

Since a bubble has two surfaces in contact with air, 

Total surface area of the bubble 
=2 x (4r r?) = 8r r? 
= 8 x 3.142 x (5 x 10-73? m? 

Work done = surface tension x increase in area 

= 3.0 x 107 x 8 x 3.142 x (5 x 107) 
= 1.88 x 10° J 


10.15 ANGLE OF CONTACT 


So far we have considered only a free liquid surface. A liquid has to 
be kept in a container. So the liquid surface near the walls of the con- 
tainer is not free, it is in contact with a solid (i.e. walls of the contai- 
ner). It is aiso in contact with the liquid vapour (i.e. gas) just above 
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its surface. Thus, at the boundary ofa liquid in a container, three 
surfaces meet, namely, solid, liquid and gas. As explained below, they 
exert forces on the liquid surface, as a result of which the liquid sur- 
face near the boundary is generally curved. 


Glass plate 


Mercury 
(b) 


Fig. 10.55 Angle of contact 


Take a glass plate and dip it in water with its sides vertical. Water 
is drawn up near the point of contact and assumes a curved surface 
as shown in Fig. 10.55(a). The shape of the surface is concave upward. 
But if the same plate is dipped in mercury, the surface of mercury near 
the point of contact is again curved but is depressed below the hori- 
zontal surface as shown in Fig. 10.55(b). The shape of the surface is 
convex upward. 

The angle 0 between the tangent plane to the liquid surface at the 
point of contact and the solid surface inside the liquid is called the angle 
of contact, 

The value of angle of contact depends upon the nature of surfaces 
in contact. For a clean glass plate in contact, with pure water with 
vapour above water, the angle of contact (0) is zero. For ordinary tap 
water 0 is acute and about 8°. The angle of contact between mercury 
and glass when air is above mercury is obtuse, being about 130°. 
Generally, the angle of contact is acute for liquids which wet glass and 
obtuse for those which do not. 

Dyers often use wetting agents. They are added to decrease the 
angle of contact between the fabric and the dye so that the dye may 
penetrate well. On the other hand, water-proofing agents, such as 
waxes, are used to increase the angle of contact between the fabric and 
water to prevent water from penetrating the cloth. 


Angle of Contact and Molecular Forces 


When a glass rod is dipped in water and then taken out, a little water 
still sticks to the glass. This implies that the adhesive forces between 
water and glass molecules ate stronger than the cohesive forces bet- 
ween water molecules. But when a glass rod is dipped in mercury and 


380 Physics for Class xi 


taken out, no mercury sticks to glass, showing that the cohesive forces 
between mercury molecules are stronger than the adhesive forces bet- 
ween mercury and glass molecules. Using these ideas, we can explain 
why the angle of contact between water and glass is acute, and bet- 
ween mercury and glass obtuse. 


Glass 


(b) 


Fig. 10.56 (a) The meniscus at water-glass interface 
(b) The meniscus at mercury-glass interface 


Let us consider a liquid molecule A near the glass wall as shown in 
> 


Fig. 10.56(a). It experiences a net cohesive force F, acting inwards 
along AB within the liquid. At the same time, it experiences a net 
> 


adhesive force F, acting perpendicular to the glass face pointing along 
pans aa 


AC as shown. As explained above, F, > F,. The resultant of these two 
forces can be obtained by the law of parallelogram of forces which 
-> 


tells us that the resultant force F acts along the diagonal AD. Since 
> 
the liquid is at rest, the force Æ must have no component parallel to. 


the liquid surface (because this would cause mass motion). Hence F 
must act normal to the liquid surface, i.e. the surface near A must ad- 


oy 
just itself to make the force F act normal to it. This can happen if the 
surface assumes the shape (concave upward) as shown in Fig. 10.56(a). 

Let us now consider a molecule A of mercury near the glass wall as 


shown in Fig. 10.56(b). The adhesive force Fy is much smaller than the 

cohesive force Fi. The resultant force F now acts within mercury. The 
> 

mercury surface can become normal to F by curving itself in the shape 

(convex upward) as shown. 

Shape of Meniscus and Angle of Contact 


We have seen above how we can have a general idea about the shape of 
a liquid surface in contact with a solid by knowing the relative streng- 
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ths of cohesive and adhesive forces. To obtain the exact shape of the 
meniscus, we must consider the force due to surface tension acting on 
various surfaces involved. 

At the boundary of a liquid in a container, three surfaces are in con- 
tact with each other as shown in Fig. 10.57. These three surfaces are 
those of the liquid, solid and vapour. Therefore, there are three forces 
acting at the boundary of the three surfaces. These forces are: 


(a) 


Fig. 10.57 Surface tension forces at the boundary of 
three surfaces (solid, liquid and vapour) 


1. Surface tension azy of the liquid-vapour film acting tangentially 
to the liquid surface. 

2. Surface tension osy due to solid-vapout film acting parallel to 
the wall of the container. 

3. Surface tension osz due to solid-liquid surface acting parallel to 
the wall of the container directed into the liquid. 

In addition, there is an adhesive force F, between the molecules of 
the container (solid) and the liquid. This force is always normal to 
the wall of the container. The point A where the forces meet is in 
equilibrium as there is no flow of the liquid. 

Let us first consider water in a glass vessel. Figure 10.57(a) shows the 
various forces at A. For equilibrium there should be no net force on 
A in any direction. Let be the angle of contact for water-glass inter- 
face. Then the components of ory parallel and perpendicular to water 
surface are ozy sin 9 and ozy COS 0 respectively. For equilibrium, we 
must have 


F, = oy sin 9 
and osy = Isp + Pxv COS 0 


asy = Ost (10.21) 


or cos 0 = 
Ory. 


Now, in the case of water in a glass container, osy > %sz» SO that cos 6 
is positive. Hence 9 < 90°, ie. the angle of contact is acute and the 
meniscus is concave upward as shown in Fig. 10.57(a). 

Let us now consider a liquid, such as mercury, in a glass container. 
In this case, ogy < asų and cos @ is negative. Hence ô lies between 
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90° and 180°, i.e. the angle of contact is obtuse and the meniscus is 
convex upward as shown in Fig, 10.57(b). 


10.16 DROPS AND BUBBLES: PRESSURE DIFFERENCE 
ACROSS A FILM 


When the free surface of a liquid is curved, there is a difference of 
pressure between the liquid side and vapour side of the surface. Let 
us first try to understand what causes this. Let us consider the three 
possible liquid surfaces: 


1. If the free surface of a liquid is plane, as shown in Fig. 11.58(a) 
the surface tension acts horizontally and has no component normal 
to the surface. There is no force acting normally to the surface. Con- 
sequently, the pressures on the liquid side and vapour side are equal. 


Horizontal direction 


Fig. 10.58 Surface tension and excess pressure 
across a surface film 


2. If the liquid surface is convex (Fig. 10.58(b)) the forces of surface 
tension have components acting downwards. Consequently, the pres- 
sure inside the liquid increases so that the surface remains in equili- 
brium. 

3. If the liquid surface is concave (Fig. 10.58(c)), there will be a re- 
sultant upward force due to surface tension acting on the surface. For 
the surface to remain in equilibrium, the pressure on the vapour side 
must be greater than that on the liquid side. 

Thus, it follows that, if the surface of a liquid is curved, any ele- 
ment of it can be in equilibrium only if the pressure on the concave 
side is greater than that on the convex size, otherwise, the surface will 


not stay in equilibrium and will contract on account of surface ten- 
sion. 


Expression for Excess Pressure 


We shall now obtain an expression for the excess pressure across 4 
curved surface and show that it depends on the surface tension of the 
liquid and the radius of curvature of the surface. 


Consider a spherical drop of radius R of a liquid of surface tension 
o (Fig. 10,59), Due to its spherical shape the pressure inside the drop 
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will be more than that outside. Let the pressure outside be P and that 
inside be P + p, where p is the excess pressure. Let us now enlarge the 
size of the drop slightly so that its radius 
increases from R to R + AR where the 
increase AR is so small that the pressure ; 
(P + p) inside remains unchanged. Let the / 
surface area of the drop increase from 4 
to A + AA, 


Initial surface area A = 4r R? 


Final surface area A + AA 
= 4r (R + ARP 
u 2 RAR) Fig- 10.59 Excess pressure 
A T across the surface 
where we have neglected the term (ARP of a liquid drop 
which is negligibly small, being the square $ k 
of a very small term AR. Thus the increase AA inthe surface area is 
given by 


AA = (A + AA) — A = 4a (Rè + 2R AR) — 4R? 
or AA = 8r RAR 


Now, by definition of surface tension ø, the work done dW in ep- 
larging the drops is given by 


dW — Surface tension x increase in surface area 
=o x AA 
or dW == 8roRAR (10.22) 


The work dW is also given by the excess force times the distance 
moved. The excess force dF is given by 


dF = Excess pressure x Area 


=p X 4r R? 
Since the distance moved is AR, the work done must be given by 
dW = dF x AR 
or dW = 4r R°pAR (10.23) 


Equating the two expressions [Eqs (10.22) and (10.23)] for the work 
done, we have 


4n R?pAR = 8roRAR 


or p=% (10.24) 


In the case of a bubble, such as a soap bubble, there are two sur- 
faces in contact with vapour. Hence, for a bubble, the excess pressure 
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will be twice that for a drop which has only one surface in contact with 
vapour. Thus for a bubble, we have 


4o 
P= (10.25) 


Thus it follows that if the surface tension remains constant, the pres- 
sure difference is larger for smaller values of R. For extremely small 
values of R, excess pressure p can assume an enormous value (see 
Example 10.23). It is for this reason that very tiny liquid drops be- 
come as rigid as solids and resist fairly large deforming forces. When 
an ice-skater slides over the surface of smooth ice, some ice melts due 
to the pressure exerted by the sharp metal edges of the skates. The 
skater runs along the tiny water droplets as if he were on ball bear- 


mes For the same reason it is easir to walk on wet sand than on dry 
sand. 


EXAMPLE 10.23 Calculate the excess pressure across a soap bubble 
of diameter 3 mm. Surface tension of soap solution is 1.5 N m. 


Solution 


Here R = È mm = 1.5 mm = 1.5 x 10° m 
1 


Excess pressure p = x 


ETA 1:5 
NSX 10S 


= 4000 N m 


10.17 CAPILLARITY 


The word capillary means ‘hair-like’ A tube having a very fine bore 
is called a capillary tube. If a glass capillary tube REA a both ends 
is dipped in a liquid such as water or alcohol, which wets glass (i.e. 4 
Havia whose angle of contact with glass is acute), the liquid rises UP 
y the tube to a certain height above the liquid level outside (Fig. 

0.60(a)). But if the tube is dipped in a liquid, such as mercury, whic! 
does not wet glass (i.e. whose angle of contact with glass is obtuse), it 
gets depressed below the liquid level outside (Fig. 10.60(b)). The rise 
or fall of liquids in a capillary tube is known as the phenomenon 0 
capillarity. We shall show that the rise or fall of a given liquid is 
greater in a tube of smaller diameter, 
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(b) 


Fig. 10.60 (a) The rise of water in a capillary tube 
(b) The fall of mercury in a capillary tube 


Illustrations of Capillarity 


We come across various illustrations of capillarity in everyday life. A 
few examples are: 

1. The fibres of wood in the stem of a plant form very fine capil- 
eae, and this helps the leaves of the plant receive moisture from the 
earth. 

2. Kerosene oil rises in the wick of an oil lamp through the narrow 
spaces between the strands (threads) of the fibre in the wick, which 
serve as capillary tubes. 

3. A piece of blotting paper soaks ink by capillary action. The 
pores of the blotting paper serve as capillary tubes. i 

4. Melted wax in a candle rises up the wick by capillary action. 

5. Capillary action plays an important role in farming. In porous 
soil, water rises to the surface by capillary action. The spaces between 
the grains of a compact soil serve as capillary tubes. To prevent this 
loss of water, the soil is loosened and split into pieces so that the 
spaces between pores become large and the rise to the surface by capil- 
larity is prevented. Thie is sometimes called dry farming. 


Height of a Liquid in a Capillary Tube 
We shall now obtain an expression for the height to which a liquid 
rises in a capillary tube. It is instructive to learn. the various ways by 
which the expression can be obtained. 


Capillary Rise on the Basis of Excess Pressure Considerations 


Let us consider water in a capillary tube (Fig. 10.61(a)). The shape of 
the meniscus of water in the capillary tube is nearly spherical if the 
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capillary tube is of a sufficiently narrow bore. The pressure at point 
A just above the meniscus is atmospheric, say, equal to P. Therefore, 
mhe PaA at a point B just below the meniscus will be (see Eq. 
10.24). 


e -p=(r-7) 


where ø is the surface tension of water and R the radius of curvature 
of the meniscus. 


Fig. 10.61 The height of a liquid in a 
capillary tube by excess pres- 
sure considerations} 


Since the pressure at A is greater than that at B, the water will rise 
in the tube and reach a height h above the horizontal surface outside 


the tube until the excess pressure p (- A ) becomes equal to the 


hydrostatic pressure due to a height / of the liquid column. The hy- 
drostatic pressure due to a height 4 is hog, where pis the density of 
the liquid and g the acceleration due to gravity. Thus, at equilibrium, 
we have 


20 

ME R 

x da 
or h= Roz (10.26) 


Now referring to Fig. 10.61(b) (which shows a magnified view of the 
meniscus), we have 


Rceos#=r 


r 
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where r is the radius of the capillary tube and 9 is the angle of con- 
tact. Substituting Eq. (10.27) in Eq. (10.26), we get 


j Lp2enond (10.28) 
rpg 
Thus, the height to which a given liquid rises is inversely proportional 
to the radius of the capillary tube. The narrower the tube, the greater 
is the height of the liquid that is supported by the pressure difference 
across the meniscus, which is due to surface tension. 
Similarly, it can be proved that the fall h of a liquid, such as mer- 
cury, ina tube is also given by Eq. (10.28). The reason for this has 
been left as an exercise for the student. 


Capillary Rise on the Basis of Balance of Forces 


To find the height of a column of a liquid that can be supported by 
surface tension, consider a liquid, such as water, in a capillary tube 
made of glass. The angle of contact 0 is acute, as shown in Fig. 10.62. 
The forces due to surface tension act along the tangent at the point 
of contact to the spherical liquid meniscus. 

Resolving these forces along the horizontal and vertical directions, 
we find that the horizontal compo- 
nents o sin @ balance each other 
and the vertical components « cos 
support the column of liquid of 
height A. If ris the radius of the 
capillary tube, then the forces Fon 
the circular surface, which has a 
length 27r, are given by 2rro, by 
the definition of surface tension. 
Thus the resultant upward force on 
the surface of the meniscus is F cos 9 
= 2rro cos 0. This force balances 
the force due to hydrostatic pres- 
sure due to a height / of the liquid. 


Pressure due to height 4 = hog 


Downwarde force = Pressure 


x Area of surface Fig. 10.62 The;height-of a liquid 
rte 2 in a capillary tube by 
E AP ee balance of forces 


Thus, at equilibrium, we have 
hpg x mr? = 2rro cos 0 


h _ 20 cos 8 
oe EPE 


which is Eq. (10.28) obtained above. 
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Capillary of Non-Uniform Bore 


It is worthwhile to note that Eq. (10.28) holds even when the capillary 
tube has non-uniform cross-section. In such cases, the quantity r is the 
radius of the capillary tube at the meniscus of the liquid. 


Capillary Rise in a Tube of Insufficient Length 


It is interesting to consider what will happen if the length of the capil- 
lary tube is less than the height 4 given by Eq. (10.28) up to which a 
liquid will rise. The liquid cannot flow out in the form of a fountain 
because then the liquid rushing out of the tube can be used to produce 
perpetual work by making it fall on, say, the blades of a toy fan which 
would begin to rotate. This would violate the principle of conserva- 
tion of energy. No perpetual work is possible without the supply of 
energy. 

In fact, what happens in that the meniscus changes its shape till an 
equilibrium at a smaller height h’ is reached, where h’ is the length of 
the capillary tube. From Eq. (10.27) we have seen that the radius of 
en R of the meniscus and the radius r of the capillary are 
related as 


r= Roos 6 
so that, in terms of R, Eq. (10.28) becomes 
= 20 
Reg 
20 
Thus | = E = constant 


Hence it follows that Rh = R’h', where R’ the radius of curvature 
of the new meniscus at a height h’. Since h’ < h R' > R. Thus, when 
a capillary tube of insufficient length h’ is inserted in a liquid, the 
liquid, will rise to the top of the tube and will spread out to acquire a 
new radius of curvature R’ given by 


„hR 
r 


EXAMPLE 10.24 A glass tube of 1 mm bore is dipped vertically into 
a container of mercury with the lower end 2 cm below the mercury 
surface. What must be the gauge pressure of air in the tube to blow 
a hemispherical bubble at its lower end? Surface tension of mercury 18 
4.0 x 107° N m~. 


Solution The gauge pressure must be given by 


y. 
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where Ê = radius of hemispherical bubble = 0.5 mm 
= 0.5 x 103m 
o = surface tension of mercury = 4.0 x 10-' N m 
p = density of mercury = 13,600 kg m° 


g = acceleration due to gravity = 9.8 m s2 
h = depression of mercury = 2 cm = 2 x 107 m 
: yD Xi ORO 2 
“. P= psi + 13,600 x 9.8 x 2 x 10 
= 4265.6 Nm” 


EXAMPLE 10.25. A glass U-tube is such that the diameter of one 
limb is 3.0 mm and that of the other 6.0 mm. The tube is inverted 
vertically which the open ends below the surface of water in a beaker. 
What is the difference between the heights to which water rises in the 
two limbs? Surface tension of water is 0.07 N m™. Assume that the 
angle of contact between water and glass is zero. 


Solution Since the angle of contact (9) is zero, it follows from Eq. 
(10.26) that the radius of curvature (R) of the concave water surface 
in a limb is equal to the radius (r) of the tube in that limb. 


Referring to Fig. 10.63 and remembering that the pressure on the 
concave side of the liquid is greater than that on the other side by 


20 


R we have 
2 
Py= Pat = 
2 
20 
and Petes 2 — 
n ic pti 


Since the pressures at A and C are equal, 
say, Py, we have 


Pa = Pe = Po 

P, = Pr +2 

1 

2 

and Py=Pyp+ = 
2 


Equating the two equations, we get 


1 1 
Py = Po= te lg +) 
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where h = difference in water levels in the two limbs 
p = 1000 kg m3 
g=98ms? 


a= 7,0; Xj 200 Nim 

ri = 1.5mm = 1.5 x103m 

r, = 3.0 mm = 3.0 x 103 m 
Thus 


E TA ~ 1 1 ) 


1000 x 9.8 \1.5 x 1027 30 x 103 
= 0.476 x 10-2m 
= 4.76 mm 


EXAMPLE 10.26 A small drop of water is Squeezed between two clean 
glass plates so that a thin layer of thickness 10-6 m and area 10~2 m2 
is formed between them. Assuming that the surface tension of water is 
0.07 Nm“ and angle of contact is zero, calculate the force required to 
pull the plates apart. 


Solution Referring to Fig. 10.64, X and Y are the two plates, Po is 
the externalfatmospheric pressure and P is the pressure inside the very 
Water thin layer of water of thinkness d. 


Now it is easy to show that the ex- 
k cess pressure (Py — P) is given by Z 


in place of = obtained in the case of a 


Fig, 10.64 spherical drop, where r = d/2. We 

have assumed that cos 0 = 1, i.e. 0 = 0 

as given and that the radius of curvature (r) of the meniscus is 

appreciably smaller than the radius of curvature of the water film 
parallel to the plane, which indeed is true, Thus 


Re 2a 
daad 

Therefore, the force due to surface tension pushing the two plates 
together is given by 


o 
Excess pressure = ee 


F = excess pressure x area of layer 
20 
= 7 * area 
2 x 0.07 x 10-2 


10-6 
= 1400 N 
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Thus a force as large as 1400 N is required to pull the plates apart. 
Notice that if the thickness d is bigger, F becomes smaller so that it is 
now easier to pull the plates apart. 


EXAMPLE 10.27 Water rises to a height of 10 cm in a capillary tube 
dipped in water. When the same tube is dipped in mercury it is de- 
pressed by 2.60 mm. Compare the surface tensions of water and mer- 
cury. Density of water = 1000 kg m”, that of mercury = 13600 kg 
m, Angle of contact for water is 5° and that for mercury is 135°. 


Solution We know that 


i hopigt yet! hypagr 
1 ~ 2.cos 6,’ 2 ~~ 2 cos 45 


where subscripts 1 and 2 refer to water and mercury respectively. 
Therefore, 
oy h | pı COS 6, 
o h, pr cosh, 
Here h; = 10 cm = 0.1 m 
h, = — 2.6 mm = — 2.6 x 10-3 m (negative 
sign represents depression) 
pı = 1000 kg m3 


pa = 13600 kg m° 


0 = 5° 
0, = 135° 
ae 0.1 „ 1000 ,, (—1/2) 
a —(@.6 x 10°) 13600 ~ 0.996 
(cos 135° = — 1/2, and cos 5° = 0.996) 
Thus PB CY 
Epi 


EXAMPLE 10.28 The internal diameter of the glass tube of a mercury 
barometer is 2 mm. The barometer reads 74.45 cm Hg. Find the 
correct reading of the barometer after allowing for the error due to 
surface tension. Density of mercury 1S 13600 kg m™, its surface ten- 
sion — 3.5 x 107! N m™ and its angle of contact = 135°. 


Solution The depression due to surface tension is 
20 cos 9 
pE 

2x x 107") (cos 135°) 

( 


(3.5 3 
To x 10-) (13600) (9.8) 


= — 0.0037 m = — 0.37 cm 
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The negative sign indicates that the barometer reading is lower by 
0.37 cm. Therefore, 


The correct reading = 74.45 + 0.37 = 74.82 cm Hg 


10.18 EFFECT OF TEMPERATURE ON SURFACE TENSION 


Surface Tension of a Liquid Decreases with Rise in Temperature 


Sprinkle some light dust or lycopodium power on the surface of water 
in a flat metal dish. Heat one side of the dish with a candle. You 
will notice the particles of the powder being swept away from the 
heated portion, indicating that the force due to surface tension can no 
longer hold the particles in their previous positions. 


10.19 DETERGENTS AND SURFACE TENSION 


The addition of detergents or Soap increases the cleansing ability of a 
solution. Dirty clothes contain grease and oil stains which stick to 
the fabric. When washed with water alone, the grease stains are not 
removed because water does not wet grease, and so there is very little 
area of contact between them. If, somehow, the surface tension of 
water could be decreased, the area of contact can be increased. This is 
exactly what detergents do when mixed with water. The molecules of 
a detergent have the shape of a hairpin, one end of which remains 
attached to water while the other is attracted to molecules of grease, 
thus forming a water-grease interface. In other words, the surface 
tension is considerably reduced. If the mixture of water and detergent 
is heated, a further decrease in surface tension results, thereby increas- 
ing the cleansing ability of the solution. 

This process of using surface-active detergents (called surfactants) is 


used not only for cleaning but also for recovering oil, mineral ores, 
etc. 


SECTION D: GASES 


10.20 INTRODUCTION 


In Chapter 9 we have learnt that every substance (solid, liquid or gas) 
consists of extremely tiny particles called molecules. In a gas, the 
molecules move rapidly because the forces between them are weak. 
Various phenomena, such as diffusion, evaporation, elasticity and 
Brownian movement, provide conclusive evidence of molecular motion. 

Based on these observations and the fact that heat can be identified 
with molecular motion (sce Chapter 11), a theory has been developed 
which satisfactorily explains physical concepts like temperature, pres- 
sure, elasticity, etc. This theory is called the kinetic theory of matter. 
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The kinetic theory of solids and liquids is too complicated to be dis- 
cussed. We shall consider only the kinetic theory of gases because of its 
simplicity. 


10.21 KINETIC THEORY OF GASES 


The development of a theory in physics is always based on certain 
simplifying assumptions about the system whose behaviour the theory 
intends to explain. The founders of kinetic theory R. Clausius (1822- 
1888) of Germany and J.C. Maxwell (1831-1875) of scotland concei- 
ved a model of a gas. The model, which is an idealization, is called a 
perfect or ideal gas, The kinetic theory is based on the following 
fundamental assumptions regarding the model of a gas. 

1. A gas consists of particles called molecules. We consider all 
molecules of a gas to be identical. 

2. The molecules are in random motion and obey Newton's: laws of 
motion. The molecules move about in all directions with various 
speeds. We assume that Newton’s laws of motion are applicable at 
the microscopic level. 

3. The total number of molecules is large. Any particular mole- 
cule will follow a zig-zag path due to collisions with other molecules or 
with the walls of the container. But, because there are so many parti- 
cles, we assume that the resulting large number of collisions maintains 
an overall distribution of molecular velocities (see Supplement S4 at 
the end of this chapter for distribution of molecular velocities). 

4. The volume of the molecules is a negligibly small fraction of the 
volume occupied by the gas. Even though there are many molecules, 
they are extremely small and occupy a very small volume. 

5. No appreciable force acts on the molecules during collision. In 
other words, a molecule travels with a uniform velocity in a straight 
line between two collisions. The average distance through which a 
molecule moves freely between two collisions is called the mean free 
path (see Supplement $5 at the end of this chapter). 

6. Collisions are elastic and of negligible duration. The law of 
conservation of momentum should certainly hold when a molecule 
collides with another molecule or with the walls of the container. 
We further assume that kinetic energy is also conserved. Because the 
collision time is negligible compared to the time spent by a molecule 
between collisions, the kinetic energy which is converted into potential 
energy during a collision is again (almost instantaneously) available as 
kinetic energy without any decrease. Collisions are said to be elastic 
if there is no dissipation of energy 1n a collision, i.e. the kinetic energy 
after collision is the same as that before it. These simplifying assum- 
ptions help ayoid mathematical complications. They define an ideal 
gas. Strictly speaking, none of these assumptions is really true. How- 
ever, this model, though approximate, satisfactorily explains a large 
number of experimental facts about gases. We will now use this model 
to see how far this can explain the ex perimental facts. 
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Kinetic Theory and Gas Pressure 


The molecules of a gas move in all directions with various speeds. 
During its random motion, a fast molecule often strikes against the 
walls of the container. The collision is assumed to be perfectly elastic, 
i.e. the molecule bounces back with the same speed with which it 
strikes. Since the number of molecules is assumed to be very large, it 
is evident that billions of molecules strike against the walls of the con- 
tainer every second. These molecules collectively exert a sizeable force 
on the wall. The force experienced per unit area is the pressure exerted 
by the gas on the walls. Thus, the pressure of a gas is the result of the 
continuous bombardment of the gas molecules against the walls of the 
container, 


Expression for Gas Pressure on the basis of Kinetic Theory 


After every collision with the wall, the velocity of a molecule is rever- 
sed. Hence, the molecule undergoes a change in momentum. We will 
calculate the total change in momentum of all particles in a certain 
time and then calculate the rate of change of momentum which, from 
Newton’s second jlaw, is the force experienced by the molecules colli- 
ding with the walls. From Newton’s third Jaw, this is also the force 
the molecules exert on the wall. The total force exerted on the walls 
per unit are then gives the gas pressure. 


Op? 
aes 


Se Pe 


(b) 


Fig. 10.65 (a) Velocity components of a molecule of a gas 
in a vessel (b) Resolution of velocity vector 
into three rectangular components 


Wi 


Consider a gas enclosed in a vessel in the form of a cube of edge / 
as shown in Fig. 10.65(a). Let n be the number of molecules of the gas 
contained in the vessel and m the mass of each molecule. The volume 
of the vessel and hence of the gas is l’. Consider a molecule moving 


ae 

with a velocity cı. We label it as molecule number one. The molecule 

moves in a space of three dimensions x, y and z. The directions x, Y 

and z are taken to be parallel to the edges of the cube itself as shown. 
pas 


Let u, v and w be the three rectangular components of vector c; along 
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L 
x, y and z axes respectively. The vector ¢; does not lie in the plane 
of the figure. It is a vector in space. It is clear from Fig. 10.65, that 


è= +e + 


Consider a molecule striking a face, say, ABCD of the cube. It is 
clear that) only. they x-component (i.e. u) of the velocity ’is effective 
because it is perpendicular to the face. There will be no effect on 2 
and w, as they are parallel to this face. The molecule strikes the face 
with an initial momentum mu. Since the collision is assumed to be 
perfectly elastic, the kinetic energy of the molecule after the collision 
is the same as that before collision, but the direction of the velocity is 
reversed (see Fig. 10.66). Thus the molecule rebounds with a velocity 
—u,, so that its momentum after collision is—muy, The change in the 
momentum of the molecule due to the collision is equal to 


final momentum — initial momentum 
= — mu, — (mu) = — 2 m 


From the law of conservation of momentum, it follows that the 
momentum imparted to the face ABCD by the molecule is + 2 mu. 


Before collision After collision 


Fig. 10.66 Velocity components before and after 
collision with a face of the cube 


Now suppose that after rebound, the molecule reaches. the opposite 
face EFGH without colliding with any other particle on the way. The 
time taken by the molecule in going from face ABCD to face EFGH 


is, obviously, ar At the face EFGH, the molecule will again rebound 


1 Ages inate ; 
with the same velocity ™ with its direction again reversed. The mole- 
cule returns to face ABCD and strikes it the second time. It is clear 
that the time interval between two successive collisions of a molecule 


with the same face is given by 
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Therefore, the number of collisions with the same face per second 
is 


Hence the total momentum imparted by a molecule to the face 
ABCD in one second is the momentum imparted in one collision times 
the number of collisions per second 


According to Newton’s second law, the force exerted by the mole- 
cule on this face is the rate at which momentum is imparted to the 
wall by the molecule. Thus the x-component of the force exerted by 
the molecule is 


mu, 


domi 


The total force exerted on face ABCD by all the n molecules of the 
gas is clearly given by 


Fe i dot eee ey 


= om me mu 
aa Ray. ne Eg, 


= FR +B +... +1) 


where t, . . ., Um etc, are the x-components of the velocities c2, C3, . + +» 
c, of other molecules colliding with the face ABCD. Since the area of 
the face is P, the pressure exerted by all the molecules on face ABCD 
is 


F; 
P= = 


BIR 


(+18 +... +03) 


Similarly, the pressure exerted on the other faces of the cube, which 
are prependicular to the y- and z-axes, are respectively given by 


P= AOlL+a+... +0) 


P,= Wt wht...4+ wh 
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These expressions can be written in a simpler form as 


Vine Be 
Py= 7 
Pe T (10.29) 


gau ap A 


where wu 
n 


is the mean of the squares of the x-comiponents of the velocities of all 


molecules. Similarly v? and w? are respectively the mean of the squares 
of the y- and z-components of the velocities of all particles. 


Now, since 
2 
au +i + wi 


3 = u + o +w 


Cn = w+ +w 
it follows that i 
att... H= Gh Hk ti) 
= (Å p a. H oa) 
= (w+ wh +... + w) 


= ne + m + nw? 
=n GÊ + 7 + w) 
2 2 
= soo +... +n 
prp tet 
The quantity d+G4...4 Ch is clearly the mean of the squares 


of the velocities of individual molecules _and is called the mean square 
speed, Let us denote it by the symbol œ. 
Thus 
=t ó+ (10.30) 
Now, since the gas is in equilibrium and has no bulk motion (the 


i i i irection for mole- 
as is not moving as a whole), there is no preferred direction 
elir motion. Ta other words, the motion of molecules is completely 
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random which means that mean square speed of the molecules in all 
directions is the same, i.e. 


P= =w (10.31) 
From Eqs (10.30) and (10.31), it follows that 
acca Morn e aR Se (10.32) 
From Eqs (10.29) and (10.32) we find that 
1 m- 
2? ee 


This is the Pascal’s law which states that the pressure exerted by a 
gas is the same in every direction. Hence the pressure P (= P, = Py 
= P.) exerted by an ideal gas is given by 


So Lom ahah e 
P=3pe=35ee (10.33) 


where V = P is the volume of the gas and p = T is the density of 


gas, since mn = M is the total mass of the gas. 

We shall now make a few interesting remarks regarding the validity 
of Eq. (10.33). 

1. Equation (10.33) relates a macroscopic quantity, namely, pres- 
sure P, to a mean value of a microscopic quantity, namely, the mean 
square velocity ¢? of the molecules. 

2. Equation (10.33) is independent of the shape of the container. 
We would obtain the same equation for any container. We chose a 
cube merely because it simplified the calculation. 

3. Although we have derived Eq. (10.33) by neglecting collisions 
between molecules themselves, the equation is true even when colli- 
sions are included. The reason is that since the molecules are identical 
and collisions between them are assumed elastic, the molecules merely 
exchange velocities (masses being the same) in collisions. Hence, there 
will always be one molecule that will collide with face EFGH with 
momentum mu, corresponding to the one that leaves the face ABCD 
with the same momentum. What one molecule loses, another one 
gains. Thus, our neglect of collisions between molecules themselves !s 
merely a convenient simplification. ) 

4. We have neglected the weight of the gas. The molecules moving 
vertically downward experience a negligible gravitational force because 
of their extremely small mass. In the case of a gas of a very large 
extent (such as the atmosphere) we are not justified in neglecting the 
weight of the gas. 


The Root-Mean Square Speed The root-mean square speed (abbrevi- 
ated as the rms speed) of molecules of a gas is the square-root of the 
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mean of the squares of the velocities of the molecules. It is denoted by 
the symbol ¢,,,.;. 


Thus Cong = Ve 


From Eq. (10.33) the rms speed of the molecules of an ideal gas of 
density p and at pressure P is given by 


Cm = Ve JF (10.34) 


The rms speed is a sort of average speed of the molecules of the 
gas. It can be determined by the measured values of the pressure and 
density of the gas (see Example 10.29). Table 10.4 gives the rms speeds 
of the molecules of some common gases at 0°C, 


Table 10.5 Root-mean square speeds for some common gases 


Gas Root-mean square 


speed at 0 °C 

(m s~?) 
Oxygen 460 
Nitrogen 490 
Air 485 
Hydrogen 1840 
Helium 1310 
Carbon dioxide 393 
Neon 584 


EXAMPLE 10.29 Assuming hydrogen to be an ideal gas, calculate the 
Toot-mean square speed of the gas molecules at 0.0 °C and a pressure 
of 1.0 atmosphere. The density of hydrogen at 0.0 °C = 9.0 x 102 


3 


kg m 
Solution 


P = 1.0 atmosphere = 0.76 m of Hg 
= 0.76 x 13600 x 9.8 = 1.01 x 10° N m” 


p = 9.0 x 10° kg m= 
Using Eq. (10.34) we have, 
esi 5 
m = [P= (a JË = 1840m s 
r N p 


9.0 x 10? 
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Mean Translational Kinetic Energy 


As mentioned earlier, the root-mean square speed ¢,,,, may be regard- 
ed as some kind of an average speed of the molecules of a gas. Hence, 
the mean translational kinetic energy (denoted by E) of a molecule of 
a gas is given by VE 
E=}3mce,.=4mec 


In terms of E, Eq. (10.33) becomes 


a! eu imsta 25 (5 2) 
a A le aay Gages =3r\o me (10.35) 
pling? Ek 
FEES. 


Now, nÆĒ is the total translational mean kinetic energy of all then 
molecules of the gas. Let us denote it by U. 


Thus 


In other words, the pressure exerted by a gas is equal to two-thirds 
of the total mean translational kinetic energy of the molecules per 
unit volume of the gas. 


U = nĒ is also called the internal energy of the gas. We will learn 
more about internal energy in Chapter 11. 


10.22 GAS LAWS 
Boyle’s Law 


Among the earliest experiments on gases were those of an English 
physicist Robert Boyle (1627-1691). He discovered a law, now known 
as Boyle’s law, which states that 
“At any given temperature, the volume of a given mass of a gas 1S 
inversely proportional to the pressure applied to it”, ic. V œ Por PV 
= constant (temperature remaining constant). (10.35) 
This law can be derived from Eq. (10.33) obtained above. Accord- 


ing to the kinetic theory of gases, the pressure exerted by an ideal gas 
is given by 


where V is the volume of the enclosed gas, n the number of molecules 


in volume V, m the mass of each molecule and c? is the mean square 
speed. Thus, 


PV =}hmno& 
or PV = } n (me?) 
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Since n is a constant (matter can neither be created nor destroyed), it 
is clear that the product PV will remain constant if mc? is constant 
(since m is constant, this also means that c? remains constant). But 
3 mc? is the average kinetic energy of any molecule of the gas. Hence, 
if the average kinetic energy of any molecule of the gas remains con- 
stant, the product of pressure and volume will be constant. 

We know from experience that if temperature remains constant, 
there is no flow of heat energy in the system. Kinetic theory assumes 
this energy to be totally kinetic. Hence, if temperature remains cons- 
tant, there will be no change in the average kinetic energy which 
means that c? (or $ mc?) remains unchanged. In Sec. 10.24, we will 
give a kinetic interpretation of temperature and justify it. This et a 
ment immediately leads to Boyle’s law which states that the product 
of the pressure and volume of a given mass of a gas is constant, pro- 
vided the temperature remains constant. 

Experiments with real gases have shown that Boyle’s law holds for 
them if their density is low and temperature is high. Thus at low den- 
sity and high temperature, a real gas behaves like a perfect or ideal 
gas (see Supplement $3 on van der Waals’ equation for real gases, at 
the end of the chapter). 


Charles’ Law 


It was Jacques Charles (1747-1823) who found experimentally that, 
when the pressure of a gas is kept constant, its volume increases with 
temperature at a constant rate. If Vo is the volume of a gas a 0°C, 
then its volume V at t °C is given by (provided pressure 1s kept con- 
stant) 


V =Vo(1 + %2) 


where «, is the coefficient of volume expansion at constant pressure. 
The value of «, has been determined experimentally in the case of 
various gases, such as air, hydrogen, oxygen, nitrogen, etc. The most 
striking observation is that % is the same for all gases and has been 


found to be = per °C. Hence for all gases, 


273 
1 + 343) 
V=¥o(1 + 375 
Vater ee. 
3 Vitis AT 


where T and T, are absolute temperatures corresponding tot °C and 
0 °C. This relation tells us that 


ll 


s = constant (10.36) 
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This is Charles’ law which states that ‘if the pressure of a gas is kept 
constant, the volume af the gas is directly. proportional to its absolute 
temperature. 

Instead of keeping the pressure constant, experiments can be done 
in which the volume of the gas is kept constant as the temperature is 
changed. Such experiments of heating a gas in a closed rigid container 
were performed by Joseph Gay-Lussac (1778—1850) who found that 
“if the volume of a gas is kept constant, the pressure of the gas is direct- 
ly proportional to its absolute temperature; i.e. 


= = constant (10.37) 


Experiments have shown that laws (10.36) and (10.37) do not hold at 
low temperatures and low volumes. The departures of real gases from 
an ideal behaviour become significant at low temperatures and low 
volumes (or high densities). 


Ayogadro’s Law 


Consider two gases A and B at the same temperature and pressure. 
Let the pressure be P. Then from Eg. 10.33) we have 


1 man, 
a ene 
__ 1 mg maz 
T= 3 Vs B 
which give 
ny n = 
D ma) = A (mg c2 


Since the temperature of the two gases is the same, the average kinetic 
energy of any molecule of gas A will be equal to that of any molecule 
of gas B, (see Sec. 10.23), Thus 


i ET TDO, ay 
3m, ch = § m ch 


Hence 


If the volumes are also equal, i.e. Vy = V3, then 
na = Ng 


This means that equal volumes of all gases at the same temperature and 
pressure contain an equal number of molecules. This is Avogadro’s law. 
The number of molecules in one mole of any gas is 6.0255 x 10” 
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which is, called the Avogadro number. The amount of a substance 
which contains as many elementary units as there are in 0,012 kg (or 
12 g) of carbon-12 is called a mole. In other words, a mole of a sub- 
stance is the number of grams equal to its molecular mass in grams. 
Thus, the mass of | mole of carbon is 12 g or 0.012 kg and that of 1 
mole of oxygen is 32 g (0.032 kg). 


10.23 EQUATION OF STATE OF AN IDEAL GAS 


The relationship between the pressure P, volume V and and absolute 
temperature T of a gas is called its equation of state. Combining Eqs 
(10.35), (10.36) and (10.37) we have 


at = constant (10.38) 


The value of the constant depends upon the amount or mass of the 
gas. 
Molar Gas Constant 


For one mole of gas, the corresponding constant in Eq. (10.38) is 
called the molar gas constant and is denoted by the symbol R. So if 
one of mole of a gas occupies a volume V = V, at temperature Tand 


pressure P, we write 


PV g6saiRE 

Since n moles of the gas will occupy a volume V = n Vm at the same 

temperature and pressúre, the equation of state for n moles is thus 
PY = nRT 5 (10.39) 

From Avogadro’s law, it follows that one mole of all gases, at the 


i lume. Experiments 
same temperature and pressure, occupies equal Vo. 
confirm that one mole of any gas occupies 22.4 litres at STP. Conse- 


quently, for one mole the ratio F is constant for all gases, This con- 


stant is the molar gas constant and can be evaluated as follows: 


At STP V 222,4 litre = 22.4 x 10° m? 
P = 0.16 m Hg = 1.013 x 10° Nm? 
T= 273 A 
PY — 1.013 x 105 x 22.4 x 10-3 
Ria Hee canara 


= 8.315 Jmol! K~ 


10.24 KINETIC INTERPRETATION OF TEMPERATURE 


consider one gram molecule (or simply one 


Be Diy Sima lume V at absolute temperature T. Let M 


mole) of a gas having a vo 
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be the number of molecules in one mole of the gas and let m be the 
mass of each molecule. From Eq. (10.33), the pressure exerted by a 
gas is given by Omt 


or PV =1mNc (10.40) 
where ¢ is the root-mean speed of any molecule of the gas. Now, the 
equation of state (or the gas equation) for one mole of ar ideal’ gas is 

PV = RE, f (10.41) 


where R is the molar gas constant. Equating Eqs (10.40) and (10.41) 
we have 


"4 mN = RT 
or ; N G me?) = RT 
pai 3 R p 


where, as stated before, N is the number of molecules in onè mole of 
a gas. N is called Avogadro’s number and its value is 


N'= 6.023 x 10% 


It is the same for all gases. The ratio x is called Boltzmann’s constant 
and is usually denoted by k. Thus 
ates R by 8.315 J K! mol! 
N ~ 6.023 x 10% molecules mol! 
= 1.380 x 10°? J K™/molecule 


Now 4 mec? is the average kinetic energy E of any molecule of the gas, 
then from Eq. (10.42), we have 


ae 2 kT (10.43) 


Remember that the average kinetic energy of all the N molecules is 
U= NE 


which from Eq. (10.39) is given by 
U= NE 4mNe = ; RT (10.44) 


Properties of Matter 405 


Equation (10.43) shows that temperature is related to the average 
kinetic energy of any molecule of the gas. It tells us that the average 
kinetic energy of any molecule of an ideal gas is proportional to its 
absolute temperature. Thus, the temperature of a gas is a measure of 
the average kinetic energy of the molecules of the gas. Whenever a gas 
gains energy, its temperature rises. If the temperature is constant, E 
(= 4 mc?) remains constant. Since N is constant, it also implies that 
U (=NE), the total average kinetic energy of all molecules in a mole 
of an ideal gas, is proportional to its absolute temperature. 

According to this interpretation of temperature, the average kinetic 
energy U [see Eq. (10.44)] is zero at T = 0. Hence, according to the 
kinetic theory, the motion of molecules ceases altogether at absolute 
zero. This result is meaningless because the gas ceases to be a gas and 
solidifies before T = 0 is reached and the kinetic theory of gases does 
not apply at low temperatures. 


EXAMPLE 10.30 At what temperature would the root-mean square 
speed of a gas molecule have twice its value at 100 °C? 


Solution From Eq. (10.42) we have 


= k 
A= 375,735 FP 
Thus c? = 3 = 
EARST & 
2 2 
Gaia 
ivi e T 
givin L 
: CG T, 
Here a = 20; 


T, = 273 + 100 = 373K 
ch 
T= 1, (s) 373 x 4 
= 1492K 
= 1492 — 273 = 1219 °C 


EXAMPLE 10.31 Calculate the root mean square speed of oxygen mole- 
cules at 1092 K. Given density of oxygen at STP = 1.424 kg m™”. 


Solution First calculate the root-mean square speed of oxygen at 
STP, 
P, = 0,76 m of Hg = 1.01 x 10° N m”. 


Po = 1.424 kg m7? 
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3 co, the root-mean square speed at 0 °C is 


- SP, 
Gree VECE 
0 Po 
PIKTE Soren OES 
ea 1.424 
= 4.61 x 10? mst 
Now C,ms is also given by 


Cims EY oe 

$ UET N Tip 
Here TESZ K and T = 1092 K 
BERON 1092 
Catt, JF = 4.61 x 10? x ie 


= 9.22..x,107 m s~! 


EXAMPLE 10.32 An electric bulb of volume 250 cm? was sealed off 
during manufacture at a pressure of 10-3 mm of Hg at 27 °C. Find the 
number of air molecules in the bulb. 


Solution Let N be the number of air molecules in the bulb. It is given 
that 


P = 107 mm of Hg = 10-4 cm of Hg 


` V = 250 cm? 
T = 213 + 27 = 300K 
Now PV = NkT (i) 


where k is a constant. 

We know that at STP, one mole of a gas occupies a volume Vy = 
22400 cm? and contains Ny = 6.02 x 10” molecules (No is the Avo- 
gadro’s number) and the pressure Py = 76 cm of Hg and ied 1 Sale, 
Also 


Po Vo = NokTy (ii) 
Dividing Eqs (i) and (ii), we get 
TORNE 4 
N=WN) x TŽ P; x A 
273 104 250 
= 23 £13 10™ 
= (6.02 x 10%). x ER x ( 3p) x ( 5300) 


= 8.045 x 10!5 molecules 
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ExamMPLE 10.33 A cylinder of volume 30 litres contains oxygen at a 
gauge pressure of 15 atm and a temperature of 27°C. When some 
oxygen is ejected from the cylinder, the gauge pressure falls to 11 atm 
and its temperature to 17 °C. Determine the mass of oxygen ejected. 
R = 8.3 J mol! K~" and molecular mass of oxygen = 32. 


Solution Let P, and Ty be the initial pressure and initial absolute 
temperature of oxygen and P, and T, their values after some oxygen 
is ejected. Let N, be the number of molecules initially present in the 
cylinder and N, the number of molecules left over. Then (since the 
volume V remains unchanged) we have 


PV = N ȘT, (i) 

PV = NKT, (ii) 
where k = I where Ny = 6.023 x 10” is the Avogadro number 

0 
8.3 Tmol! K+! RN, 
; 0-3 JK molecule 

ae 6.023 x 10% molecule mol! LiFe re per 
Also P, = 15 atm = 15 x 1.01 x 10° Pa 


P= 1l atm = 11 x 1.01 x 10° Pa 
V = 30 litres = 30 x 107° m° 
T, = 273 + 27 = 300K 
T, = 273 + 17 = 290K 
Substituting these values in (i) and (ii) we get 
N, = 10.87 x 10% 
N, = 8.25 x 10% 


Number of molecules of oxygen ejected 
= N, — N, = 2.62 x 10 


Th l of oxygen — 32, i.e. one mole of oxygen (which 
contaens iE AT e T102 malegale) has a mass of 32 g or 0.032 kg. 


Hence 2.62 x 1024 molecules will have a mass of 
0.032 x 2.62 x 10% 
~~ 6,032 x 10” 
= 0.14 kg 


E ji narrow tube of length 1 metre is closed at one end 
aid e cn column of mercury which traps 15.0 cm column 
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of air when held horizontally. What will happen if the tube is held 
vertically with the open end at the bottom? 
Solution When held horizontally, the pressure of 15.0 cm column of 
air is atmospheric = P, (say) = 76.0 cm of Hg. When the tube is 
held vertically, let x cm length of mercury flow out so that the new 
length of the air column above mercury is now 

15 + (100 — 76 — 15) + x = (24+ x) cm 


If the temperature remains constant, the pressure P, of this column of 
air is (from Boyle’s law) 
Si WOOP MSS 16 
tee ee ee 
Now Pressure P, + pressure due to (76 — x) cm of Hg 


= atmospheric pressure = 76 cm of Hg 


i 15 x 76 

16, Baie ie t (Om xiT6 

which gives x? + 24x — 15 x 716 = 0 

Solving this quadratic equation for the positive root of x gives 
x = 23.8 cm 


Thus 23.8 cm length of mercury will flow out of the tube. 


SUPPLEMENT 
S.1 DERIVATION OF HOOKE’S LAW 


Referring again to Fig. 10.4 we notice that there are two equal and 
opposite forces acting on the experimental wire—one due to the wei ght 
pulling the wire downwards and the other due to the reaction of the 
support pulling it upwards. Thus the tensile force consists of two equal 
and opposite forces tending to pull the atoms of the wire away from 
each other. 

Let us suppose that due to the applied force F the separation bet- 
ween pairs of atoms increases by an amount, Say, x. Each atom is in 
equilibrium (since the wire is not moving bodily) under the influence 
of two forces—a force f (which must be related to the applied force F') 
and a restoring force fy due to the attraction by the neighbouring 
atoms. For small displacements x, the restoring force is proportional 
to the displacement, i.e. 


fa= kx =f = f 


where k is a constant which is a measure of how tightly this atom is 
bound to its neighbouring atoms. Thus 


f. 


a 
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If the original inter-atomic separation is @, then the strain is given by 


change in separation _ X 


strain = = : 
original separation a 


Therefore 
SR A i 
strain = 73 (i) 


To find the relation between f and the actual external applied force 
F, let us refer to Fig. 10.67. If A is the cross-sectional-area of the wire, 
then the stress due to force F is 


applied force 


tress = : 
igs cross-sectional area 


BE 
“A 


„Magnified view — 


Fig. 10.67 (a) Wire under two equal and opposite forces 
(b) magnified view of a very small part of the wire; the dots 
represent atoms (c) the arrangement of atoms in the 
cross-section of the wire. 


In any cross-section, the atoms are arranged on the corners of a 
square of side a [see Figs 10.67 (b) and (c)]. So the number of atoms 
in a cross-section is A/a? and the force f on each atom is 


F Fas 
f= m a x (a°) 


Substituting this in Eq. (i) we have 
k 
Strain = A (stress) 


or Stress = constant x strain 


which is Hooke’s law. 


S.2 DERIVATION OF POISEIULLE’S FORMULA 


Consider a fluid flowing steadily through a horizontal tube of a nar- 
We bore. Due to viscosity a force is needed to maintain steady flow. 
rowwill deduce a relation between the rate of fluid flow and the force 


need ed. 
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Consider a tube AB of length / and a uniform circular cross-section 
of a small radius r fixed horizontally on the side of a vessel containing 
a fluid up to height A as shown in 
Fig. 10.68. If p is the density of 
the fluid, then the presssure at A 
= Po + heg and that at B= Po; 
the atmospheric pressure. The pre- 
ssure difference between ends A 
and B is 


P = hpg 


Under this pressure difference the 

fluid flows out of the tube. The 

Fig. 10.68 Steady fluid flow under force pushing the fluid out is given 
pressure throughatube by 


F = pressure difference x cross-sectional area 
or F=p x ar? (i) 
This force produces a velocity gradient. The fluid in contact with 
the walls of the tube is at rest. If v is the velocity of the fluid along 
the axis of the tube, the velocity gradient is nearly equal to z . The force 


F acts on the cylindrical area of the tube, this area is 2rrl; ie. A = 
2mrl. From the definition (10.7) of viscosity we then have 


Fo = — »(2nrl). A = — %2rlv (i) 


where F is the viscous force. When the flow is steady, the externa] 
force just overcomes the viscous force so that Fy = — F and using 


Eq. (i) in (ii) we get 
a (iii) 


The rate of flow (Q) of the fluid is given by 


ar? 


t 


where t is the time taken by the fluid to travel the length / of the tube, 
ie. velocity (v) of the fluid is //t. Therefore, 


Q = ary (iv) 


Using Eq. (iii) in Eq: (iv) we get 
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A more exact deriyation involving the use of integral calculus, how- 
eyer, gives 

nrip 

8 nl 

which is Poiseiulle’s formula for the steady flow of a fluid through a 
tube. 


S.3 VAN DER WAALS’ EQUATION OF STATE 


The equation of state PV = RT holds for an ideal gas. The beha- 
viour of real gases shows departures from an ideal gas behaviour 
specially at high pressures. The model of an ideal gas is based on a 
number of assumptions which are listed in Sec. 10.21, Van der Waals 
modified the ideal gas equation PV = RT by taking into account two 
of these assumptions which may not be valid. He argued that (a) the 
volume of the molecules may not be neglible compared to the volume V 
occupied by the gas, and (b) the attractive forces between the molecules 
may also not be negligible, 
Van der Waals said that the pressure P in equation 


PV = RT (i) 


is less than the true pressure by an amount p because of attractive 
forces between molecules. According to him, this pressure ‘defect pis 
proportional to the product of (a) the number of molecules striking a 
unit area of the wall per second and (b) the number of molecules per 
unit volume behind them exerting attractive forces. For a given volume, 
both these numbers are proportional to the, density p of the gas so 
that pressure defect P is proportional to p^. For a given mass of gas, 


1 
pe a, Hence 


OL PE: y (ii) 
where a is a constant depending on the nature of the gas. Thus the 
; a 

true pressure of the gas 1s P+p=Pt+ pe 


He further argued that the volume V in Eq. (i) is not the true volume 
of the gas because the molecules themselves occupy a finite volume. 
The true volume of the gas, according to him. is (V-b) where b is a 
factor depending on the actual volume of the molecules themselves. 


Thus van der Waal’s equation for real gases is 


(p+ py -9R Gi 
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At high pressures, when the molecules are too tany and too closé 
together, the correction factors æ and b both become important. But 
at low pressures, when they are not too many and not too close toge- 
ther, a gas behaves like an ideal gas and obeys the equation PV = RT. 


S.4 DISTRIBUTION OF MOLECULAR SPEEDS 


So far we have used the term ‘root-mean-square’ speed of the mole- 
cules of a gas. It is some sort of average speed of the molecules. Not 
all molecules move with the same speed. What is the distribution of 
molecular speeds? What is the range of speeds for most,molecules in a 
gas? Maxwell answered these questions on the basis of the advanced 
kinetic theory of gases. His results are shown in Fig. 10.69. 


C+AC 


Fig. 10.69 Distribution of molecular speeds 


The number N(c) plotted along the y-axis is the number AN of 
molecules in a small range of speeds c toc + Ac so that AN = 
N (c) Ac = area of the shaded strip in Fig. 10.69. The value co, the 
maximum of the curve, is called the most probable speed because more 
molecules have speeds in the range co and co + Ac than in any other 
similar range Ac, This distribution of molecular speeds is called a Max- 
wellian distribution, The value Cms is the root-mean-square speed. For 
such a distribution, co and ¢,,,, are related as 


5) 
Co 3 Crms 


The wide distribution of molecular speeds in a gas has an interest- 
ing consequence. The average speeds of the molecules for gases, such 
as oxygen, nitrogen, carbon dioxide and water vapour, at moderate 
temperatures ate of the order of (0.5 to 1.0) km s~, whereas for lighter 
gases, such as hydrogen and helium, they are (2-3) km s~!. We have 
seen in Chapter 8 that the escape velocity for the earth is v = V 2gRe 
Molecules with velocities greater than ve will escape from the earth. Ij 
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their fraction is sufficiently large, then the molecules of such gases will 
escape. Due to their higher speeds, the lighter gases (hydrogen and 
helium) have, therefore, escaped from the earth. 

On the other hand, the escape velocity for the moon is much smal- 
ler. Consequently, even the heavier gases like oxygen, nitrogen, etc. 
have a chance to escape from the moon. The gravitational pull of the 
moon is too weak to hold these gases. Thus, in course of time, the 
gases that were present in the atmosphere of the moon, have escaped 
from it. This is believed to be the reason why the moon has no atmos- 
phere. 


S.5 COLLISIONS, MEAN FREE PATH AND DIFFUSION 


During their random motion the molecules of a gas often come close 
to each other. When the distance between two molecules is compar- 
able with the diameter d of a molecule (which is a few angstroms) the 
forces between them become very strong. As a result, their individual 
momenta before and after the encounter are different. When this hap- 
pens a ‘collision’ is said to have occurred. 

We can estimate the frequency of such collisions. Suppose the aver- 
age speed of a molecule of diameter dis Z. In one second, this mole- 
cule sweeps out a volume md’. If it finds any other molecules in this 
volume, it will suffer collisions with them. If n is the number density 
(ie. number per unit volume) of the molecules then the number of 
molecules in this volume is 7d7é n. Thus B 

Number of collisions per second = 7 d? én, i.e. collision frequency 
Oa) = "den $ 

Therefore, the average time between two collisions (called the colli- 
sion period 7,) is 


1 
te= 9 rdn 


Hence the average distance a molecule travels before it suffers a colli- 
sion with another molecule is 


This distance is called the mean free path. For air at 0° C and at at- 
mospheric pressure the value of 7, 3 x 107m, which is very 
short. 


Diffusion 


is th t of these collisions? Due to collisions, two gases 
Pee ean OTM The rate of diffusion depends on the collision 
frequency. The higher the average velocity ¢, the higher is the colli- 
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sion frequency and the greater will be the diffusion rate. If ry and rg 
are the rates of diffusion of gases A and B, then 


From Kinetic theory the pressures of the gases are given by 
Pr=% py ch 
Pp = 43 Pa C3 


In the steady state, when the rates of diffusion in each other are 
Steady, P, = Ps) he: 


or eq E 
CR PA 
F 

so that AEN EB 
"pg PA 

This is Graham’s law of diffusion which states that the rate of diffusion 


of a gas is inversely proportional to its v density. Thus, the denser 
the gas, the slower is the rate of diffusion. 


SUMMARY 


When a deforming force is applied to a body, it may suffer a change 
in length, volume or shape. The strain in the body may, therefore, be 
longitudinal strain, volume strain or shear strain. The corresponding 
moduli of clasticity are called Young’s modulus, bulk modulus and 
shear modulus, Within the elastic limit, the stress developed in a solid 
is proportional to the strain produced in it. This is Hooke’s law. 

Fluids cannot withstand a tangential force and hence are not shea- 
red. The forces acting on a fluid in equilibrium are always perpendi- 
cular to its surface. The force per unit area exerted normally ona 
surface is called pressure. The pressure in a fluid in equilibrium is the 
same everywhere. When a body is immersed in a fluid, it experiences 
an upward buoyant force equal to the weight of the fluid displaced. 

The frictional force between the layers of a fluid in motion is called 
viscosity. When a body moves in a fluid, it experiences a retarding 
force which depends on its radius and velocity and the density and 
viscosity of the fluid. The total energy of a fluid flowing through a 
Pipe always remains constant throughout the flow. This is Bernoulli's 
principle. 

The free surface of a liquid at rest is under tension (called surface 


tension) which tends to contract the surface so as to have minimum 
- surface area, 
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The quation of state of an ideal gas is PY = RT, For real gases, 
the equation of state is (P + 7a (V — b) = RT. 


EXERCISES 


1. Distinguish between crystalline and amorphous solids. Give two exam- 
ples of each. 

2. What do you understand by stress and strain? 

3. What is elastic limit? State Hooke’s law. 

4. What is Young’s modulus of a:substance? How is it experimentally mea- 
sured? 

5. What is bulk modulus? What is the meaning of the statement, ‘the bulk 
modulus of copper is 1.2 x 104 N m-?"? 

6. What are shearing stress and shearing strain? Define shear modulus. 
How is the shear modulus of a substance measured? What is the use of 
this knowledge? 

7. Show that when a wire is stretched within the elastic limit, the potential 
energy per unit volume stored in it is half the product of stress and 
strain. 5 

8. (a) State and prove Pascal’s law of fluid pressure. Give two applications. 
(b) Deduce the pressure-depth formula. 

9. What is atmospheric pressure due to? How is it measured? What is its 
value at sea-level? 

10. Discuss the variation of atmospheric pressure with altitude. 

11. State and prove Archimedes’ principle. i 

12. Distinguish between streamline and turbulent flow of a liquid. 

13. What is critical velocity of a fluid? Explain the significance of Reynold’s 
number. Establish a relation between them using dimensional considera- 
tions. 

14. Enunciate Newton’s law of viscous flow and deduce from it the definition 
of the coefficient of viscosity of a liquid. What are its units and dimen- 
sions? 

15. Using dimensional considerations, deduce Poiseuille’s formula for the 
rate of flow of a liquid through a capillary tube. How will you use this 
formula to determine the coefficient of viscosity of water? 

16. State Stokes’ law and deduce it from dimensional analysis. t : 

17. What is terminal velocity? Using Stokes’ law obtain an expression for it. 
How will you experimentally measure the coefficient of viscosity of a vis- 
cous liquid such as glycerine or castor oil? : 

18. Dediies the eat 5 continuity of an incompressible and non-viscous 
fluid flowing steadily through a pipe. i ; 

19. State and prove Bernoulli’s theroem for flow of fluids. Discuss the special 
cases when (i) the fluid is stationary, (ii) the pressure at two points 1s 
the same and (iii) the mean horizontal level of the fluid flow is the same. 

20. What is a venturimeter? How will you use it to determine the rate of flow 


of a liquid in a pipe? 
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21. 


22. 
23. 


24. 
25. 
26. 
27. 


28. 


29. 


30. 


31. 


32. 


33. 
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What is the Pitot tube? How will you use it to determine the velocity of 
flow of a liquid. 

Give two examples that illustrate Bernoulli’s theorem. 

On the basis of Bernoulli's priaciple how will you explain: 


(i) The working of an atomizer 

(ii) An object supported by a jet of air 
(iii) The curving of a spinning ball 
(iv) The lift of an aircraft wing. 


Explain clearly what happens to the motion of a small spherical body 
when it is dropped from rest in a viscous liquid such as glycerine. 

What do you mean by surface tension of aliquid? How do you explain 
this phenomenon in terms of molecular forces? 


Describe three experiments that suggest that the surface of a liquid is in 
a state of tension. 


What do you mean by surface energy of a liquid? Give an experiment to 
illustrate your answer. $ 

Explain what determines the shape of a liquid meniscus, and define angle 
of contact. What is the meaning of the statement ‘the angle of contact of 
mercury with glass is 135°’? 

Deduce an expression for the excess pressure’ inside’a spherical drop of a 


liquid in terms of its radius of curvature and surface tension. How is the 
expression modified in the case of a soap bubble? 


What is capillarity? Give three examples of this phenomenon from every- 
day life. 
Obtain an expression for the rise of aliquid in a capillary tube. What 


happens if the length of the capillary tube is less than that required for 
the rise of a liquid in it. 


Give reasons for the following: 


(i) Some insects can walk on the surface of water in a lake. ‘ 
(ii) A small'steel needle can be made to float on water although it is 
eight times more dense than water. 


(iii) Moisture can reach the leaves through the stem of a tree. 

(iv) Extremely tiny water drops act like ball-bearings and help smooth 
ice-skating, 

(v) Water rises and mercury falls in a capillary tube. 

(vi) A small drop of mercury is almost perfectly spherical whereas a 
large drop is flattened at the top. 


(vii) Two glass plates stick together when a few drops of water are put 
between them, 


(viii) A drop of aniline assumes a perfectly spherical shape when immer- 
sed in brine of the same density, 


(ix) Although the surface tension of mercury is less than that of water, 
yet a steel paper-clip floats on mercury but sinks in water. 
State the main assumptions of the kinetic theory of gases and give a qua- 
litative explanation for the following: 
(i) Evaporation is accompanied by cooling. 
(ii) A gas exerts pressure on the walls of the container, 


. Determine the length of a copper wire, 


. Two wires each of length 1 m and ra 


. Determine the length of a lead wire 


. A wire of length 1.20 m and diameter 2.6 mm i 
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. What is the model of an ideal gas in the kinetic theory? Obtain an 


expression for the pressure exerted by an ideal gas. 


. Show that the pressure exerted by an ideal gas is two-thirds of the aver- 


age kinetic energy of the molecules in a unit volume of the gas. 
What do you understand by the root-mean square speed of gas mole- 
cules? Give the kinetic interpretation of temperature. 


. Deduce the following laws from kinetic considerations: 


(i) Avogadro’s law 
(ii) Boyle’s law 
Derive Hooke’s law of elasticity from first principles. 


. Write a short note on Van der Waals’ equation of state. 
. What do you understand by Maxwellian distribution of molecular speeds 


in a gas? 


. (a) What is meant by the term ‘collision’? 


(b) What is the mean free path? Obtain an expression for it. 


. What is diffusion? How is it explained? 


PROBLEMS 


What force must be applied to a steel wire of length 6m and diameter 
1.6 mm to produce an extension of 1 mm? Young’s modulus of steel = 
2.0 x 10N m~. 

What stress would cause a wire to increase in length by 0.1 per cent if 
the Young’s modulus of the wire is 12 x 10° N m> ? Calculate the force 
required to produce this stress if the diameter of the wire is 0.56 mm. 
which when suspended vertically 
breaks under its own weight. Density of copper = 3600 kg m-*, breaking 


stress for copper = 2.45 x 103 Nm? and g = 9.8m Sah 
dius 0.2 mm are tied together at 


from the composite wire. If the 


both ends. A load of 25 kg hangs ; 
02 N m°, find tension in each 


Young’s moduli are 12 x 10%% and 18 x 1 
wire. Also calculate the total extension. Take g = 10 m Baa ; 

The density of water at the surface of a lake is 1000 kg m-*, Find the 
density ata depth of 400 m. Bulk modulus for water 1S 2x 10° N m-? 
and g = 9.8 m s~’. 3 

A steel cable whose cross-sectional area is 7.5 cm? is used to support an 
elevator cab weighing 2.5 X 10* N. Tf the stress in the cable is not to 
exceed 20% of the cable’s elastic limit of 2.5 x 108 Pa, find the maxi- 


i -3 
mum permissible upward acceleration. g = 9.8 m s~’. $ 
Aine ih ; which when suspended vertically 
breaks under its own weight. 
Breaking stress fo 
Density of lead 


r lead = 2 X 10’ Nm? 
=11300kgm™", &= 9.8 ms? 
s stretched between two 


rigid supports. If the temperature of the wire is decreased by ane 
late the tension in the wire. Young’s modulus of the material iw 5 pr 
is 16 x 1010 N m~? and its coefficient of linear expansion is 24 X 


per °C. 
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. An elevator cable can carry a total weight of 1000 kg and accelerate it 


upward at 2.20 m s~. Calculate the diameter (in cm) the cable must have 
if the safe working stress for the material of the cable is 1.2x 10° N m~ 
What is the pressure required to be applied to the ends of a steel Dine 
to keep its length constant on raising its temperature by 100 °C? Young’s 
modulus of steel is 20 x 10'° Nm-? and the coefficient of linear expan- 
sion of steel is 11 x 10-® per °C. 

A copper wire and a steel wire, each of length 1.5 m and diameter 2 mm, 
are joined end-to-end to form a composite wire of length 3 m. The wire 
is loaded until its length becomes 3.003 m. Find the strains in the copper 
and steel wires and the force applied. Young’s modulus of copper is 1.2 
x 104% Nm-? and that of steel is 2.0 x 10% Nm7-*. 

The interior of a submarine located at a depth of 60 m in sea-water is 
maintained at sea-level atmospheric pressure. Find the force acting on a 
window 40 cm? in area. The density of sea-water is 1030 kg m~’. 

A block of brass has a mass of 1 kg and a density 8000 kg m-*. It is sus- 
pended from a string. Find the tension in the string if the block is in air 
and ifit is completely immersed in water. Neglect the buoyancy of the 
air. 

What is the minimum area of a slab of ice 0.50 m thick floating on water 
that will hold up a car weighing 1000 kg? The density of ice is 920kgm~. 
A block of wood floats in water with 2/3 of its volume submerged. In oil 
it has 0.90 of its volume submerged. Find the densities of wood and oil. 
A cubical block of wood 10 cm on a side and of density 0.5 g cm~? floats 
in a jar of water. Oil of density 0.8 g cm~? is poured on the water until 
the top of the oil layer is 4 cm below the top of the block. Calculate (a) 
the depth of the oil layer and (b) the gauge pressure at the lower face of 
the block. 

A cubical block of wood 10 cm along each side floats at the interface 
between oil and water with its lower surface 2 cm below the interface. 
The heights of the oil and water columns are 10 cm cach. The density of 
oil is 0.8 g em-*, 

(a) What is the mass of the block? 

(b) What is the pressure on the lower surface of the block? 

A solid weighs 237.5 gin air and 212.5 g when totally immersed ina 
liquid of density 0.9 g cm-%. Calculate (a) the density of the solid and (b) 
the density of a liquid in which the solid would float with one-fifth of 
its volume exposed above the liquid surface. 

A gas bubble of diameter 1.0 cm rises steadily through a solution of den- 
sity 2000 kg m~ at the rate of 0.5 cm s-t. Calculate the coefficient of 
viscosity of the solution. (Neglect density of the gas.) 

A small spherical steel ball of diameter 1.0 mm is falling steadily at a 
speed of 5 cm s~ in a solution of viscosity 30 N m=? s. Calculate the 
retarding force experienced by the ball. 

A sphere of diameter 2 mm and density 9000 kg m~? is dropped from rest 
in a liquid of viscosity 0.04 N m-? s. Assuming that the average accelera- 
tion is half the initial acceleration, calculate the time it takes to attain 
its terminal velocity. 
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30. 


31; 
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36. 


2. An air bubble in a liquid of surface tension 1.0 x 10- 
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. At what speed will water emerge from a hole in a tank at which the 


gauge pressure is 2 X 10° N m-?? 


. A tank is filled with water to a height of 5 m. A hole is made on one of 


its walls at a depth of 1 m below the water surface. (i) Find the distance 
from the foot of the wall at which the stream strikes the ground (ii) Can 
a hole be made at another depth so that the second stream strikes the 
ground at the same place? If so, at what depth? 

A liquid drop of diameter 0.5 em breaks up into 27 tiny droplets all of 
the same size. If the surface tension of the liquid is 0.07 N m~t, calculate 
the resulting change in energy. 

What would be the gauge pressure of an air bubble of 0.2mm diameter 
situated just below the surface of water. The surface tension of water is 
7.5 x 10-? Nm". 

Find the pressure difference between the inside and outside of a soap 
bubble of 5 mm diameter. Surface tension of soap solution is 1.6 N m~. 

A U-tube is such that the diameter of one limb is 0.4 mm and that of 
the other is 0.8 mm, When water is poured into it, it is found that the 
difference of water levels in the two limbs is 3.57 cm. If the angle of con- 
tact is assumed to be zero, calculate the surface tension of water. 

The internal diameter of a tube of mercury barometer is 3.00 mm. Find 
the corrected reading of the barometer after allowing for the error due to 
surface tension, if the observed reading is 74.69 cm Hg. Surface tension 
of mercury = 4.8 x 10-1 N m~”, angle of contact is 140°. 
A soap bubble has a radius of 3 cm and another soap bubble 4cm. If 
the two coalesce under isothermal conditions, calculate the radius of the 
bubble formed. 

Calculate the work done against surface t 
of 1 cm diameter, if the surface tension 0 
Nm-1, 

Calculate the amount of work required to bi i 
radius 0.5 cm into tiny droplets of water, each of radius 1 mm, assuming 
isothermal condition. Also determine the number of droplets so formed. 


(Surface tension of water = 7.0 x 10-* N m+.) 


ension in blowing a soap bubble 
f soap solution is DOIA 


reakupa drop of water of 


3N m- gradually 


grows from a radius of 1.0 x 10-*m to 1.0 x 10-* m in 9 ps. Calculate 


the average rate of change of pressure inside. PYR ; 
A capil aie a donee! OA mm is dipped vertically inside (i) water 
of surface tension 6.5 < 10-A N mog and Zor) angle of contact a P. i 
liquid of density 800 kg m-*, surface tension 5.0 x 10 Nm, aE o! 
contact 30°. Calculate the height to which the liquid rises in the capiltary 
in each case. 

Calculate the root-mean squar $ 
sity of ox: TP = 1.424kgm~- 

Cosi eee square speed of hydrogen molecules ee 
Mass of hydrogen molecule = 3,34 x 10-*” kg, Boltzmann © 

1.38 x 10-23 JK- per molecule. 
At what temperature will the root 
half its value at 400 K? 


e speed of oxygen molecules at STP. Den- 


mean square speed of gas molecules be 
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. An elevator cable can carry a total weight of 1000 kg and accelerate it 


upward at 2.20 m s~*. Calculate the diameter (in cm) the cable must have 
if the safe working stress for the material of the cable is 1.2x10° N m~’. 
What is the pressure required to be applied to the ends of a steel cylinder 
to keep its length constant on raising its temperature by 100 °C? Young’s 
modulus of steel is 20 x 101 Nm-? and the coefficient of linear expan- 
sion of steel is 11 x 10-® per °C. 

A copper wire and a steel wire, each of length 1.5 m and diameter 2 mm, 
are joined end-to-end to form a composite wire of length 3m. The wire 
is loaded until its length becomes 3.003 m. Find the strains in the copper 
and steel wires and the force applied. Young’s modulus of copper ig;1.2 
x 104 Nm-? and that of steel is 2.0 x 104% Nm-*. 

The interior of a submarine located at a depth of 60m in sea-water is 
maintained at sea-level atmospheric pressure. Find the force acting on a 
window 40 cm? in area. The density of sea-water is 1030 kg m™°. 

A block of brass has a mass of 1 kg and a density 8000 kg m~’. It is sus- 
pended from a string. Find the tension in the string if the block is in air 
and if it is completely immersed in water. Neglect the buoyancy of the 
alr. 

What is the minimum area of a slab of ice 0.50 m thick floating on water 
that will hold up a car weighing 1000 kg? The density of ice is 920 kg m~’. 
A block of wood floats in water with 2/3 of its volume submerged. In oil 
it has 0.90 of its volume submerged. Find the densities of wood and oil. 
A cubical block of wood 10 cm on a side and of density 0.5 g cm~? floats 
in a jar of water. Oil of density 0.8 g cm~’ is poured on the water until 
the top of the oil layer is 4 cm below the top of the block. Calculate (a) 
the depth of the oil layer and (b) the gauge pressure at the lower face of 
the block. 

A cubical block of wood 10 cm along each side floats at the interface 
between oil and water with its lower surface 2 cm below the interface. 
The heights of the oil and water columns are 10 cm each. The density of 
oil is 0.8 g cm~. 

(a) What is the mass of the block? 

(b) What is the pressure on the lower surface of the block? 

A solid weighs 237.5 gin air and 212.5 g when totally immersed ina 
liquid of density 0.9 g cm=*, Calculate (a) the density of the solid and (b) 
the density of a liquid in which the solid would float with one-fifth of 
its volume exposed above the liquid surface. 

A gas bubble of diameter 1.0 cm rises steadily through a solution of den- 
sity 2000 kg m-* at the rate of 0.5 cm s-}, Calculate the coefficient of 
viscosity of the solution. (Neglect density of the gas.) 

A small spherical steel ball of diameter 1.0 mm is falling steadily at a 
speed of 5 cm s™ in a solution of viscosity 30 N m~? s. Calculate the 
retarding force experienced by the ball. 

A sphere of diameter 2 mm and density 9000 kg m~? is dropped from rest 
in a liquid of viscosity 0.04 N m~? s. Assuming that the average accelera- 
tion is half the initial acceleration, calculate the time it takes to attain 
its terminal velocity. 
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. At what speed will water emerge froma hole in a tank at which the 


gauge pressure is 2 X 105 N m-*? 

A tank is filled with water to a height of 5 m. A hole is made on one of 
its walls at a depth of 1 m below the water surface. (i) Find the distance 
from the foot of the wall at which the stream strikes the ground (ii) Can 
a hole be made at another depth so that the second stream strikes the 
ground at the same place? If so, at what depth? 

A liquid drop of diameter 0.5 cm breaks up into 27 tiny droplets all of 
the same size. If the surface tension of the liquid is 0.07 N m~, calculate 
the resulting change in energy. 

What would be the gauge pressure of an air bubble of 0.2 mm diameter 
situated just below the surface of water. The surface tension of water is 
7.5 X 10-2 Nm. 

Find the pressure difference between the inside and outside of a soap “ 
bubble of 5 mm diameter. Surface tension of soap solution is 1.6 N m~. 
A U-tube is such that the diameter of one limb is 0.4 mm and that of 
the other is 0.8 mm, When water is poured into it, it is found that the 
difference of water levels in the two limbs is 3.57 cm. If the angle of con- 
tact is assumed to be zero, calculate the surface tension of water. 

The internal diameter of a tube of mercury barometer is 3.00 mm. Find 
the corrected reading of the barometer after allowing for the error due to 
surface tension, if the observed reading is 74.69 cm Hg. Surface tension 
of mercury = 4.8 x 10> N m-t, angle of contact is 140°. $ 
A soap bubble has a radius of 3 cm and another soap bubble 4 cm. If 
the two coalesce under isothermal conditions, calculate the radius of the 


bubble formed. j : 
Calculate the work done against surface tension in blowing a soap bubble 
sion of soap solution is 2.0 X 10- 


of 1 cm diameter, if the surface ten 


Nm-?. 
Calculate the amount of work required to break up a drop of water of 
er, each of radius 1 mm, assuming 


radius 0.5 cm into tiny droplets of wat 

isothermal condition. Also determine the pi of droplets so formed. 
(Surface tension of water = 7.0 x 10-2 N m~’. a 
An air bubble in a liquid of surface tension 1.0 x 10-* N m E 
grows from a radius of 1.0 X 10-* m to 1.0 X 10-* m in 9 ps. Calcuta 


the average rate of change of pressure inside. ses ri 
A capillary tube of diameter 0.4 mm 1s dipped vertically inside Pe 
of surface tension 6:5- 10pm m-? and zero angle of contan an w fe 
liquid of density 800 kg m~”, surface tension 5.0 x 10- N ee ae S 
contact 30°. Calculate the height to which the liquid rises in 


in each case. RR 
Calculate the root-mean square speed of oxygen molecules at STP. 
sity of oxygen at STP = 1.424 kg m i i 
Calculate the root-mean square speed of hydrogen molecules at 300 K 


cule = 3.34 X 10-2” kg, Boltzmann constant = 


Mass of hydrogen mole 
1.38 x 10-2 JK-1 per molecule. e 
At what temperature willthe root-mean square speed of gas molecules b 
half its value at 400 K? 
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. An elevator cable can carry a total weight of 1000 kg and accelerate it 


upward at 2.20 m s~*. Calculate the diameter (in cm) the cable must have 
if the safe working stress for the material of the cable is 1.2108 N m7°. 
What is the pressure required to be applied to the ends of a steel cylinder 
to keep its length constant on raising its temperature by 100 °C? Young’s 
modulus of steel is 20 x 10!° Nm-? and the coefficient of linear expan- 
sion of steel is 11 x 10-® per °C. 

A copper wire and a steel wire, each of length 1.5 m and diameter 2 mm, 
are joined end-to-end to form a composite wire of length 3m. The wire 
is loaded until its length becomes 3.003 m. Find the strains in the copper 
and steel wires and the force applied, Young’s modulus of copper is 1.2 
x 10 Nm— and that of steel is 2.0 x 10% Nm-?. 

The interior of a submarine located at a depth of 60 m in sea-water is 
maintained at sea-level atmospheric pressure, Find the force acting on a 
window 40 cm? in area. The density of sea-water is 1030 kg m=°. 

A block of brass has a mass of 1 kg and a density 8000 kg m-*, It is sus- 
pended from a string. Find the tension in the string if the block is in air 
and ifit is completely immersed in water. Neglect the buoyancy of the 
air. 

What is the minimum area of a slab of ice 0.50 m thick floating on water 
that will hold up a car weighing 1000 kg? The density of ice is 920kgm~-*. 
A block of wood floats in water with 2/3 of its volume submerged. In oil 
it has 0.90 of its volume submerged. Find the densities of wood and oil. 
A cubical block of wood 10 cm on a side and of density 0.5 g cm-* floats 
in a jar of water. Oil of density 0.8 g cm~? is poured on the water until 
the top of the oil layer is 4 cm below the top of the block. Calculate (a) 
the depth of the oil layer and (b) the gauge pressure at the lower face of 
the block. 

A cubical block of wood 10 cm along each side floats at the interface 
between oil and water with its lower surface 2 cm below the interface. 
The heights of the oil and water columns are 10 cm each. The density of 
oil is 0.8 g cm~. 

(a) What is the mass of the block? 

(b) What is the pressure on the lower surface of the block? 

A solid weighs 237.5 gin air and 212.5 g when totally immersed ina 
liquid of density 0.9 g cm~, Calculate (a) the density of the solid and (b) 
the density of a liquid in which the solid would float with one-fifth of 
its volume exposed above the liquid surface, 

A gas bubble of diameter 1.0 cm rises steadily through a solution of den- 
sity 2000 kg m-* at the rate of 0.5 em s-t. Calculate the coefficient of 
viscosity of the solution. (Neglect density of the gas.) 

A small spherical steel ball of diameter 1.0 mm is falling steadily at a 
speed of 5 cm s™ in a solution of viscosity 30 N m=? s, Calculate the 
retarding force experienced by the ball, 

A sphere of diameter 2 mm and density 9000 kg m-* is dropped from rest 
in a liquid of viscosity 0.04 N m=? s. Assuming that the average accelera- 
tion is half the initial acceleration, calculate the time it takes to attain 
its terminal velocity. 
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. At what speed will water emerge from a hole in a tank at which the 


gauge pressure is 2 x 10° N m-?? 


. A tank is filled with water to a height of 5 m. A hole is made on one of 


its walls at a depth of 1 m below the water surface. (i) Find the distance 
from the foot of the wall at which the stream strikes the ground (ii) Can 
a hole be made at another depth so that the second stream strikes the 
ground at the same place? If so, at what depth? 
A liquid drop of diameter 0.5 cm breaks up into 27 tiny droplets all of 
the same size. If the surface tension of the liquid is 0.07 N m~t, calculate 
the resulting change in energy. 

What would be the gauge pressure of an air bubble of 0.2 mm diameter 
situated just below the surface of water. The surface tension of water is 
7.5 X 10-* Nm. 

Find the pressure difference between the inside and outside of a soap 
bubble of 5 mm diameter. Surface tension of soap solution is 1.6 N m~. 
A U-tube is such that the diameter of one limb is 0.4 mm and that of 
the other is 0.8 mm. When water is poured into it, it is found that the 
difference of water levels in the two limbs is 3.57 cm. If the angle of con- 
tact is assumed to be zero, calculate the surface tension of water. f 
The internal diameter of a tube of mercury barometer is 3.00 mm. Find 
the corrected reading of the barometer after allowing for the error due to 
surface tension, if the observed reading is 74.69 cm Hg. Surface tension 
of mercury = 4.8 x 10-+ N m~, angle of contact is 140°. 

A soap bubble has a radius of 3 cm and another soap bubble 4cm. If 
the two coalesce under isothermal conditions, calculate the radius of the 
bubble formed. 

Calculate the work done against surface tension in blowing a soap bubble 
of 1 cm diameter, if the surface tension of soap solution is 2.0 x 1073 
Nm-*. 

Calculate the amount of work require | i 
radius 0.5 cm into tiny droplets of water, each of radius 1 mm, assuming 
isothermal condition. Also determine the pe, of droplets so formed. 
(Surface tension of water = 7.0 x 10° Nm~. 
An air bubble in a liquid of surface tension 1.0 x 10-° N m~ san 
grows from a radius of 1.0 x 10-4m to ma x 10-2 m in 9 ps. Calculate 
the average rate of change of pressure inside. > Paths, l 
A capillan tube of diameter 0.4 mm is dipped vertically inside BA 
of surface tension 6.5 x 10-? N m=? and zero angle of contact ani 

i i x 10-2 N m~, angle of 
liquid of density 800 kg m~”, surface tension 5.0 ETE AR NENE 
contact 30°, Calculate the height to which the liquid rises 10 p! 


in each case. 

Calculate the root-mean si 
sity of oxygen at STP = 1.424 kg m 
Calculate the root-mean square spee! 
Mass of hydrogen molecule = 3.34 X 1 
1.38 x 10-23 JK- per molecule. 
At what temperature will the root 
half its value at 400 K? 


d to break up a drop of water of 


quare speed of oxygen molecules at STP. Den- 


=] 
d of hydrogen molecules at 300 K. 
0-2? kg, Boltzmann constant = 


mean square speed of gas molecules be 
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At what temperature will oxygen molecules have the same root-m 
Square speed as that of hydrogen molecules at 173 K? 

Calculate the rms velocity of oxygen molecules at 300 K. The density 
oxygen at STP = 1.424 kg m-*. 

Calculate the average translational kinetic energy of a molecule of a 
at 1000 K. Given R = 8.32 JK-! mol™*, 

At what temperature, pressure remaining constant, will the rms speed 
gas molecules be half its value at 0 °C? 

Helium gas occupies a volume of 0.04 m? at a pressure of 2 x 10° N ı 
and temperature 300 K. Calculate (i) the mass of helium (ii) the ı 
speed of its molecules and (iii) the rms speed when the gas is heated 
constant pressure to a temperature of 432 K. 


11 
Heat and 
Thermodynamics 


This chapter is divided into three sections. Section A deals with heat, 
its measurement and its effects. Section B deals with thermodynamics 
which is a branch of science that deals with the relationship between 
heat and mechanical energy. In Section C we will discuss the modes 
of heat transfer. 


SECTION A: HEAT ~ 


111 INTRODUCTION: HEAT AND TEMPERATURE 


but the two are different con- 


Heat is often confused with temperature, 
d-hot piece of iron is dropped 


cepts. Let us consider an example. If a re 
into water in a beaker, the temperature of water increases and that of 
the piece of iron decreases, until a thermal equilibrium is reached 
when they both have the same temperature. Hence, “something” is 
transferred from iron to water. This “something” that flows from a 
body at a higher temperature to one at a lower temperature, when 
Placed in contact (or exposed to each other) is called heat. 

_Until the nineteenth century, scientists believed that heat was some 
kind of a fluid called caloric which flows like any actual fluid (liquid 
or gas). According to the caloric theory, every object has a certain 
amount of caloric in it. When caloric was added to an object, its tem- 
perature increased; and when caloric escaped from it, its temperature 
decreased. However, nobody could detect this caloric; so it was as- 
sumed to be odourless, tasteless, and invisible. Although caloric was 
such a mysterious substance, yet the caloric theory could successfully 
explain many aspects of heat. 

One of the main troubles with the cal 
Not account for the heat generated by friction. By rubbing our hands 
together or by rubbing two pieces of metal together, we can generate 
heat indefinitely. If you rub the two metal pieces dipped in water in 


oric theory was that it could 
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a beaker and if you have the patience and energy to continue rubbing, 
you may actually succeed in boiling water in the beaker. The amount 
of heat generated by friction seems limitless. This does not agree with 
the caloric theory which maintains that heat is a substance and there- 
fore, every object can contain only a fixed amount of it. 


Falling 
weight 
—Water 


Paddle 


Fig. 11.1 Joule’s paddle wheel experiment 


It was Count Rumford (1753-1814) who rejected the idea that heat 
was a substance and said that heat could only be a kind of motion. It 


11.2 MODERN CONCEPT OF HEAT 


Heat is a form of energy called thermal energy. Thermal energy is the 
total energy (kinetic, vibrational and rotational) of all the individual 
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and more violently (or vigorously), as a result of which the tempe- 
rature of water rises. Thus, temperature is a measurable manifestation 
of the thermal energy of a body. To further clarify the distinction bet- 
ween temperature and thermal energy, consider an object, say, a hot 
brick and break it into two halves. Throw away one half. The remain- 
ing half will have the same temperature, but it will have only half the 
thermal energy, because it will have only half the ability to heat an- 
other object. 


Convention Conventionally, the heat energy Q supplied toa body is 
taken to be positive (+ Q) and the heat energy given out by a body 
is taken to be negative (— Q). 


Unit of Heat Energy Till recently, the unit of heat energy was the 
calorie. A calorie is defined as the amount of heat energy required to 
raise the temperature of 1 g of water through 1° C, more specifically, 
from 14.5 °C to 15.5 °C. However, recently, it has been internationally 
agreed to express all energy changes in the energy unit, namely, the 
joule (J). A joule is defined as the amount of work done when a force 
of one newton acts through one metre parallel to itself. Tbe relation 
between the two is: 


1 cal = 4.18 J 


Thus, if the amount of heat energy supplied to a system is 10 calories, 
then 


0=41.85 


11.3 TEMPERATURE 


In order to measure temperature quantitatively we use sme propan 
of matter that changes with temperature. A device wi “ek ai ne te 
property of matter to measure remperature 1S known as a therm ai ce 
Several kinds of thermometers are used to measure tenerae a 
ously each produces & different scale of temperature which can be rela- 


ted to one another. But there is one ‘natural’ scale of temperature 


called the absolute scale described in Chapter 10, This scale is based 
on the ideal gas thermometer discussed below. 


Ideal Gas Thermometer 


i fect gases and real gases 
In Chapter 10 we have learnt that ideal or per 
(if their pressure is low and temperature 18 high) are sorte ve ao 
ideal gas laws which give the relation between pressure, V 
temperature. The ideal gas equation 


PV = nRT 
states that if the volume of a gas is kept constant, the pressure will 


isi in Fig. 11.2. 
increase with increase in temperature. This is shown 1n Fig. 
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i ich is obviously not ossible, This perhaps Suggests that 
we IS O hs the loves Dashes man can achieve. Therefore, 
— 273.15 °C is called the absolute zero of temperature. Although scien- 
tists have been able to reach within 0.00001 °C of obsolute zero, but 
the absolute zero itself cannot be reached. 


Pressure— 


(a) 


< o to ce 
=273°C 0°C 100°C 200C 300°C T(°C)— 


t ; : 
È BA 8) 1 (b) 
a ae aan 
5 . t ' 
v i ' : 
X A $ ' 
F ' f 
0 K 273 K 373 K 473 K573 K TnK) = 


Fig. 11.2 (a) Pressure-temperature (CC) graph 
(b) Pressure-temperature (K) graph 


Absolute zero is the basis of the scale of temperature called the 
elvin (or absolute) scale. The zero of the scale is at —273.15 °C the 
size of the degree is the same as on Celsuis scale so that 


K= C+ 273.15 


Thus ice melts at 273.15 K and wate 
ixed-point temperature is the triple pi 


at which the three Phases of water, namely, ice, liquid water and 


Water vapour are equally stable and coexist. This 
ned to be 273.16 K. T 


it occurs at one single temperature =273.16K 
which is about 0.46 
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Now suppose the pressure of an ideal gas at triple point Ty (in 
absolute units) is Pe. Then if the pressure is p at some other tempera- 
ture T, this temperature T is 


Ch be (5) 
Ptr 
provided, of course, the pressures p and Pir are low. 

Figure 11.3 shows a typical constant volume gas thermometer. It 
consists of a bulb B of glass, quartz or platinum which is connected 
by a capillary tube to a mercury 
manometer. The bulb B is immers- 
ed in the liquid whose tempe- 
rature is to be measured. The gas 
in the bulb could be helium, 
hydrogen, nitrogen or air. The 
volume of the gas is kept constant 
by moving the reservoir R up or 
down till the mercury level in the 
left arm of the manometer coin- 
cides with a given fixed mark M, 
as shown in the diagram. 

The pressure of the gas then is 
given by 


p=hpg+ Po 


: . 11.3 Constant-volume gas 
where Po = atmospheric pressure, Fig fy ie 


h = difference of mercury levels in 
the manometer, p = density of mercury an: 
gravity, This pressure is proportional to th 


dg = acceleration due to 
e absolute remperature of 
e gas is measured at two temperatures, say, 


the gas. f th i 
elea ponte boiling point of water, both at atmos- 


the melting point of ice and the 
pheric pressure. We then have 


Po = hop 8 + Po 

Pioo = Moo P E + Po 
Also 

Po. = To 


Pio 100 
where T) = absolute temperature of mleting ice 
and Tyo) = absolute temperature of boiling water. 
If the (Tyo) — To) is taken to be 100, we have 


Pio _ To + 100 
Po To 
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so that Tp is determined. Some corrections have to be made in the 
measurement of temperature using a gas thermometer. The correc- 
tions are made to account for the expansion of the bulb containing 
the gas, for the fact that the gas in the connecting tubes is not at the 
same temperature as the bulb and for the fact that the gas used is not 
ideal. Furthermore, this thermometer is cumbersome to use. 


Mercury Thermometers 


Mercury thermometers are the ones most commonly used. You must 
have seen and used a mercury thermometer in your laboratory. Doc- 
tors also use a mercury thermometer. You are familiar with its cons- 
truction and working. It is based on the fact that the change in 
volume of mercury is nearly proportional to the change in tempera- 
ture. 


Platinum Resistance Thermometer 


The working of this thermometer is based on the principle that the 
resistance of a metal changes with temperature. If the change of resis- 
tance is measured, the temperature can be determined. The electrical 
resistance can be very accurately measured. It is known that over a 
temperature range of —170 °C to 200°C, the electrical resistance R of 
a platinum wire at temperature t °C is given by 


R= R (1 + at) 


where R, is the resistance at 0 °C and « = 0.004 per °C. Temperatures 
as low as — 170°C can be measured fairly accurately by using this 
thermometer. For measuring lower temperatures, a germanium resis- 
tance thermometer is used. Germanium is a semiconductor whose 
resistance decreases with increase in temperature. This thermometer 
can be used to measure temperature up to about 4 K. For still lower 
ee (~ 0.7 K), a helium vapour pressure thermometer is 
used. 


Pyrometers 


Measurement of low temperatures is not too difficult. Very high tem- 
peratures are difficult to measure. Measurement of very high tempera- 
tures is called pyrometry. Liquid thermometers can measure tempera- 
tures up to about 300 °C, and electrical resistance thermometers up to 
about 1200 °C. Thermo-electric thermometers are used for measuring 
temperatures as high at 3000 °C. 

For still higher temperatures, pyrometers are used. Various methods 
are used in pyrometers. One method is based on the fact that the 
colour of a hot metal filament depends on its temperature. Suppose 
we wish to measure the temperature of a very hot furnace. A lighted 
filament bulb is veiwed in the background of the furnace. If the 
colour of the radiation from the furnace matches that of the bulb, 
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the filament of the bulb becomes invisible. The temperature of the 
filament is varied by passing a variable current through it till the 
filament ‘disappears’ so to speak. The temperature of the filament is 
calibrated in terms of current. This device is called the disappearing 
filament pyrometer. 


EXAMPLE 11.1 A constant-volume gas thermometer using helium 
records a pressure of 20.0 kPa at the triple point of water and a pres- 
sure of 14.3 kPa at the temperature of solid carbon dioxide (called 
‘dry ice’), Find the temperature of dry ice. 
Solution 
Triple point of water (T4) = 273.16 K = 273 K 
Pressure at triple point (Px) = 20.0 kPa 
Let T be the absolute temperature of “dry ice’. 
Pressure at temperature T = (p) = 14.3 kPa 


Now 
Py Lee 
P UG 
or T Bat bee P 
Pu 


393 AA age 


= 195 K or — 78 °C 


EXxAmpie 11.2 The resistance R of the wire of an electrical resistance 
thermometer at temperature t °C is given by 
= Ro (ese at) 


i i he wire. The 
where R, is the value of R at 0° C and « is a constant of t 

pesiviemnes at the triple point of water Is 101.6 Q and that a ie K 
is 165.5 Q. What is temperature when the resistance is 123.4 O? 


Solution 
R, = 101.6 Q at f, = triple point of water = 0 °C 


R, = 165.5 Q at t, = 600.5 K = 600.5 — 273 = 327.5 °C 
Ry = 1234 Qatt =? 
We have R, =R (+h) 
or TEN dea 0) = Ro 
Ry = 101.6 2 


Also Ry, = Ro (l + % 4) 
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or 165.6 = 101.6 (1 + « x 327.5) 
165.5 — 101.6 _ o 
or á= 016 x 3275" 0.0019 per °C 
Now Ry = (1 + « 4) 
n Ra = Ro 123.4 — 101.6 
oF Sno C OL ONO 0019 


= 112.9 °C = 385.9 K 


11.4 THERMAL EXPANSION 


When heat energy is supplied to a solid, its volume increases. This is 
known as thermal expansion, The thermal expansion of a gas has been 
made use of in the gas thermometer, and that of a liquid in a mercury 
thermometer. In both these examples, it turns out that the increase in 
volume is directly proportional to that in temperature, provided the 
temperature increase is not too large. 


Coefficient of Volume Expansion 


Suppose the volume of a substance increases from V to V -+ A V when 
its temperature is increased from Tto T+ AT. The coefficient of 
volume expansion (2v) of the substance is defined as the fractional in- 


crease (AV/V) in volume V for a small increase (AT) in temperature, 
ie, 


w= ap (11.1) 


Experiments tells us that the value of a» is different for different 
substances. Even for a given substance the value of «v depends, in 
general, on the temperature of the substance. As an example, we show 
in Fig. 11.4 how the measured value of the coefficient of volume ex- 


© 
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Fig. 11.4 Variation of coefficient of vol 


i lume expansion 
of copper with temperature 
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pansion of copper varies with its temperature. Notice that the varia- 
tion is linear up to about 100 °C, and also that the value of a» be- 
comes constant only at high temperatures. 

Table 11.1 gives measured values of «v for some common substances 
in the temperature range 0°-100 °C. 


Table 11.1 Coefficients of volume expansion 


av : ay 
Substance (K7) ‘Substance E`) 
Aluminium 7% 107% Glass (ordinary) 25% 10° 
Brass 6 x 10-5 Glass (pyrex) 1 x10 
Copper 5 x 10° Rubber (hard) ax 107+ 
Silver 5.6 x 10-* Invar 2504078 
Steel 3 x 10-5 Mercury 1.8 x 10-¢ 


Notice that the coefficients of volume expansion are generally quite 
small. Some substances, such as pyrex glass and invar (an alloy of 
iron and nickel), have a much smaller value of «v than others. That 
is why a pyrex glass beaker does not crack when heated. 

Gases also expand on heating. The value of xv at canstant pressure 
for a perfect gas can be obtained from the perfect gas equation 


PV = RT 


If the temperature of the gas is increased from T to T + AT, the vo- 
lume increases from V to V + AV, at constant pressure P, Then 


P(V+AV)=R(T+ AT) 


or PV + PAV = RT + RAT 
But PV = RT 
or RT a = RAT 
AV AT 
or V RET al 
ahs bay Some (11.2) 


Thus at 0°C, wy = 1 3.7 x 10° K- which is much higher than 


A i that, for a given 
tv for solids and liquids (see Table 11.1). This means To 
increase in temper) gases expand much more than liquids and 
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solids. From Eq. (11.2) we find that unlike solids and liquids, «v dec- 
reases with increase in temperature of the gas. 

Most substances expand when heated. Some liquids show an un- 
usual behaviour. Water, for instance, contracts when heated from 
0 °C to 4 °C, after which it shows expansion like other liquids. 


Coefficient of Linear Expansion of a Solid 


The increase in the volume of a substance on heating implies that all 
its dimensions (length, breadth, height, etc.) increase. In some cases 
the change in one of these dimensions is more relevant and easily ob- 
servable. For example, if the solid isin the form of a long rod, the 
change in its length is easily observed. In such cases we define the co- 
efficient of linear expansion («,) of the substance as the fractional in- 
crease (AL/L) in length L divided by the increase (AT) in temperature, 
i.e. 


= NN E (11.3) 


Relation between ~, and «, 


Consider a cube of a substance, each side of which has a length L at 
temperature T. The original volume of the cube at temperature T is 


ea Ong 


Let us suppose that the temperature of the cube is increased from T 
to T + AT. Let AL be the increase in the length of each side of the 
cube. It is given by [from Eq. (11.3)] 


AL = «,LAT (11.4) 
The increase in volume of the cube is 
AV =(L + ALY — P 
Now (L + AL)’ may be rewritten as 
3 
(L + AL =1(1 + F) 


If the increase in temperature (AT) is small, then the increase in length 
(AL) will also be small so that AL/L <1, Therefore, we expand 


AES h 
(1 + 2 binomially and retain only the first order term in AL/L. 
We then get 


3 
(4 Bar 
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so that 
(L + ALY = 13 (1 4 ad = D+ 3L2AL 
Thus 
Lis 3 2 3 AL 
AV = L + 3L2AL — P = 3PAL = 3L T 
AL 
or AV = 3V 
AV AL 
or 7E 37T 
Aeon AL ct 
a AS tah a DY 
Using Eqs (11.1) and (11.3) we have 
ce (11.5) 


Thus the coefficient of volume expansion of a solid is three times its 
coefficient of linear expansion. This relation holds for a solid of any 
shape having a uniform cross-sectional area. 5 

Although the thermal expansion of solids is quite small, yet it has 
some important consequences as in the following examples. 

1. While laying railway tracks, gaps have to be left between succes- 
sive lengths of rails to allow for expansion during summer or heat 
caused by friction between the wheels and the track. s 

2. Telegraph wires are given enough sag to allow for their contrac- 
tion in winter. 

3. In the construction of a bridge, 
not fixed but are placed on rollers 


tract freely. i 
4. Cement floors or concrete roads are not laid out in one conti- 


nuous piece which would expand or contract giving Tise, to cracks. To 
avoid this, the surface is laid in small pieces with gaps 1n between to 
allow for expansion in summer. fee shun i 

5. The lensth of the pendulum in a pendulum cioc increases in 
summer and Teel i winter. Consequently the clock does not keep 
correct time throughout the year. To overcome this, compensated 
pendulums are used in clocks which are designed in such a way that 
the effective length of the pendulum remains the same shroughout te 
year. Similarly, compensated balance wheels are psen in watches to 
compensate for the change in its diameter due to the changes in tem- 
perature. 

Although the thermal expansion of s 
expansion has very useful applications, 
thermostat shown in Fig. 11.5. 


the ends of the steel girders are 
so that they can expand or con- 


olids can be a source of trouble, 
the most important being the 
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A thermostat is a device that helps maintain a steady temperature. 
It consists of a bimetallic strip which consists of two thin strips of 
different materials (such as brass and inyar) welded together along 
their lengths. On heating this combination bends into an arc. This 
happens because brass has a higher coefficient of expansion than 
invar. 


Metal strip Contact 


Knob ' Bimetallic 
strip 
7) Dito: 


heater 
circuit 


Fig. 11.5 A thermostat 


Figure 11.5 shows a thermostat fitted with a bimetallic strip which 
may be used for controlling the temperature of a room heated by a 
heater. The heater circuit is completed through the bimetallic strip. 
When the temperature of the room reaches the upper required limit, 
the strip bends away, thus breaking the circuit at the contact points 
and switching off the heater. As the temperature of the room falls 
below the required limit, the bimetallic strip becomes straight again 
and the circuit is completed and the heater starts working again. Ifa 
lower temperature is to be maintained in the room, the knob is moved 
to the left thus increasing the gap between the metal strip and the 
bimetallic strip. Now the bimetallie strip has to bend more to make 
contact which can happen if it is cooled more. 


Exampte 11.3 A cylinder of diameter exactly 1 cm at 30 °C_ is to be 
slid ra 4 ie a a a steel plate. The hole has a diameter of 0.99970 
cm a . Lo what temperature must the pl: eated? teel 
A REUE x OSECA, p e plate be heated? For s 


Solution The hole will expand in the same way as a circle of steel 
Sling it would expand. The diameter of the hole needs to be changed 
y 


AL = 1 — 0.99970 = 0.00030 cm 
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But AL = «LAT 


AL 0.00030 Ed 
AT = 7 = LI x 10° x 0.99970 ~ AAE 


The plate must be raised to a temperature of 30 + 27.3 = 57.3 °C 


EXAMPLE 11.4 A steel scale measures the length of a copper rod as 
80.00 cm when both are at 20 °C, the calibration temperature for the 
scale. What would the scale read for the length of the rod when both 
are at 40 °C? a; for steel = 11 x 10-6 (°C-!) and «, for copper = 17 
be 10 SCC : 
Solution The length of 1 em division of the steel scale at 40 °C is 
(1cm) x (1 +11 x 1076 x 20) = 1.00022 cm 
Length of the copper rod at 40 °C will be 
(80) x (1 + 17 x 10-6 x 20) = 80.0272 cm 


The number of cm read on the scale will be 


80.0272 om = 80.0096 cm = 80.01 cm 


1.00022 


Example 11.5 A one litre flask contains some mercury. It is found 


that at different temperatures the volume of air inside the flask remains 
the s i cury in the flask? Given the coeffi- 
ame. What is the volume of mercury the eT- the eel 


cient of linear expansion of glass = 9 x ) 
of volume expansion of mercury is 1:8 x 10-4 CC). 

in the flask. Since the 
he volume expansion of 
sion of mercury in the 


Solution Let x be the volume of mercury 
volume of air in the flask remains constant, t 
a oo must be exactly equal to the expan 
ask. 4 


y a, AT = xo, AT 


where «, and «p are the volume expansivities of glass and mercury 
respectively. 
Og 
Age ore 
6 o0- 
Here a, ese ge Lato CO 


Xm = 18 x 1075 CE yay V= 1000 cm’ 
= 1000 * ie om? = 150 cm? 
x 


f 
EXAMPLE 11.6 Mercury of ODAMA DONTE at 0°C has a mass 0 
13,600 kg. Calculate as density when the temperature ie raised to 
100 °C. The coefficient of expansion of mercury = © 
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Solution Given 

Vo = tir 

AT = 100°C 

AN (Shoe (See @ 
Volume of mercury at 100 °C is given by 

V,= Vo (1 + «, AT) 
or Vion =1(1 + 1.8 x 10-* x 100) = 7 + 1.8 x 1077 
= 1+ 0.018 = 1.018 m$ 
Mass of mercury = 13,600 kg 


Since the mass cannot change, 13600 kg of mercury occupy a 
volume of 1.018 m° at 100 °C. 


mass __ 13600 
volume 1.018 


= 13,360 kg m~? 


Density of mercury at 100 °C = 


Notice that the density of liquids that expand on heating, decreases 
with increase in temperature, 


EXAMPLE 11.7 | A brass wire 1.8 m long at 27 °C is held taut with neg- 

ligible tension between two rigid supports. If the wire is cooled toa 

temperature of — 39 °C, what tension is developed in the wire? Dia- 

meter of the pire = 2.0 mm. Coefficient of linear expansion of brass 

z 20 x 10°C! and Young’s modulus of brass — 0.91 x 10! 
m, 


Solution Le sae ts length of the wire at 27°C and AL the con- 
traction in length as the temperature falls to — 39 °C so that AT = 27 
— (—39) = 66 °C. Now mae 


AC KLANT 


Strain in the wire (7) = «AT 


Since the wire is rigidily fixed at its ends, it cannot contract pro- 


ducing a tension F in the wire which is responsible for the strain. If A 
is the cross-sectional area of the wire, we have 


Young’s modulus Y = Stress pees 
Strain” AL/Z, 
F — YAAL 


or Bi 
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AL 
Mow. s a aAT and A = 7d?/4, where d = diameter of the wire. 


Hence 
F = | (nd?Ya,AT) 


Substituting for d (= 2.0 mm = 2.0 x 103 m) and other quantities 
in this we get 


F = 3.77 x 10?7N 23.8 x 10 N 


11.5 SPECIFIC HEAT 


We know that heat is a form of energy. We have defined a calorie as 
the amount of heat energy required to raise the temperature of 1 g 
of water from 14.5 °C to 15.5 °C. The reason why these two specical 


temperatures are chosen to define a calorie is that experimentally it is 
mperature of a given 


found that the heat energy required to raise the te ture 0 

mass of water by 1 °C depends on the temperature. Itis a little more 
for 1 °C difference from 65 °C to 66 °C than from 14.5 °C to 15.5 °C. 
Experiments also show that different substances need different amounts 
of heat for a given mass (c.g. 1 kg) and the same temperature rise. 


Specific Heat ; f 
The amount of heat energy AQ needed to raise the temperature ot a 
mass m of a of substance by an amount AT depends on m as well as 


AT i.e. 
AQ œ mAT 
St AQ = cmAT 
; $ Jf m = 
where c is a constant called the specific heat of the substance: 
1 unit and AT = 1 unit, then c = &- Hence we ue 
substance is the amount of heat required to raise e im oDlY 


: i A 
of a unit mass of the substance through a unit degree. : $ 
used unit of ¢ is cal g! °C-1, In the Sf system ¢ 1S expressed in Jkg 


K-!. The two units are related as 


Leal gt Ct = 4188 O™ 
(Go cal = 4,18 J) 


(11.6) 


or 1 cal gt °C! = 4180 Ske °C" 

4 í : i hat onthe 
Since the size of a degree on the celsius scale is equal tot T 
kelvin scale, a eaea difference of, say, 1°C is equal to a tempe 
rature difference of 1 K. Thus 


1 cal gt °C} = 41805 ket K”! 


ne al 
Wi iti +. the specific heat of water = talg 
ith our definition of a calorie, the sp re puera 


°C or 4180 J kg™' K-', In fact, this is t 
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15 °C. As stated earlier, the value of c for water is different (though 
only slightly) at different temperatures. Figure 11.6 shows how the 
specific heat of water changes with temperature. 


i 1-008 
O 
a 
To 1004 
3 
v 
E 10004---- 
v 
0.996 


- 
Q 20 40 60 80 100 


Temperature (in°C) = 
Fig. 11.6 Variation of specific heat of 
water with temperature 


Notice the peculiar behaviour of water a 
ses with temperature up to about 40 
temperature, For most other substan 
creases with temperature and assu 
peratures. 


gain, its specific heat decrea- 
°C after which it increases with 
ces the specific heat generally in- 
mes a constant value at high tem- 


Molar Specific Heat 


c 
c=> (11.7) 


where m is the number of kilograms per mole in the substance, 


Table 11.2 gives the Specific heats of some solids at room tempe- 
rature (20 °C) and atmospheric pressure. 


Table 11.2 Specific heats of some solids at 20 °C ana atmospheric pressure 


Substance Specific heat _ _ Molar Specific heat 

calle K- J kg K=) cal molt K= Jmol-1 K+ 
Aluminium 0.215 900.0 5.82 24.4 
Carbon 0.121 506.5 1.46 61 
Copper 0.0923 386.4 5.85 24.5 
Lead 0.0305 127.7 6.32 26.5 
Silver 0.0564 236.1 6.09 25,5 
Tungsten 0.0321 


134.4 5.95 24.9 


eae tat 


oe 
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i1.6 SPECIFIC HEATS OF A GAS 


When heat energy is supplied to a body, it is spentin two ways. A 
part of the heat energy is used up in increasing the temperature of 
the body. From the kinetic interpretation of temperature, this implies 
an increase. in the internal energy of the molecules whose average 
velocity increases as a result of the increase in temperature. The body 
may also expand on heating and another part of the heat energy sup- 
plied is used up to do work during expansion against external pres- 
sure. In the case of solids and liquids the increase in volume by heat- 
ing is usually very small and, therefore, the heat energy supplied is 
almost entirely utilised in only bringing about an increase in tempe- 
rature. But in the case of gases, the increase in volume on heating is 
considerable since the coefficient of expansion for gases is much higher 
than that for liquids or solids. Thus, if a gas is heated and is allowed 
to expand, the heat energy will be required not only to increase its 
temperature but also to do work in overcoming external pressure 
during expansion. This is a statement of the law of conservation of 
energy (including heat energy) called the first law thermodynamics 
which we will study in Section B. 

Let us consider two different experiments with a gas. Suppose we 
have a gas enclosed in a cylinder fitted with a piston, and the piston 
is suddenly pushed in, thus compressing the gas. The temperature of 
the gas rises, although no heat is supplied to it, only work has been 
done on it. Now the specific heat is defined as 


A Heat energy supplied (AQ) 
Specific heat = Mass (M) x Rise in temperature (AT) 


In this case AO = 0, but AT A 0, and hence the specific heat of 
the gas is zero. On the other hand, a gas may be allowed to expand 
isothermally (i.e. at constant temperature). If the piston 1s raised slowly, 
the volume of the enclosed gas increases slowly and the gas is cona 
slowly. If the necessary heat energy 1s supplied slowly from Pek e, 
its temperature can be kept constant, 1.¢. AT = 0, but AQ = 0. It is 
clear that, under these conditions, the specific heat of the gas becomes 
infinite. Thus, we can conclude that the specific heat of a gas can 
have any value ranging from zero to infinity depending on the man 
ner in which it is being heated. It is, therefore, meaningless to tage 
about the specific heat of a gas unless the conditions under which 1 
is heated are clearly specified. 


Two Specific Heats of a Gas 


> aM Soa he 
Two specific heats of a gas ate of special significance, namely, t 
briceifie heat at per volume (C») and that at constant ‘parte 
(C,). They are defined as: The molar specific heat of a gas n os a 
volume (Cv) is the amount of heat energy required to raise fn cose 
rature of 1 mole of the gas through 1 K when its volume is ep an: 
tant, The molar specific heat of a gas at constant pressure (C,) ts the 
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amount of heat energy required to raise the temperature of 1 mole of the 
gas through 1 K when its pressure is kept constant, 

C, is greater than Cv: It is clear that if heat energy is supplied to 
a gas keeping its volume constant, the gas does no work against ex- 
ternal pressure and all the energy supplied is ased up in raising the 
temperature of the gas. But if a gas is heated at constant pressure, its 
volume increase. Heat energy, in this case, is required not only to in- 
crease the temperature but also to do work against the external pres- 
sure. Hence more heat energy, is required to heat 1 mole of a gas 
through I K when it is heated at constant pressure than when it is 
heated at constant volume. In other words, C, is greater than Cv. 


Relation between C, and Cy 


Consider one mole of an ideal gas enclosed in a cylinder fitted with a 
frictionless piston as shown in Fig. 11.7a. 


Piston free 


to move piston 
u 
Ax 
ane Q=Q;+Q 
praia Bese P SONY P+AP 
V. V 
T T+ AT 
tc) (a) (b) 


Fig. 11.7 The relation between C, and Cy 


Let P, V and T be the pressure, 
the gas. The gas is heated at 
rises to T + AT. The piston is h 
move while the gas is being heat 
(Fig. 11.7b). 

Let Q; be the heat ene 
tion of C,, we have 


volume and absolute temperature of 
constant volume until its temperature 
eld in position and not allowed to 
ed so that its volume remains constant 


rey supplied. Then, evidently, from the defini- 


0,=1xC,x AT 
= CoAT (11.8) 


Since the temperature of the gas has increased from T to T + AT, it 


follows from Charles’ law that the pressu e wi i the 
e a p: re will also increase. Let’ th 


the gas is allowed to expand. The gas keeps expanding -and being 
warmed. Heating is stopped after the temperature has risen from. to 
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T + AT. The piston is allowed to move through a distance Ax in the 
process of expansion. 

Let the heat energy supplied be Q. It is obvious that O > Qı, since 
now apart from raising the temperature to T + AT, the gas has to do 
work in expanding against external pressure. Let the new volume be 
V -+ AV. Since the piston is frictionless and free to move, the pressure 
remains constant at P. Hence 


Q=%+W (11.9) 


where W = work done by the gas in expanding against external pres- 
sure. To calculate W, let' A be the area of the piston, and then the 
force exerted by the gas on the piston isP x) Asam 

Work done W by the gas in pushing the piston through a distance 
Ax fiend 


= Force x Distance 


— Px A x Ax 
= PAV 
But 4 x Ax is the increase in volume of the gas and is equal to AV. 
Hence wer AV ` (0.10) 
Now by definition O saan (11.11) 
Substituting Eqs (11.8), (11.10) and (11.11) in Eq. (11.9) we have 
Cy AT = Co AT. + P, AV (11.12) 
Now equations of the state of the gases in Figs 11.7a and c mm is 
11.1 


PV = RT 
Paw A= R(T + AT) (11,14) 


and 
Subtracting Eq. (11.13) from Eq. (11.14, we have 
P AV= RAT (11.15) 
Substituting for P. AV from Eq. (11.15) in Eq. (11.12) Ys get ) 
C,AT = Co AT + R AT 
or GC, = Ot R 
Se C2 Ge R (11.16) 


+ i, 
Equation (11.16) tells us that C, 18 poe ane bee AA 
equal to the universal gas constant R a eitas 

be recalled that the relation holds only for an G 


440 Physics for Class Xi 


C, and Cv in Terms of R 


In Chapter 10 we haye seen that the kinetic enetgy of Í mole of ani 
ideal gas is given by ` 


3 
E=5 RT 


Ifthe gas is not allowed to expand, the heat energy supplied to it is 
completely used up in increasing the kinetic energy of the molecules 
of the gas. 

Thus, if the volume is kept constant, the gain in kinetic energy for 
a1K rise in temperature is the same as the amount of heat energy 


gained by the gas for a 1 K rise in temperature, Thus, from the defini- 
tion of Cv, we have 


3 3 
C5 RW + 1)-5 RT 
or © =3 R =R (11.17) 
Since Q a Co + R, we have 
i Fa 5 
C,=5 RI R= R=25R (11.18) 
Now R = 8.32 Jmol! K“!, we get 
Co = 1.5 x 8.32 = 12.48 J mol! Ko 3 
and C, = 2.5 x 8.32 = 20.80 J mol! K-! 


Equations (11.16) to (11.18) are theoretical results based on the 
perfect_gas model. Do they agree with experimental results for real 


gases? Table 11.3 gives the measured values of C,/R and C/R for 
some gases, 


Table 11.3 C,/R, Cy/R and (C,-Cy)/R for different gases, 


Type of gas Gas E g E (Cp — Cy) 
1. Monoatomic tA He 2.5 1.5 1.00 $ 
A 23 i) 1.00 
2. Diatomic H: 3.45 2.45 1.00 
O: 3.53 2,53 1.00 
N, 3.49 2.49 1.00 
2. Polyatomic CO; 4.43 3.42 1,01 
SO. 4.85 3.77 1.08 
CH, 6.21 3.34 1.03 
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The study of this table reveals that our theoretical result (11.16) 
holds for all gases. This implies that our assumptions about the extra 
work done under constant pressure and about the perfect gas are both 
correct. But our results (11.17) and (11.18) hold only for monoatomic 
gases. For diatomic and polyatomic gases the experimental values of 
C, and Cy are considerably higher than the theoretical values. The 
departure becomes very marked as the number of atoms in a molecule 
of the gas increases as in C,H, What is the cause of this discrepancy? 
Perhaps something is wrong with or missing in our theory when it is 
applied to complicated molecules. The reason is not hard to find. 

Since the measured values of C, and Cr are higher than the theore- 
tical values for diatomic and polyatomic molecules, it implies that it 
needs more energy to heat such molecules. This means that these 
molecules have internal motions with associated energy. This can be 
understood as follows: . 

The molecules of monoatomic gases like helium, argon, etc. consist 
of a single atom. Since the atom is a tiny particle, such a molecule may 
be regarded as a point mass. It is capable of only translatory motion. 


Diatomic molecule Polyatomic molecule 


Fig. 11.8 


The molecules of diatomic gases, such as hydrogen, oxygen, nitrogen, 
etc. consist of two atoms (which are bound to each other by a force) 
a fixed distance apart from each other. A diatomic molecule may be 
considered to have the shape of a dumb-bell, i.e. two mass points 
A and B fixed to the two ends ofa spring as shown in Fig. 11.8. It 
has three degrees of freedom corresponding to the translation of its 
centre of mass. Besides, the molecule can also. rotate about any two 
axes YY’ and ZZ’ joining A and B, YY’ lies in the plane of the 
paper and ZZ’ is perpendicular to, this plane. Since the atoms are 
supposed to be mass points, the third rotation about the line joining 
the atoms A and B is not possible. The diatomic molecule can, how- 
ever, vibrate along this line. i 

Experiments have shown that, at ordinary temperatures, the vibra- 
tory motion does not occur in a diatomic molecule. Thus a diatomic 
molecule has translatory as well as rotatory motions. A polyatomic 
molecule has translatory, rotatory and vibratory motions. Since energy 
is associated with each of these motions, it follows that it requires 
more energy to heat polyatomic molecules than diatomic molecules. 
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The equation £ = ; RT which we used to obtain Eq. (11.17) and 


Fq. (11.18) needs to be modified to include these internal motions in 
the.case of more complex molecules. 


Measurement of Specific Heat: The Calorimeter 


Measurement and comparison of heat is carried out with the help of 
a vessel called the calorimeter. It consists of a vessel, usually made of 
copper, with a thermometer in it and is very well insulated from the 
surroundings. 

To determine the specific heat of a substance, we compare the heat 
needed to increase its temperature with a substance of known specific 
heat, such as water whose specific heat, by definition, is 1 cal cae 
or 4180 J kg-! K~!. Suppose we have a mass m, of water at tempera- 
ture T, in the calorimeter. To this we add a known mass m of the 
substance (of unknown specific heat C) at a known temperature T, 
greater than 7;. After some time both water and substance attain the 
common temperature T, (which is greater than T, but less than 7, 2). 
If on heat is lost to the surroundings (including the calorimeter), then 
from the law of conservation of energy, we haye 


Heat gained by water = heat lost by the substance 
ie. m x CPx (13 = T) =m, x C x (T; -= T;) 
Assuming that the specific heat of water (C,) between temperatures Ti 
and T; is 1 cal g °C and that m, and m; are in grams, then C is ob- 
tained in cal g ! °C™! which may be converted into the SI units, J kg7 


—1 = SOH à $ 7 
K™. Modern calorimeters are very sophisticated in design which 
would minimise heat losses. 


ExAMPLE 11.8 One mole of oxygen is heated from 0 °C, at constant 
pressure till its volume increases by 10%. (a) Find the quantity of heat 
required. The specific heat of oxygen, under these conditions, is 0.22 
cal g K~'. (a) If the same quantity of heat is supplied to the gas at 
constant volume, what will be the final temperature? 


Solution (a) For an enclosed gas at constant ra, Vio L 
(Charles’ law). ERTS pressure, 


Hence, to increase the volume by 10°, the absolute temperature must 
be increased by 10%. The initial temperature of oxygen r T= 


The final temperature must be 1.1 x T = 300.3 K. 
EN Rise in temperature = 27.3 K 
Quantity of heat supplied is given by 
OQ = (mass of 1 mole) x (specific heat) x (rise in temp.) 
= 32g x 0.22\cal gu Kto 27.3 K 
= 1929 cal = 807.24 J 
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(b) C, = molar specific heat at constant pressure 
0.22 x 32calK-' mol" _ 
0.22 x 32 x 4.2 = 29.568 J K- mol 
But Co == Cork 

= 29.568 — 8.315 

= 21.253 0K7 mot! 


When 807.24 J of heat energy is supplied to 1 mole of oxygen at 0 °C, 
at constant volume, the rise in temperature is given by 


Il 


Il 


EEN cc 
AT = Ges E E 


Final temperature = 38 °C 


EXAMPLE 11.9 A 10 kW drilling machine is used to drill a hole ina 
small copper block of mass 7.5 kg. How much is the rise'in the tempe- 
rature of the block in 3 minutes, assuming that 40% of power is lost 
in the machine in heating it and to the surroundings. Specific heat of 
copper = 0.386 J g °C. 

Solution 

Useful power available = 60% of 10 kW 
= 6kw=6x 10° W 


Energy consumed in 3 min = 6x 10 x 3 x 60 


2 08 xX 10° J 


Specific heat of copper = 0.386 Teaver 
= 3863 kg? °C 


Mass of copper block = 7.5 kg 
1.08 x 10° J 


Rise in temperature = Take x 380 kg C7 TIA 


SECTION B: THERMODYNAMICS 


11.7 INTRODUCTION 


Thermodynamics is the branch of scienc 
between heat and mechanical, energy. It, l I 
transformation of heat into mechanical work | and vice versa. It is 
common experience that mechanical work can be converted into heat. 
rate heat by rubbing our hands or two 


For example, we can generate > i 5 
pieces of a oe together. Heat can also be converted into mechani- 


e that deals with the relation 
is mainly concerned with the 
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cal work, as in the steamengine. The steam engine is typical of a 
large class of engines known as heat engines which perform work at 
the expense of beat. In the earlier forms of heat engines, the efficiency 
was as low as 5 per cent, i.e. only 5 per cent of heat could be conver- 
ted into work. In the modern heat engines, an efficiency of upto 55 
per cent has been achieved, i.e. at most only 55 per cent of the heat 
supplied is converted into work. The question, therefore, naturally 
arises whether the low efficiency is due to bad designing of the engine 
or whether there is something in the very nature of things which for- 
bids the conversion of the whole of heat into mechanical work. At- 
tempts to answer questions such as this form the origin of thermo- 
dynamics. By theoretical considerations based on a few laws, it is 
possible to predict what part of heat can be transformed into work. 
The structure of thermodynamics rests upon two simple laws known 
as the First and Second Laws of Thermodynamics. These laws, which 
are generalised summaries of experience and observation, are the sub- 
ject-matter of this section. 

Althoughithermodynamics had its origin in considerations of the 
efficiency of heat engines, its use and scope, at the present time, is by 
no means restricted to this field alone. The principles of thermodyna- 
mics are very general and exact and have been successfully applied 
not only to problems in physics and engineering but also to those in 
chemistry, such as chemical reactions, chemical equilibria, electro- 
chemistry, etc. 

The study of any new branch of science must start by isolating a 
limited region of space or a finite portion of matter from its surround- 
ings. The isolated portion (e.g. gas enclosed in a cylinder) on which 
the attention is focused is called the system and everything external 
to the system, that may have an effect on its behaviour, is known as 
the surroundings, Having chosen a system, the next step is to describe 
it in terms of the physical quantities that will help discuss the beha- 
viour of the system and its interactions with the surroundings. There 
are two approaches that may be adopted, the microscopic approach 
or the macroscopic approach. The kinetic theory discussed in Chapter 
10 adopts the macroscopic approach. In the kinetic theory, all the 
thermal phenomena ate interpreted in terms of the disorderly motion 
of atoms or molecules. Thermodynamics, on the other hand, adopts 
the microscopic approach. It deals with the gross (or macro) charac- 
teristics of the system, taking no account of the atomic constitution 
of matter. It is indeed remarkable that highly accurate results can be 
obtained with the help of a few laws of thermodynamics. Thermody- 
namics is an exact science. 


11.8 DEFINITION OF SOME TERMS USED IN 
THERMODYNAMICS 


Some of the terms used in the study of thermodynamics are as 
follows. 
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Thermodynamic System 


So far the word ‘system’ has been used in a broad sense to include 
any object or material. For thermodynamic considerations, a system 
is any material or quantity of maiter (that is influenced by heat) enclos- 
ed by a boundary surface. The boundary walls may be of two types: 
(i) diathermic that allow transmission of heat, and (ii) adiabatic that do 
not permit heat flow. For example, a liquid contained in a metallic 
container can be easily heated as the metal boundary is diathermic. 
But the same liquid contained in a vacuum flask cannot be heated by 
a burner; the double walled vacuum flask has an adiabatic boundary. 
A system wholly enclosed in an adiabatic boundary, . so that there is 
no transfer of matter or heat to the surroundings, is called an isolated 
system. A system wholly enclosed in a diathermic boundary, so that 
there is an exchange of heat with the surroundings but no exchange 
of matter, is called a closed system. 


Thermodynamic State and Thermodynamic Coordinates 


The thermodynamic state of a system can be described in terms of the 
properties of the system, such as its composition, volume, pressure, 
temperature, etc. These are called the thermodynamic coordinates or 
parameters of the system. In the case of gases, the parameters are 
volume, pressure, temperature, etc. In the case of liquids, these para- 
meters can be density, surface tension, temperature, etc, and in the 
case of solids they could be elasticity, area, volume, temperature, etc. 
These coordinates describe the thermodynamic state of the system. 


Equation of State 


If the system is homogeneous (i.e. it has the same constitution Alar 
where), then it is usually enough to specify only three an aia 
namely, volume, pressure and temperature. The mathematica foes 
sionship between these parameters 1s known as the equation of se 
of the system. The exact relationship between these parameters ps ne 
known for solids, liquids and non-homogencous substances, In 
case of ideal gases, the equation of state is 
PV = RT, for one mole 

and PV =nRT, forn moles 
ly the pressure, volume and tempera- 
érsal gas constant. In such aga $ 

i i irdi tically fixed. 
only two parameters are specified, the third is automa’ 
Hence, the thermodynamic state of a simple homogeneous system is 
described by specifying any two of the three parameters. 


where P, V and T are respective 
ture of the gas and R is the univ 


11.9 ZEROTH LAW OF THERMODYNAMICS: 
THERMAL EQUILIBRIUM AND CONCEPT 
OF TEMPERATURE 

A thermodynamic system is said to 

if its thermodynamic coordinates re 


be ina state of thermal equilibrium 
main constant, Consider a gas en- 
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closed in a cylinder fitted with a piston. Let P and V be the pressure 
and volume of the enclosed gas at the temperature of the surround- 
ings. These values of P and V will remain constant as long as the ex- 
ternal conditions remain unchanged. We say that the gas is in thermal 
equilibrium with the surroundings. Now consider two systems A and B 
separated by an adiabatic (non-conducting) wall. The state Pi, V, for 
system A and the state P,, V, for system B will co-exist as separate 
equilibrium states with any attainable constant values of the four 
quantities (see Fig. 11.9a). Ifthe two systems are separated by a di- 
athermic (heat conducting) wall, the values of P,, Vi and P,, V3 will 
change spontaneously until an equilibrium state of the combined 
system is attained (see Fig. 11.9b). We say that systems A and B are 
in thermal equilibrium with each other. 


SYSTEM A SYSTEM A 
Adiabatic All yvalucs of Only restricted : 
a P,.¥, possible values of Pi Vy Diathermic 


possible wall 


SYSTEM B 
All values of 
PWV2 possible 


SYSTEM B 
Only restricted 


values of Pa? 
Possible 


(a) (b) 


Fig. 11.9 Properties of adiabatic and diathermic walis 


Now imagine two systems A and B separated from each other by 
an adiabatic wall but each system is in contact with a third system 
C through diathermic walls, as shown in Fig. 11.10a. Systems A 
and B will separately attain thermal equilibrium with system C. If 


Oiathermic Pao TEMER SYSTEM C Adiabatic 
wall i wall 


SYSTEM A E B SYSTEM A | SYSTEM B 
(a) r 


(b) 
Fig. 11.10 Thermal equilibrium 


———————————————————oeeeeEeEeEeEeEeEeEeEeeee — 
EEEE. SSS 
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now the adiabatic wall between A and B is replaced by a diathermie 
wall (Fig. 11.10b), it is found experimentally that no further change 
occurs in systems A and B. In other words, systems A and B are also 
in thermal equilibrium with each other. These experimental facts may 
be stated in the form of a postulate’ known as the Zeroth law of 
thermodynamics which states that if two systems A and B are separately 
in thermal equilibrium with a third system C, then the systems A and B 
are in thermal equilibrium with each other, The physical quantity that 
determines whether or nota system. is;in thermal equilibrium with 
another system is called temperature. If a number of systems are in 
thermal equilibrium we say that they have a common property, name- 
ly, temperature. It means that if two systems are not in thermal equi- 
librium, they are at different temperatures. For example, if a thermo- 
meter (i.e. system C) shows the same reading in two systems A and 
B, then it will show the same reading even when systems A and B are 
brought in contact. 


11.10 ISOTHERMAL AND ADIABATIC PROCESSES 


If a system is perfectly conducting to the surroundings and the tempe- 
rature remains constant throughout the process, the process is called 
isothermal, During an isothermal process, the temperature of the sys- 
tem remains constant, but it can absorb heat from or lose heat to the 
surroundings. The process has to be extremely slow to be isothermal. 


Duri iabati the system is completely insulated 
uring an adiabatic process, y. A on 


from the surroundings. It can neither give heat to nor 


the surroundings. Sudden processes are adiabatic such as the bursting 


ofa cycle tube, the compression stroke in an internal combustion 


engine, etc. 


11.11 INTERNAL ENERGY 


Every system (solid, liquid or gas) C 
Sear This cee is called the serio energy and is usually Gea 
by the symbol U. The internal energy of a solid, liquid or gas ie 
of two parts (i) kinetic energy due to the motion a ro 
tional and vibrational) of the molecules, and (ii) potential energy 

to the configuration (separation) of the molecules. 


i he internal 
There < i al methods for measuring the i Q 
aro no erbu a isno handicap, since, 1m 


energy of a system in a particular state. This i i i 
actual shactiog we pets only concerned with chare E se D 
energy as the state of the system undergoes 4 chani p e ha g =. 
in U can be easily measured. Consider, for example, the cas 


i i i ds, it does 
pansion of a gas enclosed in a cylinder. When the gas expands, 
external work W. If the piston and the walls of the cylinder are 


thermally insulated from the surroundings, the gas ae aoe in 
heat from the surroundings. Hence its internal energy as aroma 
by an amount equal to the work done W. A decrease i internal 
energy implies a fall in temperature. On the other hand, if the gas 1s 


possesses a certain amount of 
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adiabatically compressed, its temperature rises. Consequently, the in- 
ternal energy increases by an amount equal to the work done on the 
gas in compressing it. 

The internal energy of a homogeneous system depends on_ its ther- 
modynamic state, i.e. on its thermodynamic coordinates P, V and T. 
Each definite state of the system possesses a definite quantity of inter- 
nal energy. A change in the internal energy can occur only if a trans- 
fer of energy between the system and the surroundings is permitted. 
This can take place if (i) some work is performed on or by the system 
and (ii) some heat is absorbed or given out by the system. 

It may be mentioned that a system placed in a gravitational or 
electric field may acquire extra energy. For instance, a mole of water 
at the top of a hill has more potential energy than that on the ground. 


This extra energy is not regarded as a part of internal energy. It is 
external energy. j 


11.12 FIRST LAW OF THERMODYNAMICS 


The experimental investigations by Rumford, Joule and {others clearly 
established the relation between mechanical work W and heat Q as 


W = JQ 


where J is Joule’s mechanical equivalent of heat. If W is measured in 
joules and Q in calories, J will be measured in joules per calorie. The 
value of J is 4.18 J cal~'. The fact that heat, like mechanical work, is 


a form of energy, forms the experimental basis of the first law of 
thermodynamics. 


_Consider a gas inside a cylinder fitted with a movable frictionless 
piston (Fig. 11.11). All the walls of the cylinder, except the bottom, 
7 are thermally insulated, Let the bottom 
be brougbt in contact with a hot body 
such as a burner. When the gas is heat- 
ed, the whole of the heat is not convert- 
ed into work. A part of the heat energy 
is used up in raising the temperature of 
the gas (i.e. in increasing tbe internal 
energy of the gas) and the rest is used up 
in moving the piston (i.e. in doing exter- 
nal work). 

If AQ is the heat energy supplied to 
the gas and if AW is the work done by 
it, then, from the law of conservation of 
energy, the increase in the internal energy 
AU must be equal to (AQ — AW) or 


AQ = AU + AW (11.19) 


Fig, 11.11 Absorption of Here all quantities are measered in ener- 
heat by a gas gy units, i.e. joules. This equation is the 
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mathematical statement of the first law of thermodynamics, which may 
be stated in words as ‘if heat is supplied to a system which ts capable of 
doing work, then the quantity of heat energy absorbed by the system will 
be equal to the sum of the increase in the internal energy of the system 
and the external work done by it’. It must be remembered that, accord- 
ing to the accepted convention, AQ is positive if heat is supplied to the 
system and negative is heat is taken out of it and that AW is positive 
when work is done by the system, and negative when work is done on 
the system. 

This law may also be understood as follows: consider a system im 
a state A having internal energy Ua. It absorbs heat AQ and changes 
to state B. The total energy of the system in state Ais U, + AQ. In 
the transformation the system does work, say, AW. If Ug is the inter- 
nal energy of the system in state B, then the net energy in state B is 
Uz + AW. From the law of conservation of energy, we have 


UN AQ = Us HAW 
or AQ = (Us U,) + AW 
or AQ = AU + AW 


where AU = U, — Us, is the change in internal energy of the system. 
Thus, we conclude that the first law of thermodynamics is not a new 
law, but a special case of the general law of conservation of energy. 
It may be called the law of conservation of energy applied to the case 
of transformation of heat energy into mechanical energy. 


11.13 APPLICATIONS OF THE FIRST LAW OF 
THERMODYNAMICS 


Measurement of the Change in the Infernal 
Undergoing a Phase Change 
ynamics to a system undergo- 


We will apply the first law of thermod a 

ing a RAER of phase. Let us consider the process of Ll Si 
know that when a liquid is heated, it changes into, aes a 
the process of the vaporization of a mass m ofa liquid a 
temperature (called the boiling pora u 

Let V; be ae occupied by the mass m of the liquid ang Faithe 
volume of the vapour. The work done by the liquid is given Dy 


KA ⁄ pdv = P Ya gy (+ Pis constant) 


Energy of a System 


E i eee 


Let the latent heat of vaporization be L. (It is the oven 
change a unit mass of a liquid to vapour phase Bt Pana ats 
ture and pressure.) Evidently, the heat Q absorbed by q 


given by 
Q= mL 
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Now, the first law of thermodynamics states that 
AQ = AU + AW 


Integrating we have 
Q=(U,—U;)+W 
U,-U,=O0-W 
= mL — P(V,— V;) 


Knowing m, L, P, V, and V>, the gain (U, — U;) in the internal energy 
can be calculated. Similarly, the first law can be applied to calculate 
the change in the internal energy during a melting process. 


Relation between the Two Specific Heats of a Gas 


In Sec. 11.6 we deduced the relation between the two specific heats C, 
and C, of an ideal gas. Our deduction was based on the kinetic theory 
of gases. We will now obtain the same relation by using the first law 
of thermodynamics. Consider n moles of an ideal gas. If the tempera- 
ture of the gas is raised by AT at constant volume, then the heat 
energy AQ required is, by definition, equal to nC, AT, where Cv is the 
molar specific heat at constant volume. Since, there is no change in 
volume (i.e. AV = 0), the work done AW = P AV will be zero. 
Applying the first law of thermodynamics 


AQ = AU + AW 
to this process, we have 
nCvAT = AU (11.20) 


The same gas can also be heated at constant pressure. The heat energy 
required to change the temperature of n moles of the gas by the same 
amount AT at constant pressure is evidently equal to nC, AT, where 
C, is the molar specific heat at constant pressure. If the gas expands 
by an amount AV, the work done AW in this process is 


AW = PAV 
Applying the first law to this process, we get 
nC,AT = AU + PAV (11.21) 


an ideal gas. This assumption cannot be made for 
Hes real gases. Thus, 
the change AU in internal energy depends only on the susie AT in 


(11.20) in Eq. (11.21), we get 
nC, AT = nCy AT + PAV (11.22) 


Heat and Thermodynamics 451 
Now, for moles of an ideal gas 
PV = nRT 
Differentiating this equation, keeping P constant, we have 
P AV = nRAT 
Substituting for PAV = nRAT in Eq. (11.22), we get 
nC, AT = nC» AT + nRAT 
or Op Oo = R 


We note that C,, Cv and R are measured in the same units, i.e. 
J mol’ K`. See supplement SI at the end of the chapter for P- 
relation in an adiabatic change- 


ExAMPLe 11.10 At atmospheric pressure 1 g of water, having a Vo- 
lume of 1 cm?, becomes 1671 cm? of steam at 100°C. What is the 
change in the internal energy? Latent heat of vaporisation of water is 
9.256 x 106 J kg-!. 


Solution We have seen above that the change in internal energy is 
AU = mL = P Vo — Vi) 

where m =1g=1 xX 10° kg 
P = atmospheric pressure = 1.013 x 10° Nm? 
L = 2.256 x 10° Ske? 
V, = 1671 em? = 1671 x 1076 m 
Vi=1m = 1x 1076 m? 

Substituting these values we have 


AU 22 1X 103) eee 10° — (1.013 x 105) 
x (1670) X ws 


= 2256 — 169 = 2087 J 


11.14 PHASES AND PHASE DIAGRAMS 
eir state due to absorption or evO- 


erally change to liquids and 
f a substance, namely, solid, 


r a substance can occur in 


We know that substances change thi 
lution of heat. On heating, solids gen 
pee to vapours. The is ame ya 
iquid and gas are called its phases. ie! ibs f 
several ‘pine which are omogeneous, physically distinct and mechan 
cally separable from each other, these forms are called phases of the 
same substance. Phase changes generally involve either ano pana or 
evolution of heat. The temperature at which phase change takes place 


is called the transition temperature, 
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Isotherms 


We know that the state variables P, V and T that describe the ther- 
modynamic state of a system are not independent. For example, if we 
increase the pressure (P) on a substance, at a fixed temperature, its 
volume (V) generally decreases. Thus there is relation between P and 
V. This relation must depend upon the temperture (T) of the substance. 
A gas at a high temperature, can be easily compressed but a solid at 
a low temperature cannot be. As stated earlier the relation between 
P, V and T that a substance obeys is called its equation of state. This 
relation is different for different substances and for different phases of 
the same substance. The simplest of these relations is that for a perfect 
gas, namely 


PV 2 RP. 


compressed, at a given temperature, it is expected to remain a gas 
under all pressures; the volume would continue to decrease with in- 
crease in pressure in accordance with Boyle’s law. 


tures. 


Figure 11.12 shows a set of isotherms for a mole of H,0 at various 
temperature. The temperature for each P-V curve (or isotherm)'is in- 


Liquid vapour 
region 


Pressure in atm. —> 


163 noo 8s 


0 5 10 15 20 
Molar volume in 105m? 
Fig. 11.12 Water-steam’phase dia 


3 gram for one mole of H:O near 
the critical point C, 
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dicated on each isotherm. The temperature range chosen is 350-390 °C. 
In this temperature range, water exists in two phases—liquid and 
vapour (or gas) under the indicated pressures in the range 140 to 240 
atmospheres. The isotherm is then called a phase diagram of the subs- 
tance. Figure 11.12 shows a portion of the water-steam phase diagram 
near the critical temperature. 

The lowest isotherm ABLM corresponds to 350°C. The portion 
AB represents the gaseous state of H,O which is more compressible. 
Here the gas approximately obeys Boyle’s law. Liquefaction begins at 
B and the volume decreases rapidly as the gas is converted into liquid 
whose density is much larger. Portion BL represents the condition 
when the gas and liquid co-exist. The pressure at which the liquid and 
its vapour are in equilibrium is called the vapour pressure of the 
liquid. At 350 °C its value is 163 atmospheres. At L, the gas is com- 
pletely liquefied and steep curve LM represents the isotherm of the 
liquid phase. This portion of the curve is almost parallel to the pres- 
sure-axis because the liquid is practically incompressible. 3 

The isotherm corresponding to 360 °C is similar to that at 350 °C 
but the horizontal portion B'L' is much smaller than BL. As the 
temperature is raised this horizontal portion of the isotherm becomes 
smaller and smaller unti) (as indicated by the dotted curve) this por- 
tion becomes a point C at 374.1 °C. At this critical point, the gas and 
the liquid have the same density and there is no physical difference 
between them. At this critical temperature T, = 374.1 °C, the pres- 
sure is P, = 216 atm. Above this temperature HO cannot be oe 
ed even at a pressure of 400 atmospheres, whereas just below 374.1 i : 
a pressure of 216 atmospheres is sufficient to liquefy. It turns out tha 
all gases exhibit this behaviour, the pee Sapien s 
tesponding pressure) depending on the nature of the gas. “1 n of 
a ener te) ei a ier can be liquefied by the application of 
pressure alone is called its critical temperature. Above this sige 
the substance cannot exist in the liquid phase. The quel ed I 
to produce liquefaction at the critical temperature 15 CT = liquid 
pressure. It is obvious that this is the highest vapour pressure ae 
can exert. It may be recalled that Fig. 11.12 shows only two p ea 
liquid and gas—which exist at the indicated jempora mie Tane age 
dered. If water is cooled to 0 °C, it freezes to 10e. This third phas 
(solid) is not shown. 


Pressure-Temperature Phase Diagram 


The pressure-temperature phase diagram isa Ta pien oar 
pact graphical representation of the different phases o A EN 
a P-T diagram each phase corresponds to a ot ite hte coexist 
dary between two areas is a curve on which the two i ubstance ne 
Figure 11.13 shows the P-T phase diagram e PoR melting and 
dicating the three phase changes, namely, sublimation, g 
vaporization. di e (remember 
The melting temperature and the corresponding pressure 
that a babstitied Hs a definite melting point under a definite stale 
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are indicated by a definite point in a P-T diagram. At this point, the 
solid and liquid phases co-exist in equilibrium. Joining all such points 
at which the two phases (solid and liquid) are in equilibrium, we 
obtain a smooth curve which is called the melting curve. In Fig. 11.13. 
TB is the melting,curve. The vaporization curve (TC) and the subli- 
mation curve (TA) can be defined, in a similar way. 


Pressure 


Temperature — 


Fig. 11.13 The pressure-temperature phase diagram of a typical 
substance. T is the triple point 


The point T where the three curves intersect is called the triple point 
of the substance. 


_, The isotherms of Fig. 11.12 correspond to the region of the P-T 
diagram close to the critical point C. The isotherm ABLM of Fig. 11.12 
appears as a vertical constant temperature line LV which cuts the 
curve TC at point R. This point gives the vapour pressure at which the 
vapour is in equilibrium with the liquid at a given temperature. Under 
this condition of temperature and pressure, the two phases (liquid 
and vapour) can coexist in equilibrium. Consider a point V for which 
the temperature is the same as at R but the pressure is less than the 
equilibrium value, The vapour, at this temperature and pressure, must 
be unsaturated. If any liquid is also present it will evaporate resulting 
1n an increase in the vapour pressure to the saturation value. Thus the 
liquid and the vapour cannot exist in equilibrium under conditions 
specified by point V. Hence vapour is the only stable state at point V. 
This is true for all the points below the curves TC and TA. 

Now consider a point L above the curve TC for which the tempera- 
ture is the same as for point R. Here the pressure is greater than the 
Saturation (equilibrium) vapour pressure. If any vapour is present at 
this temperature and pressure, it must be in a supersaturated state and 
hence have a tendency to condense and form the liquid. It follows that 
only the liquid phase can exist in a stable state at point L. This will be 
true for all points lying between the curves TC and TB. Similarly, 
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the only stable phase which can exist between the curves TB and TA 
is the solid phase. 

It follows from the P-T diagram that, at the triple point T, all the 
three phases (solid, liquid and gas) coexist in equilibrium with one 
another. At the normal melting point, the solid and the liquid are in 
equilibrium at the atmospheric pressure; while at the triple point (To) 
they are in equilibrium at the pressure (P,,) corresponding to that 
point. Since the rate of change of melting point with pressure is small, 
the triple point differs slightly from the normal melting point. 

In the case of water, the triple point temperature is 0.01 °C and the 
pressure is 4.6 mm of Hg. On the Absolute scale, the triple point of 
water is 273.16 K. This explains the difference of 0.01 K in the normal 
melting point of ice and the triple point temperature. Figure 11.14 
shows the P-T diagram in the case 
of water. Notice that the melting 
curve has a negative slope. 

For evaporation and boiling, refer 
to Supplement S2 at the end of this 
chapter. 


vs 


ŁLIQUIO 
T 


EXAMPLE 11.11 Prove that the sub- VAPOUR 


limation curve, the melting curve 
and the vaporization curve meet ata 
point on a P-T phase diagram 001°C 7 


Proof: Let us suppose that the three Fig. 11.14 p-T diagram for water 


curves do not meet at a point as i oe at 
shown in Fig. 11.15 which shows the three pairs of curves meeting a 


points T, T’ and T” respectively. 


Fig. 11.15 


: , ; i int Q in this 
The points T, T’ and T” forma triangle. Consider a pom ne 
minde Since the point Q lies above the sublimation Curve AT, it 
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must represent the solid state. But Q also lies below the vaporization 
curve TC, Hence it must also correspond to the vapour state. These 
results are contradictory to each other. Similarly point Q corresponds 
simultaneously to a solid and liquid state. This is again contradictory. 
These contradictions do not arise if and only if the three curves meet 
at a point. 


Exampce 11.12 Answer the following questions based on the P-T 
phase diagram of carbon dioxide shown in Fig. 11.16. 


730p ---2-----e frin 


P(in atm.) — 


1-0}---- 


a ' 4 z 
-78:5 -56:6 20-0 31 
T(in°C) — 
Fig. 11.16 P-T phase diagram of CO: (not drawn to scale) 


(a) At what temperature and pressure can the solid, liquid and va- 
pour phases of CO, coexist in equilibrium? 

Coes is the effect of decrease of pressure on melting and boiling 
o 2? j 
_ (c) What are the critical temperature and pressure for CO,? What 
is their significance? 2 

(d) Is CO, solid, liquid or gas at (i) — 70°C under 1 atm, 
(ii) — 60 °C under 10 atm and (iii) 15 °C under 56 atm? 


(e) Does CO, go through the liquid phase when it i essed 
isothermally at — 60 °C under Mee La aa. oe 


(f) What happens when a given mass of CO 
Sate at 10 atm pressure 
and temperature — 65 °C is heated upto 20 °C at constant pressure? 


Solution 


Ss a triple point T; To = — 56.6 °C and Pa = 5.11 atm. 

he vaporization curve TC shows that the boili i co 
decreases with decrease in pressure. The melting GHD phone that 
the melting point of CO, also decreases with decrease in pressure. 

(0) T. = 31.1 °C and P, = 73.0 atm. Above T. — 31.1 °C, CO; 
T r liquefy under any pressure, however high : i ‘ 

d) (i) This point lies between the sublimatioy izati 
i mat n 

curves AT and TC, Hence at this point CO, is pals ved ees 
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(ii) This point lies between the sublimation and melting curves AT 
and TB. Hence CO, is a solid at this point. 

(iii) This point lies between the melting and vaporization curves TB 
and TC. Hence CO; is a liquid at this point. 

(e) This point is to the left of the triple point T and below the sub- 
limation curve AT. When compressed at this constant temperature, 
the point will move perpendicular to temperature axis into the solid 
phase which occupies the region to the left of curves AT and TB. 
Hence CO, will condense directly to solid. 

(f) This point lies to the left of melting curve TB and above the 
triple point T. Hence CO, is a solid at — 65 °C and 10 atm pressure. 
When it is heated at constant pressure, this point will move perpendi- 
cular to the pressure-axis into the region between curves TB and TC 
and finally to the right of the curve TC. Hence solid CO; will change 
into liquid phase and finally into the vapour phase. 


11.15 HEAT ENGINES AND SECOND LAW OF 
THERMODYNAMICS 


The first law of thermodynamics is a generalization of the law of con- 
servation of energy to include heat energy. It tells us that heat and 
mechanical work are mutually interconvertible. Experimental investi- 
gations have revealed that 4.18 J of work produce one calorie of 
heat. The first law does not tell us whether this conversion can take 
place at all and if so, how much of one form of energy is converted 
into another. In everyday life, we come across a particular type of 
exchange, namely, the exchange of money for goods. The rate ust 
which money can be exchanged for goods is fixed by the price a e- 
dule, i.e. so many rupees can buy so much, say, sugar. But an ae vi- 
dual can buy only a limited quantity of sugar, even if he has unlimi- 
ted amount of money. 


MONEY @ SUGAR 
HEAT + WORK 
i i is any limitation (rationing) in 
It is pertinent to ask whether oer The second law of thermody- 


the mutaal exchange of heat and wo : i x 
namics, which we will state later, will provide an answer to his ques 


tion. i 
i estriction on the con- 

Experience tells us that there seems to be nor p 
version of work into heat. Unlimited amount of mechanical work can 
you rub two metal pieces toge- 


be converted into heat by friction. If 
ther and if you have the patience and the energy, you can produce 


any amount of heat. There are, however, severe epirioHOns on the 
reverse process—the conversion of heet into ee mae Gre 
some kind of a ‘rationing’ in nature. A pro aS 
quantity of sugar in the market, but a consumer can buy only a limi 


ted quantity of it. 
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What are the restrictions imposed by nature on the conversion of 
heat into work? To answer this question, we again resort to our expe- 
rience and observation. Our experience tells us that heat is not con- 
verted into work all by itself. Some external agency called engine is 
required. The engine must have a medium called the working substance 
which will absorb heat from some source and conyert it into work. 
The first law tells us that if no heat is supplied to the engine it cannot 
do any work. Is this the only restriction; i.e. do we need just an engi- 
ne, a working substance and a source of heat? The answer is no. If 
this were the only restriction, we could run a heat engine without the 
fuel problem. The atmosphere and the oceans have a huge store of 
internal energy which could be utilized to do useful work. For exam- 
ple we could drive a steamship by extracting heat from the ocean or 
run a thermal power plant by extracting heat from the surroundings. 
There is nothing in the first law that excludes this possibility. If such 
machines are made, there would be no energy crisis. Yet, the fact is 
that no engineer has been able to construct an engine which can con- 
vert heat from a single reservoir (source) into work, without rejecting 
some heat to a second reservoir (called the sink) at a lower tempera- 
ture. This negative experience forms the basis of the second law of 
thermodynamics which asserts that it is futile to make any attempt to 
construct a machine which utilizes heat from a single reservoir. Thus, 
the first law denies the possibility of destroying or creating energy and 
the second law (to be stated later) denies the possibility of utilizing heat 
from a single body for the purpose of converting it into work. 

Now the question arises as to what kind of process (isothermal or 
adiabatic) should be employed in a heat engine. Suppose we have an 
engine, e.g. a cylinder with a piston containing n moles of an ideal gas 
at a temperature T equal to that of the surroundings. Let the gas ex- 
pand isothermally from volume V; to V}, Since there is no change in 
the internal energy (as T is constant), the heat absorbed is completely 
converted into work. 


_ But, when this has been achieved, the engine has suffered a change 
in volume from V; to V2. To obtain more work, the volume has to be 
increased continuously, which will clearly be an absurd exercise, as 
the size of the engine is limited. Thus, to ensure a continuous produc- 
tion of work, the working substance of the engine must be brought 
back to its original state, i.e. the engine must operate in a cycle. If the 
gas in the above experiment is brought back to its original volume V; 
from V, we must do work on the gas, so that it is compressed. This 
work is the same as we had obtained. The net result is that an engine, 
working in a cycle, at the same temperature as the surroundings, 
would produce no useful work. Thus, under isothermal conditio ns, no 
engine can produce useful work. 


_ The above observations lead us to the conclusion that three condi- 
tions must be fulfilled to utilize heat for useful work. 


1. A device called engine with a working substance is essential. 
2. The engine must work in a reversible cyclic process. 
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4. The engine must operate between two temperatures. It will 
absorb heat from a hot body (called source), convert a part of it into 
useful work and reject the rest to a cold body (called sink) (see Fig. 
11.17). 


Efficiency of a Heat Engine 
The thermal efficiency of a heat 
engine is defined as: 


~ Useful work done 
Heat absorbed (in energy units) 


Q= Heat absorbed 
from source 


If Q, = heat absorbed from 
the source ina cycle, and Q, = 
heat rejected to the sink in that 
cycle, then the heat absorbed by 
the engine is (Qi — Q3). 

From the first law, no part of 
this heat is used up in increasing 
the internal energy since change 
in internal energy(AU) is zero as 
the system returns to the initial 
state after the completion of the 
cycle. Thus (Qı — Q) heat is 
converted into useful work, ic. Fig, 11.17 Symbolic representation 

W=0,- 22 of a heat engine 


W= Work done 


Q,= Heat rejected 
to sink 


Hence, the efficiency of the engine is given by 


Work done _ Qi = & 


n= Heat absorbed Qi 


or PE A (11.23) 


i i ity. For a given 
Since Q, < Qi, the value of 1 18 always less than unity 
value of o. he smaller the value of Q, the higher will be the thermal 


efficiency of the engine. 


i i he internal 
Int ion Heat Engine: The Otto Engine In the 
ice eee pe is generated inside a cylindrical vessel 
(called cylinder) by the combustion (burning) of the fuel. ihe ae 
of scooters, cars and motor cycles use 4 mixture of petrol and al 


fuel. The fuel used in the engines of buses, trucks and other heavy 


vehicles in a mixture of diesel oil and air. 
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Figure 11.18 shows the working of an internal combustion enginé. 
It consists of a cylinder C with a snugly fitting movable piston P. The 
piston is connected via a crankshaft to the wheels as shown. There are 
two valves V, and V, known as the inlet and exhaust valves respec- 
tively. The fuel (petrol vapour + air) enters through V; and burnt 
gases are ejected through V}. A spark plug produces an electric spark 
which ignites the fuel. 

The cycle of operations consists of four strokes illustrated in Fig. 


Fig. 11.18 The four’strokes of an internal combustion engine. 
(a) Intake stroke, (b) compression stroke, (c) 
power stroke and (d) exhaust. 


The Charging or Intake Stroke In this stroke the piston moves down- 
wards and the inlet valve is open, thus sucking in air past the nozzle 
of the carburettor A. Because of the high velocity of air, its pressure 
is reduced. Asa result, petrol vapour from the jet of the carburettor 
is sprayed into the air stream. This mixture enters the cylinder C 
through the inlet value V, (Fig. 11.18a). 


The Compression Stroke In the second stroke, both the valves are 

closed and the piston moves upwards. The mixture is thus adiabati- 

ae erga and its temperture and pressure rise considerably 
ries ae ; 


The Power Stroke Just at the end of the compression stroke when the 
piston has reached the top (maximum compression) an electric spark 
is produced inside the cylinder which ignites the mixture. The result- 
ing products of combustion attain a very high temperature and pres- 
sure due to a chemical reaction. As a result the piston is driven down- 
wards while both the valves remain closed (Fig, 11.18c). This motion 
of the engine is the power stroke of the engine. The engine does work 
in this stroke. 
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The Exhaust Stroke At the end of the power stroke, the gases have 
fully expanded and the exhaust valve V, now opens. The combustion 
products are driven out by the upward motion of the piston. When 
the piston reaches the top, the exhaust valve V, closes and a fresh 
cycle starts all over again (Fig. 11.18d). 

We can now discuss the efficiency of the engine by representing the 
four stages on the P-V phase diagram of the working substance (air 
petrol mixture), Thejcycle is illustrated in Fig. 11.19. 


y -— 


Fig. 11.19 The P-V diagram of the Otto engine 


The various parts of the cycle as interpreted as follows: 

(i) The part AB represents the intake of the mixture at atmospheric 
pressure P;. This is the intake stroke. 

(ii) The part BC represents adiabatic compression of the mixture. 
This is the compression stroke, 

(iii) The part CD represents the result of the explosion of the mixture. 
Both temperature and pressure rise considerably at almost constant 
volume. During this part the heat energy from combustion is supplied 
to the engine. 

_ (iv) The part DE represents adiabatic expansion of the mixture dur- 
ing the power stroke. Due to sudden expansion the temperature of the 
mixture falls. 

(v) The part EB represents the drop in temperature and pressure at 
Constant volume brought about by the opening of the exhaust valve. 
The Pressure falls to atmospheric pressure. 

(vi) The part BA represents exhaust at constant pressure. 

We can now work out the efficiency of the engine. Let Q, be the 
heat supplied to the engine during the ignition stage CD. Out of this 
the exhaust gases take away some heat, say, Q2, during the exhaust 
stage so that (Q, — Q,) is the useful work done per eycle of the engi- 
ne. Thus the efficiency of the engine is given by [see Fq: (11.23)] 


Qi 20x Me AASA 
n= pares 0, (11.24) 
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We assume that the mixture behaves as a perfect gas. Let Tp and 
Te be the temperatures for the states represented by D and C in Fig. 
11.19. Then the heat Q, absorbed during the stage CD is given by 


Q, = m Co (Tp — To) 


where m is the number of moles of the gas and Cv its molar specific 
heat at constant volume. Similarly the heat Q, rejected during the 
stage EB is given by 


Q, = mO (Tg — Tp) 
Hence efficiency is given by 


Tg — Ts 


T A (11.25) 


n=1-Ẹ =1 


Let V; and V, be the volumes corresponding to the states CD and EB 
Sighting Now, for an adiabatic change, we have (see supplement 


TVe- = constant; y = a 
ee Tp Vit = Tg Vz" 
and To Vil =T, Vy" 
Hence (Tp — Te) Vi = (Te — Ts) V3" 
a an 
or Reso Ea hae 
Ty = Tes Wa 


Using this in Eq. (11.25) we get 
y y-1 y\-1 
(1-0) 
7. ial (11.26) 


mes 
where p = A is called the compression ratio. 


In a typical engine the value of p = 8. Takin = is imp- 
: ca =g. g y = 1.4, this imp 
lies that n = 0.55 or 55%. In an actual engine the efficiency is, in 
Pet ueh A than 55% due to turbulence, conduction and many 


The Refrigerator or Heat Pump 


We have seen that in a heat engine, th i 

, the working substance extracts 
some heat Q, from the source at a high temperature, converts a part 
of it into work W and rejects the rest Q; to the sink at lower tempera- 
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ture. One can also proceed in the opposite way where the working 
substance takes heat Q, from a sink at a lower temperature. Then 
work W is done on it and a higher amount 


of heat Q, = Q, + W is rejected to the “yy iQ 
source at a higher temperature (see Fig. TELS fg 
11.20). LLL 


Such a device which, by doing work on it, 
is made to extract heat from a colder body 
is called a refrigerator and the working 
substance the refrigerant. 

First the gas is allowed to expand adiaba- 
tically. Then it is allowed to expand isoth- 
ermally in contact with the sink, the heat 
Q, being extracted from the sink in the 
process. The gas is then adiabatically com- 
pressed until it heats up to a temperature 
equal to that of the source. Finally the gas 
is compressed isothermally till the initial 
state is reached with the cylinder in con- 
tact with the source. The heat Q; genera- 
ted in the process is transferred to the 


source. Clearly Fig, 11.20 Schematic rep- 
Q: =0, +W resentation of a 


where W is the work done on the gas in refrigerator 
this cycle. This equation implies that work 

has to be done on the working substance in order to transfer heat from 
a cold body to a hot body. 

In household refrigerators, the work is done with the help of an 
electric motor. Freon is commonly used as the working substance. It 
absorbs heat from the things kept inside the refrigerator and rejects 
it to the surrounding air at a higher temperature. : ; 

The working of a commonly used refrigerator is schematically 
illustrated in Fig. (11.21). The gas is compressed to a high ep 
by means of a compressor P. The warm, high-pressure gas 1s coole A 
passing it through spiral pipe C exposed to the surrounding m ne 
gas gets converted into liquid. The high-pressure liquid is ma a o 
pass through a throttling valve T towards the low pressure ae ri 
to throttling, the temperature is lowered and a part of the liqui i 
converted into vapour. At B this mixture of liquid and vapour saraca 
heat from the surrounding material (eatables, etc). The material 1s 
cooled and the liquid is converted into vapour at low pressu: Te 
gas is sucked by the compressor P. A repeated operation of the 
machine can cause substantial cooling. 


Second Law of Thermodynamics 


In the description of the internal combustion engine, we have seen that 
the useful rere done (Q, — Q) is less than the heat Q, taken 
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in during the first part of the power stroke because some heat Q is 
given out by the exhaust gases. If Q, were zero, the efficiency of the 


Compressor 


Low. pressure 
gas 


Throttling valve 
Fig. 11.21 The working of a refrigerator 


engine would be =1 or 100%. This has never been realized. Similarly 
if, in a refrigerator, the heat given out at the higher temperature were 
equal to (not less than) the heat absorbed at the lower temperature, 
the efficiency of the refrigerator would be 100%. Such a perfect refri- 
gerator is never realized. These impossibilities form the basis of the 
second law of thermodynamics. There are several equivalent statements 
of this law. We give below three of them. 


(a) Kelvin’s Statement It is impossible to obtain a continuous supply 
of energy by cooling a body below the coldest of its surroundings. This 
statement can be understood from the fact that a heat engine cannot 
work if the temperature of the source is the same as that of the sink, 
for then the efficiency of the engine is zero. It is, therefore, impossible 
to obtain any work from the engine if the source cools down to a 
temperature lower than that of the coldest body in the surroundings. 


(b) Clausius’ Statement It is impossible for a self-acting machine, 
unaided by any external agency, to transfer heat from a body at a lower 
temperature to a body at a higher temperature, or heat cannot by itself 
(i.e. without the performance of work by an external agency) pass from 
a cold to a hot body. Viewed in the opposite way, this statement is 
equivalent to Kelvin’s. It is easily understood from the fact that no 
one has been able to construct a refrigerator that works without per- 
forming work on the working substance. 
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(c) Planck’s Statement It is impossible to construct an engine which, 
operating in a cycle, will produce on effcet other than extracting heat 
from a reservoir and performing an equivalent amount of work, This 
statement implies that the working substance, working in a cycle, can- 
not convert all the heat it extracts into work, it has to reject some 
heat to the sink. 

All these statements of the second law are equivalent, since one can 
be derived from the other. The second law cannot be proved directly, 
since it is negative in form. It is universally accepted as a true law, as 
no exception has yet been found. No other law of physics has been 
applied to so wide a range of phenomena as the second law of thermo- 
dynamics. It has been applied to the study of change of state, solu- 
tions, osmotic pressure, electric cells. thermo-electricity, chemical 
reactions, ctc. In every case, the predictions of the law have been con- 
firmed experimentally. 

It is important to note the distinction between the first and the 
second laws of thermodynamics. The first law asserts that heat and 
work are only different forms of energy and are mutually intercon- 
vertible. It does not tell us how and to what extent one can be con- 


asserting that when heat is converted into work, only a partial con- 
version is possible, even under the most ideal conditions and that any 
such conversion must require a hot body anda cold body, To sum- 
marize, the first law denies the possibility of destroying or creating 
energy including heat energy and the second law denies the possibility 


of using heat from a single body for the purpose of converting it into 
work, 


SECTION C: TRANSFER OF HEAT 


11.16 INTRODUCTION 


If is heated, the other end also. becomes 
onë ond Oe O ] is heated by placing a bur- 


hot after some time. If a liquid in a vesse ing 
ner below the:vesssel, we find that the top surface of the liquid also 


becomes warm after some time. We receive the heat from the sun 
di est three different methods by which 
a examp S to another. The process of heat 


heat can be transferred from one place . 
transfer in the first example is called conduction. In the oes 
example heat is transferred by convection and in the third by ra iation, 


We will study these processes in more detail. 


11.17 CONDUCTION 


When two bodies or two different parts of the same body have diffe- 
rent temperatures and are brought into thermal contact, they exchage 


heat energy and tend to equalize the temperature. 
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The mechanism of heat transfer can be understood in terms of the 
thermal motion of the atoms and molecules in them. We know that 
temperature is a manifestation of the thermal motion of molecules and 
is related to the average kinetic energy per molecule. Suppose two 
adjacent parts A and B of a body are at different temperatures T, and 
Ts with T, > Ty. This means that the average energy of a molecule 
in part A is greater than that in part B. When the more energetic 
molecules in part A collide with the less energetic molecules in part 
B, they transfer some heat energy to the latter. The parts A and B 
exchange energy by collisions between atoms or molecules. The net 
effect of a large number of such collisions is to equalize their energies 
on an average. Energy is thus transferred from A to B via collisions 
till ZT, becomes equal to Tg. The converse of this is also true. If two 
Parts of a body are to be kept at different temperatures, a steady flow 


part to the other. This process of transfer of heat from one place to the 
next via collisions is called conduction. 


Thermal Conductivity 


Consider a piece of a substance (in the form of a uniform rectangular 
plate or a cylindrical rod with flat end faces) in which one flat end A 
1s kept at a temperature T% and the other flat end B at a lower tempe- 
rature Tp (Fig. 11.22). The sides of the rod are completely insulated 
so that no heat is lost by the rod. 


Fig. 11.22 Heat transfe: 

If a steady temperature difference O 
between ‘the ends 
certain steady rate and the same must be t. 
B. (If heat is not Supplied At A, T, 
duction; and if heat is not taken out at .B, Ty 


t by conduction in a bar 


a the great i umber 
of molecules which conduct heat via co on er eo 


lisions. 
(ii) Q/t will be proportional to (TA — Ts). The reat z 
j tion; ; er the tempera 
a difference to be maintained, the greater tives be the rate of heat 
ow, 
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(iii) Q/t will be inversely proportional to d, the distance between 
ends A and B. The smaller the distance d, the greater must be the rate 
of heat flow to maintain a given temperature difference, 

Thus we find that 


Q Ss — Ts) 
7 a B. 


or 2- ESAn Te) Gar Tah) 229 (11.27) 


where k is a constant of proportionality called the thermal conductivity 
of the substance. It is a measure of how quickly heat energy can con- 
duct (flow) through the substance. In the SI system, K is expressed in 
Js! m=! °C! or Js m7! K! or Wm K. 

Thermal conductivities of a few common substances are given in 
Table 11.4. 


Table 11.4 Taormal conductivity of som comnon materials 
oi dadi ea A a ee 8 


Thermal conductivity 

Material (in Js- m~ K~) 
Copper 400 
Aluminium 240 

Tron 80 

Glass 0.8 

Water 0.6 
Insulating material 0.04 

Air 0.02 


The value of thermal conductivity of a substance gives us a measure 
of its ability to retain or lose heat, This knowledge is very useful in, the 
design of buildings for industry and homes especially in cold countries. 


EXAMPLE 11,13 A slab of stone of area 3600 em? -and ‘thickness 
10 cm is exposed on the lower surface to steam ati100 °C. A block of 
ice at 0°C rests on the upper surface of the slab. In „one hour 4.8 kg 
of ice is melted. Calculate the thermal conductivity of stone. The 
latent heat of fusion of ice = 3.35 X 10° T'kg !. Assume that heat 


loss from sides is negligible. 
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Solution The amount of heat flowing through the stone in 1 hour, 
Q=4.8 x 3.35 x 10° = 1.608 x 10°J 
Time (t) = 1 hour = 60 x 60s 
Area (S) = 3600 cm? = 3.6 x 107! m? 
Temperature diff. = (JT, — Ty) = 100 °C 
Thickness (d4) = 10 cm = 0.1m 


Now we know that thermal conductivity k is given by 
ee Oxid 
tS (Ta — Tp) 


hy 1.608 x 10° x 0.1 ef 
(60 x 60) x (3.6 x 107) x 100 


= 1.2 Js m™ (O! 


EXAMPLE 11.14 An ice-box is made of wood 1.75 cm thick, lined 
inside with cork 2 cm thick. If the temperature of the inner surface of 
the cork is steady at 0 °C and that of the outer surface is steady at 
12 °C, what is the temprature of the interface? The thermal candu- 
ctivity of wood is 5 times that of cork. 


Solution 


Fig.411.23 


Let T be the temperature of the interfa 
the rate of flow of heat through wood a 
the steady state, we have 


ce in the steady state, Since 
nd cork must be the same in 
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where S is the area of the interface. Thus we have 


Tu T dy ke 

pi Fi reidh Keg 

12 Po a a 
6 AEE RG gt 
which gives T:= 10.2:°C 


11.18 CONVECTION 


Fluids (liquids and gases) are heated mainly by a process called con- 
vection in which buoyancy and gravity play an important role. When 
a fluid is heated from below, the hot portion at 
the bottom expands. Since the mass of a given 
portion remains unchanged, its density decreases. 
According to Archimedes’ principle this lighter 
portion will rise upwards. The denser fluid from 
above will take its place by moving downwards. 
Thus convection current is set up in the fluid. This 
movement of the liquid can be seen by colouring 
it, say, with potassuim permanganate crystals at 
the bottom of the fluid (Fig. 11.24). 

In convection heat is transferred by the physical 
movement of matter (fluid). No such large-scale 
movement of matter is involved in conduction 
where heat energy is transported by molecules 
via collisions in their local regions. 


Wind Systems in the Atmosphere Fig. 11.24 Convection 
Winds are an important illustration of the phen- currents in 
omenon of convection currents in nature. Some water 


parts of the earth are heated by the sun in the — y 
day-time. The air above these places expands and rises up. Its place is 
taken up by heavier air from cold places. Thus convection currents 
are set up in the atmosphere which constitute the winds. Some impor- 


tant wind systems are as follows. 


Trade Winds The surface of the earth near the equator is heated by 
the sun. The air in contact with the surface of the earth becomes war- 
mer and rises upwards. The air from the colder polar regions rushes 
in towards the equatorial regions, thus producing northward wind in 
northern hemisphete and southward wind in southern hemisphere. 
Due to the rotation of the earth about its axis from west to east, the 
actual direction of the wind in the northern hemisphere is northeast 
and in the southern hemisphere, southwest. These winds are called 
trade winds. In ancient times, the traders used these winds to find the 


direction of motion of their sailing vessels. 
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Land and Sea Breezes At places near the sea, especially in sumtiet 
time, one notices a breeze that generally blows from the sea towards 
the land during the day, while at night the direction of the breeze is 
from the land towards the sea.\These land and sea breezes are the 
local convection currents. 


Water has a high specific heat. Therefore, it is less readily heated 
by the sun than land. In other words, during the day the land is heat- 
ed by the sun to a higher temperature than water in the sea. Air over 
the land is therefore heated, expands and rises while the cooler air 
from the sea blows towards land to take its place which constitutes 
the sea breeze, 


At night the land is no longer heated by the sun, It therefore cools. 
But land cools much faster than water (due to the high specific heat 
capacity of water). By comparison the sea is much warmer than land 
at night. So at night a current of air blows from the colder land to 
the warmer sea. This constitutes the land breeze, 


Monsoons From May to October (summer) the sun isin the Tropic 
of Cancer. During this time large parts of the earth situated in Central 
Asia are at a higher temperature than the surrounding oceans. Con- 
sequently, winds blow from the ocean to the land carrying moisture 
with them. These winds cause widespread rains in India after they 
strike the long mountain ranges. From November to April (winter) the 
sun is in the Tropic of Capricorn. During this time the land in Central 
Asia is slightly cooler than the sea. Consequently, winds blow from 
the land to the sea. These winds take up moisture as they pass over 
the Bay of Bengal and cause: rainfall in the coastal regions such as 
Madras. These winds which bring rain are called monsoons. 


Ocean Currents 


Ocean currents are convection currents in the body of the ocean. In 
the equatorial regions of the ocean, water is heated by the sun, it ex- 
pands and becomes lighter. But the water in the polar regions of the 
ocean remains cold and so is heavier. Consequently, currents of warm 
water flow on the surface of the ocean from the equator towards the 
poles. Below the surface of the ocean, currents of cold water flow 


from the poles to the equator. These currents control the temperature 
of the ocean. T 


11.19 RADIATION 


All bodies emit heat radiation from their surfaces by virtue of their 
temperature. This radiation is called radiant energy, The heat that we 
receive from the sun is transferred to us by a process which, unlike 
conduction or conyection, does not require the help of a medium in 
the intervening space. It is well-known that most of the space between 
the sun and the earth is a vacuum and there is almost no trace 0 
matter in that space and yet we receive heat from the sun. The heat 
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travels in straight lines as does light. This is evident from the fact that 
the shape of a tree coincides with its shadow. Because heat and light 
travel with the same speed, they are both simultaneously cut off in an 
eclipse of the sun. Since light is propagated by waves of some kind, it 
is reasonable to expect that heat is also propagated by similar waves. 
Thus, heat is propagated by wave motion and we say it is radiated. 
We shall use the term radiant energy or thermal radiation to denote 
heat radiated by an object. 


Nature and Properties of Thermal Radiation 


At the beginning of the nineteenth century, scientists began to investi- 
gate the nature and properties of thermal radiation. These inystigations 
revealed striking similarities between thermal radiations and visible 
light. We shall now briefly describe some important properties of 
thermal radiation established by these investigations: 

1. Thermal radiations travel through vacuum with the speed of 
light, i.e. 3 x 108 ms}. 

2. Like light, thermal radiations travel in straight lines. 

3. Thermal radiations obey the same laws of reflection and refrac- 
tion as light does. 

4. Thermal radiations exbibit the phenomena of interference, 
diffraction and polarization, as does light. Pip 

All these observations show that the nature of thermal radiation 
and light is the same. In the year 1863, James Clerk Maxwell proved 
that light is due to electric and magnetic vibrations which travel toge- 
ther in space. In other words, light is an electromagnetic wave. PESEE 
magnetic waves causing a Visible sensation are called visible light me 
have wavelengths in the range 3500 À (violet) to 7800 A (red). G 
stands for Angstrom and 1 A = 10-8 cm.) Infrared rays are so ale 
because they occur beyond the red end of the visible spectrum. j 
red rays are electromagnetic waves with a wavelength in the range n 
about 8000 A to 0.04 cm. Infrared rays thus have a longer wavelengt 
than the rays in the visible spectrum. Waves with still longer wave- 
lengths are called microwaves and radiowaves. Electromagnetic pa 
whose wavelengths are shorter than for violet rays are called u mad 
rays. Still shorter wavelength waves are called x-rays and y-rays. 
these electromagnetic waves travel witha velocity ¢ im a VRT 
where c = 3 x 108 m s-t. The frequency v of these waves 1S related to 


wavelength by the relation \ 
c=vA 


Although thermal radiation and light produce different sensations, it 
is clear that the only difference between them is their wavelength (or 
frequency). Both are forms of energy and they both travel in space as 
electromagnetic waves with the same velocity. Thermal radiations are 
simply infrared rays. The radiations emitted by hot bodies are, there- 
fore, also known as infrared radiations. Table 11.5 shows the wave- 
length range of the known electromagnetic radiations. We notice that 
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the visible light is only a very small part of the total electromagnetic 
spectrum. 


Table 11.5 Electromagnetic spectrum 


Name of radiation Range of wavelengths 


Radiowaves 30 cm to 600 m 


Mircowayes 1 mm to 30cm 

Infrared 8 x 10-5 cm to 0.04 cm 

Visible light 3.8 x 10-5 cm to 7.8 x 10-5 cm 
Ultraviolet 1.4 x 10~ to 3.8 x 10-*cm 
x-rays 10-° cm to 10-* cm 

yerays Below 10-° cm 


Electromagnetic waves thus have a wide range of wavelengths. 
Although they are identical in nature, their interaction with matter or 
their physiological action on living bodies depends on their wave- 
lengths. Thermal radiations (i.e. infrared rays with wavelengths rang- 
ing from 8 x 10° cm to about 0.04 cm) produce heat when they are 
absorbed by a body. This is the property that distinguishes thermal 
tadiation from the rest of the electromagnetic waves. 


Distribution of Radiant Energy in the Electromagnetic Spectrum 


When a body is heated, it emits radiation. The nature (i.e. wavelength) 
of the radiation depends upon the temperature. At a low temperature, 
a body emits radiation which is principally of long wavelength. Ata 
high temperature, the proportion of shorter-wavelength radiation in- 
creases. Furthermore, the amount of the emitted radiation is different 
for different wavelengths. It is of interest to see how the energy of 
total radiation from a hot body is distributed among different wave- 
lengths at various temperatures. In other words, we would like to find 
out how Æ, for a body depends upon and T, where Æ, stands for 
radiant energy at wavelength A. 


The solution of this problem is obtained if we observe the colour of 
the radiation emitted by a body as its temperature is gradually raised. 
Thus, for instance, when a blackened platinum wire is heated, it 
appears dull-red at about 500 °C, changes to cherry-red at 900 Ae; 
becomes orange-red at 1100 °C, yellow at 1300 °C and finally white at 
about 1600 °C. This shows that, as the temperature is increased, the 
tadiation becomes richer in shorter wavelengths. In other words, the 
amount of emission shifts towards the shorter wavelength side as the 
temperature is raised. 
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Experiments have shown that the energy carried by radiation with 
different wavelengths varies with wavelength as shown in Fig. 11.25. 


Sun light 
(6000K) 


“Arc (3000K) 


‘ m ý 
CARA Filament 
: lamp (2000 K) _ 


0 v 11 2 3 4 
eee j! 
Visible d lin microns) — 


Fig. 11.25 Distribution of energy Ea emitted from a hot body as a 
function of wavelength of the radiation for various 
temperatures. (1 micron = 10-° m) 


7 A study of the curves in Fig. 11.25 reveals the following interesting 
acts: 

1. At a given temperature, the energy is not uniformly distributed 
in the radeon open of a body, ic. energy for difteregt, WENS 
lengths is different. fosetainsion lt maximum 

2. Ata given temperature, the energy of emission as 
value for Bites wavelength 4,,. With increase m temperature An 
decreases. The points on the dashed line represent Àm at gat ea 
peratures. The actual measurements show that the product ^Am Te- 
mains constant andeis abouti2is92ix 10m; 

3. The maximum of each curve shifts towards shorter wavelength 
as the temperature is raised. Bee Xa eth 
_ 4, For all wavelengths an increase 1n tempe 
in energy emission. swe l , i 

5. The area under each curve represents the total By den emitte 
the complete spectrum at a particular temperature. Ai ie clear 
is the energy emitted per_ second between, and he ar f th 
from Fig, 11.26 that 2, 92 around À is measured by the Meee res the 
shaded strip. The sum of various such elementary areas e me Her 
total energy for all wavelengths. Actual measurement 2 ed emai 
each curve (i.e. for each temperature) shows that the ratio, 


rea under curve at temperature T 


area under curve at tempo 


rature Causes an increase 
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remains constant implying that the total emitted energy varies as the 
fourth power of absolute temperature. Thus Stefan’s law stated below 
is experimentally verified. 


SA 


Fig. 11.26 Measurement of total radiation 
energy for all wavelengths 


6. At a temperature 2000 K, for example, there is very little radiant 
energy in the visible spectrum V-R, but the energy increases as longer 
(infrared) wavelengths are reached and then decrcases. At 6000 K, 
which is the temperature of sun’s surface, the maximum energy occurs 
in the wavelengths of the visible spectrum. 


Emissive Power and Emissivity 


Different sources of heat radiation emit different amounts of energy 
even when they are at the same temperature. The amount of heat 
energy emitted (or radiated) per second by a body depends upon (i) 
the area of its surface, (ii) the difference of temperature between 
surface and the surroundings, and (iii) the nature of its surface. 
The strength of emission is estimated by a quantity known as 
emissive power which is defined as the amount of heat energy emitted 
per second from unit area of the radiating surface and is usually denot- 
ed by e. Defined this way, the emissive power of a given surface 
depends only on the nature of the surface and its temperature, The SI 
unit of e is joules per second per square metre (Js~! m?) or watts per 
square metre (W m~), In the special case of a perfect radiator, the 
emissive power is denoted by Æ. Obviously, at the same temperature, 
the emissive power Æ of a perfect radiator has a maximum value, i.e. 
at the same temperature, 


E>e 
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: The emissivity (denoted by e) of a body is defined as the ratio of 
its emissive power to that of a perfect radiator (called a black body) 
at the same temperature, i.e. 


e 
e = = 
E 
N 
It follows that the emissivity of a perfect radiator is unity. 


Stefan’s Law 


The total energy emitted by a perfect radiator per unit area per unit 
time depends only on its temperature. In the year 1879, Stefan, using 
the experimental data of Tyndall, made a lucky guess at the law relat- 
ing the total radiation and temperature. The law known after him as 
Stefan’s law states that the total energy emitted by a unit area of a 
perfect radiator per second is proportional to the fourth power of its 
absolute temperature. 

If Q is the total energy of all wavelengths emitted per unit area per 
second by a black body at absolute temperature 7, then 


OMe i fe: 
or Q =oT* (11.28) 
For a body of emissivity €, we have 

Oe oeT* (11.29) 


where o is a constant known as Stefan’s constant. In the SI system of 
units, o is measured in W m7 K~4. The accepted experimental value 
of o is 

o = 5.67 A O Winther 


In 1884, Boltzmann gave a rigorous theoretical proof of Stefan’s 
law based on thermodynamical considerations. Therefore, the law is 
frequently called the Stefan-Boltzmann Law. In 1897, Lummer and 
Pringsheim experimentally verified the law and obtained the value of 
Stefan’s constant. j 

It may be mentioned that Stefan’s law is not a law of cooling and 
does not refer to the net loss of heat bya body after exchange with 
the surroundings. The law holds for an isolated body. It simply deals 
with the amount of heat energy emitted by a body by virtue of its 
temperature irrespective of what it receives from the surroundings. 


Furthermore, the law refers to total radiation, applying to the whole 


range of wavelengths, without being limited to any particular wave- 


length. F 

However, Stefan’s law can be extended to include the net loss of 
ery ae body after exchange of heat with the surroundings. Ifa 
body at temperature T is surrounded by another body (which may be 
an enclosure to be called surroundings) at a lower temperature To then 
the body loses heat by emission of radiation and also gains heat from 
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the surroundings. The net loss of energy per unit area per second is 
given by 


Q = o (T* — Tô) (11.30) 


EXAMPLE 11.14 The tungsten filament of an electric lamp has a length 
of 0.25 mand a diameter 6 x 10 °m. The power rating of the Jamp 
is 100 W. If the emissivity of the filament is 0.8, estimate the steady 
temperature of the filament. Stefan’s constant = 5,67 x 1078 W m? 
Kes 
Solution 

Area of the filament = 27 x (radius) x (length) 
or A= 2r x (3 x 1075) x 0.25 = 4.71 x 10-5 m? 
Now Q = acT*, where Q is the energy radiated by second per unit 


area at absolute temperature T. Therefore, the energy tadiated per 
second (or power radiated) from the filament of area Ais 


P= AcoT* 


When the temperature is steady, 
Power radiated from filament = power received 


= 100 W 
ae AcoT* = 100 W 
Now A=4,71 x 10> m?, <= 0.8 
and o = 5.67 x 10° Wm? K4 
Substituting these values we have 
T= ( POSETE OOZES NO ce og 
471 x 105 x 0.8 x 5.67 x 1078 


= 2616 K 


EXAMPLE 11.15 A man, the surface area of whose skin is 2 mê, is sit- 
ting in a room where the air temperature is 20 °C. If his skin tempera- 
ture is 28 °C, find the rate at which his body loses heat. The emissivity 
of his skin = 0.97. 


Solution 
Absolute room temperature (T) = 20 + 273 = 293 K 
Absolute skin temperature (T) = 28 + 273 = 301 K 
Now Rate of heat loss = ced (T* — T$) 
= 67i Xo 1068; 0.97 /\x 2 
x (301)! = (293)*) 
= 92.2 W 
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This is a surprisingly high rate of heat loss even at a comfortable 
room temperature of 20 °C. The reason why we do not feel uncomfor- 
table is that our body generates energy at a rate of about 120 W. So 
our body loses a lot of heat by radiation even at 20 °C. It is for this 
reason that people living in Arctic regions use a special clothing made 
with an additional thin shiny metallic layer next to the skin to reflect 
the body’s radiation. 


EXAMPLE 11.16 The solar constant (which is the energy received per 
unit area per second on the earth from the sun) is about 1400 Wm. 
Estimate the surface temperature of the sun, given, that the sun’s 
radius = 7 x 108 m, the distance of the earth from the sun = 1.5 x 
10'! m and Stefan’s constant = 5.7 x 108 W m? K“. 


Solution Suppose T is the absolute temperature of the surface of the 
sun. Then total energy radiated per second from sun’s surface (assum- 
ing its emissivity to be unity) 


= AoT* y 
or E = 4r R?oT* 
where R, = radius of the sun; its surface area = 4a Rẹ. 


This energy falls, all around a sphere of radius Rọ, where R, is_the 
radius of the earth’s circular orbit around the sun. The area of this 
sphere — 47 R2. Therefore, the energy falling per second per unit area 
of this sphere 


E 
An R§ 
_ 4m R? oT* 
TOWAR RB 
Ry 
“a (z) oT 
R 2 
winks = 1400 
So (z) oT 
1400 1.5 x ey 
or T= sax 108 eran 


which gives T = 5800 K 


Radiative Transfer 


The main modes of the transfer of heat in very large systems, such as 
the atmosphere, the sun and the solar system, are radiation and con- 
vection. Radiation (or radiative transfer) is the dominant mode of heat 


transfer in interstellar space and the galaxy. 
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SUPPLEMENT 


S.1 Pressure-Volume Relation in an Adiabatic Change 


In an adiabatic process, heat is not allowed to enter or leave the sys- 
tem, ie AQ = 0, The first law of thermodynamics, for an adiabatic 
change, reads 


= AU + PAV 
Since AU = nCy AT [Eg. (11.20)], we have 
nC» AT -PAV = 0 (i) 
Now PV = nRT which on differentiation becomes 
PAV + VAP = nRAT 


Poe EA Ok, 
giving AT =— ecm 


Substituting for AT in Eq. (i), we get 


ACs (par) 4 PAV=0 
OF Co (PAV + VAP) + RPAV = 0 
ai Co (PAV + VAP) + (C, — Ci) PAV = 0 
(ae R = C, TTN; Cv) 
or CoVAP + C, PAV = 0 
or AE eyi Eo Gi) 


G: 7 A 
where y = C, is the ratio of the two specific heats of the gas. 


Since y is practically constant, Eq. (ii) can be integrated to give 


anal ay =0 


or log P + y log V = constant 
or log (PV) = constant 
or PV” = constant (iit) 


Thus, for an adiabatic change in an ideal gas PV” = constant, where- 
as for an isothermal change in an ideal gas, PY = constant. Since 
PV = nRT, Eq. (iii) may be written in terms of T and V as 

nRT 


Wir eyo V” = constant 


OF TV?) = constant (iv) 
C. nand R are constant) 
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S.2 Evaporation and Boiling 


Evaporation and boiling are two very different phenomena. Evapora- 
tion takes place from the surface of a liquid at all temperatures, so 
that, at any temperature, there is always some amount of vapour pre- 
sent above the liquid surface, Boiling, on the other hand, takes place 
at a definite temperature depending on pressure. 


These processes can be understood in terms of the P-T phase dia- 
gram. Figure 11.27 shows the liquid-vapour part of the P-7 phase 
diagram of water, 


0-1 


Pressure (in atm.) —> 


0 20 40 60 80 100 120 
Temperature (°C)—> 


Fig."11.27 Liquid-vapour phase diagram for water 
(pressure axis is not to scale). 


Oj 

Point A in the diagram corresponds to room temperatuut Ae ie 
atmospheric pressure. At this point the stable form of ties is fees 

hat happens if, at the same temperature the shan ahe n ee oint 
Pp, the pressure corresponding to point B? If P < Pa, ve 4 we the 
C), the vapour is the stable form. The value of P is peme R 
amount of water vapour present and this depend upon the temper: ak 
and other conditions. P is called the partial pressure due 5 "p < 
vapour. On a rainy day P = Pz, whereas on a hot summer ae et 
Py. Notice that Py is the maximum pressure at which on ora at 
exists with its liquid; this is called the saturation vapou 7 ENEE 
that temperature. The ratio P/Pp determines the relative P i A 
that temperature. Thus if, ata particular temperature, will e a a 

n (i.e. we are at point C of the P-T diagram), Ie a AEAN 
rate from the surface of the liquid, and the evaporation Hr ABa o- 
till P equals P, at that temperature. This explains pelea 10 ihe ts 
ration takes place from the surface because the moga a nsion in 
face have less attractive energy (see section on sur a 4 ‘om the 
Chapter 10) and also because it requires less energy pinta ed T te 
surface than from within the body of the liquid. In E E aai in 
the liquid takes the necessary latent heat from itself whic 
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the cooling of the liquid. Thus evaporation is accompanied by 
cooling. 

Let us now consider boiling. Measurements Show that at 100 °C the 
saturated vapour pressure of water is 1 atmosphere, i.e. water boils at 
100 °C under 1 atmosphere pressure. Suppose water is heated at 
atmospheric pressure. This is represeated by the line ADE in Fig. 
11.27. Below 100 °C, the liquid is the stable from of water and above 
100 °C, the vapour is the stable from; Now ‘suppose we take some 
water in a vessel and open it tothe atmosphere while it is being heat- 
ed. As the water temperature increases, so does the pressure of water 
vapour above the surface of water. More and more water evaporates 
with increase in temperature. At 100°C, the saturation vapour pressure 
of water is 1 atmosphere. -Thus the gas above the water surface is all 
water vapour (with no air). If we neglect the small hydrostatic pressure 
of the liquid itself, we may say that the pressure throughout the liquid 
is atmospheric. Therefore, when the saturated vapour pressure is equal 
to the atmospheric pressure, a bubble of vapour can form anywhere in 
the liquid and being light, it will rise to the surface. Thus the conver- 
sion of liquid into vapour is very rapid now. This is called boiling. 
Thus boiling takes place in the entire \body of a liquid, whereas 
evaporation takes place only at its surface. » 


SUMMARY 


Heat is a form of energy’and is measured in energy units, joule. The 
most obvious effect of heaton matter is expansion—called thermal 
expansion. This effect is used in the construction of liquid and gas 
thermometers. 


The thermal capacity of substances is measured by their specific heat 
which is defined as the amount of heat energy needed to raise the tem- 
rature of a unit mass df the substance by a unit degree. 

: Thermodynamics is the branch of science which deals with the rela- 
tionship between heat and mechanical energy. The first law of ther- 
modynamics is an energy conservation law applied to the case of 
transformation heat energy into mechanical energy. The second law of 
thermodynamics denies the possibility of converting the entire heat 
energy into mechanical energy. -+ 

9 The transfer of heat takes place by three, processes called conduc- 
tion, convection and radiation. In conduction, the molecules move 
about a fixed location and transfer/heat by collisions. In convection, 
the transfer of heat takes place by transport of matter. Radiation in- 


volves is transfer of heat by electromagnetic waves without the help 
of any material medium. 


, EXERCISES 


1. How will you show that heat is a form of energy? 
2, Describe the working of a constant-volume gas- thermometer for the 
measurement of temperature. 
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Explain the principle of (a) resistance thermometers and (b) pyrometers. 


. Define the coefficients of cubical and linear expansion, Obtain the rela- 


tion between them. 


5. What do you understand by ‘specific heat’ of a substance, State its units. 
6. Define the specific heats of a gas at constant pressure (C,) and at cons- 


rh 


12. 


13. 


14 


15. 
16. 


17. 


18. 
19. 


20. 


21, 
22, 
23 
24, 


tant volume (C,). Deduce the relation between them, clearly explaining 
why C, is greater than Cy. 
In the context of thermodynamics, what do you understand by the terms: 


thermodynamic system, thermodynamic state and thermodynamic coordi- 
nates? 


. What is the meaning of the statement ‘system A is in thermal equilibrium 


with system B’? State the zeroth law of thermodynamics. 


. Distinguish clearly between isothermal and adiabatic processes. Give an 


example of each. 
What do you understand by the internal energy of a system? 


. State the first law of thermodynamics and apply it to calculate the change 


in the internal energy during (i) the boiling process and (ii) the melting 
process. 

Apply the first law of thermodynamics and obtain the relation between 
the specific heats of an ideal gas at constant pressure and at constant 
volume. 

Using the first law of thermodynamics, deduce the relation between 
pressure and volume changes in an ideal gas undergoing an adiabatic 
change. 

Give one example from everyday life which shows that (i) work can be 
converted into heat and (ii) heat can be converted into work. 

State the second law of thermodynamics. What is its significance? 
Describe the principle, construction and working of an internal combus- 
tion engine. 

Describe the principle, construction and working of a refrigerator. 

State the three modes of heat transfer. Give one example of each. 

Define thermal conductivity and state its SI units. ; 

What are convection currents? What role do they play in relation to 
trade winds, land and sea breezes and monsoons? 

What is the nature of heat radiations? 

In what respect is thermal radiation different from light? 

State and explain Stefan’s law of heat radiation. i 
Draw labelled curves showing the spectral distribution of energy radiated 
from (a) a filament lamp, (b) an arc and (c) the sun. What conclusions 
will you draw from these curves? 
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PROBLEMS 


(Take Stefan’s constant = 5.67 x 10-8 Wm- K-* wherever necessary.) 


1. 


10. 


A mercury barometer has a quartz bulb of volume of 0.300 cm* anda 
stem of bore 0.0100 cm. By how much will the mercury meniscus in the 
stem move if the temperature changes from 30 “C to 45 °C? Coefficient of 
yolume expansion of mercury = 1.82 x 10-* (°C)-. Ignore the small 
expansion of the quartz bulb. 

A glass flask of volume 250 cm‘ is just filled with mercury at 20 °C. How 
much mercury will overflow when the temperature of the system is raised 
to 100°C? The coeficients of linear expansion of glass = 4 x 10-° 
(°C)-? and coefficient of cubical expansion of mercury = 1.8 x 10~¢ 
EGF 


. A sphere of diameter 7 cm and mass 266.5 g floats in a liquid bath. The 


temperature of the bath is raised and when the temperature is 35 °C, the 
sphere begins to sink. If the density of liquid is 1527 kgm-*, find the 
coefficient of volume expansion of the liquid. Neglect the expansion of 
the sphere. 


. An aluminium container of mass 100 g contains 200 g of ice at — 20 °C. 


Heat is added to the system at the rate of 100 calories per second. Find 
the temperature of the system after 4 minutes. Specific heats of ice and 
aluminium respectively are 0.5 and 0.2 cal g~t (@C)-1 and latent heat of 
fusion of ice is 80 cal g-1. 


. The temperatures of equal masses of three different liquids A, B and C 


are 12 °C, 19 °C, and 28 °C respectively. The temperature when A and B 
are mixed is 16 °C, and is 23 °C when B and Care mixed. What is the 
temperature when A and C are mixed? 


. 5 g of water at 30 °C is mixed with 5 g of ice at — 20°C in a vessel of 


negligible heat capacity. Find the final temperature and composition of 
the mixture. Specific heat of ice = 2100 J kg K-! and latent heat of 
fusion of ice = 3.36 x 10° J kg". 


. A lead bullet strikes a target with a velocity of 240 ms-*. If the bullet is 


stopped within the target, calculate the rise in its temperature, assuming 
that the heat developed is equally shared between it and the target. Speci- 
fic heat of lead is 0.03 cal g-t °C-}. 


. Calculate the rate of flow of heat through 2 m? of a brick wall 12 cm 


thick if the temperature on one side is 8°C and on the other side is 
32 °C, Thermal conductivity of brick = 0.13 Wm-* K~", 


. A bar of copper of length 75 cm and a bar of steel of length 125 cm are 


joined together end-to-end. Both are of circular cross-section with dia- 
meter 2 cm. The free ends of the copper and steel bars are maintained at 
100 and 0 °C respectively. (a) What is the temperature of the copper-steel 
junction? (b) Calculate the heat transmitted per second across the junc- 
tion. Thermal conductivities of copper and steel respectively are 386.4 
and 46.2 Js“? m~t K-, 

A metallic sphere of diameter 2 cm is coated with lamp black and is 
maintained at a temperature of 927°C. Calculate the rate at which 
energy is radiated from its surface, assuming that it is a perfect radiator. 


11. 


12. 


13) 
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The temperature of the filament of a 40 W tungsten lamp is 2170 °C 
and the effective surface area of the filament is 0.66 cm®. Estimate the 
value of Stefan’s constant assuming that the energy radiated is 0.25 of 
that from a perfect radiator under similar conditions. Neglect the effect 
due to radiation from the glass envelope. 

A metal ball of 14 cm diameter and mass 10 kg is heated to a tempera- 
ture of 227 °C and suspended in a box whose walls are at a temperature 
of 27 °C. Calculate the net rate of loss of heat by the ball. What will be 
its temperature at the end of 5 minutes? Specific heat of the metal = 420 
J kg“ K=, 

Each square metre of the sun’s surface radiates energy at the rate of 
6.3 x 10’ W m~. Assuming that Stefan’s law applies to the radiation, 
calculate the temperature of the sun’s surface. 


12 


Oscillations 


12.1 INTRODUCTION 


The world is full of things that move. The motion of physical systems 
can be classified into two broad categories—translatory and vibratory 
or oscillatory. If the position of a body varies linearly with time, its 
motion is translatory, e.g. a train moving on a straight track or a ball 
rolling on the ground. A motion that repeats itself in equal intervals of 
time is called periodic motion, e.g. the motion of the hands of a clock. 
If a particle in periodic motion moves back and forth over the same 
path, its motion is called vibratory or oscillatory. Some examples 0 
oscillatory motion are the oscillation of the hands of a walking person, 
the balance wheel of a watch, the bob of a pendulum clock, a mass 
attached to a spring, the prongs of a tuning fork, the piston of an 
automobile engine, etc. Oscillations may be very complex, such as 
those of a piano string or those of the earth during an earthquake. It 
may be remarked that mechanical systems are not the only ones that 
can oscillate. The atoms in a solid vibrate. The electrons in a radiat- 
ing or receiving antenna are in oscillation. A tuned circuit ina radio 
can oscillate electromagnetically. Radio waves, microwaves and visible 
light are simply oscillating electric and magnetic fields. Thus, the study 
of oscillations is essential for the understanding of various physical 
systems—mechanical, acoustical, electrical and atomic. 

In this chapter, we will study the simplest and smoothest type of 
oscillatory motion, namely, simple harmonic motion (usually designat- 
ed as SHM). Among the various types of oscillatory motions, » 
is of central importance for three basic reasons: (i) the oscillation © 
all physical systems is simple harmonic or a close approximation to 
it, if the oscillation is not too violent, (ii) the study of SHM is essen- 
tial for the understanding of wave motion, and (iii) we will learn in 
higher classes that complex oscillations, e.g. those of a piano string, 
can be expressed as a combination of harmonic motions. 


12.2 WHAT CAUSES A SYSTEM TO OSCILLATE 


The oscillation of a physical system results from two basic properties 
of the system, namely, elasticity and inertia, Consider a body in equi- 
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librium so that forces on it balance. Let us displace it from its posi- 
tion of equilibrium (by doing work on it, i.e. applying a force) by a 
distance x. When it is released a restoring force is called into play 
whose tendency is to ‘restore’ x to its original value which is zero, by 


imparting to it an appropriate negative velocity ae Inertia, on the 


other hand, tries to oppose any change in velocity. When the body 
reaches its equilibrium position (x = 0), the negative velocity is maxi- 
mum which produces a negative displacement. The body then over- 
shoots its position of equilibrium. The restoring force now becomes 
positive (i.e. it helps increase x) and must now overcome the inertia 
of the negative velocity. Thus, the velocity keeps on decreasing and 
ultimately becomes zero when x is negative. This process of the restor- 
ing force trying to bring x to zero by imparting a velocity and iner- 
tia preserving the velocity and making x overshoot, repeats itself and 
the body oscillates. 


12.3 SIMPLE HARMONIC MOTION 


We shall first discuss the general dynamics of an SHM and later ana- 
lyse a few specific examples of it. We know that work has to be done 
on a system to displace it from its position of equilibrium. The resto- 
ring force F obviously depends on the work done to give a displace- 
ment x. Thus, F is some general function of x. For systems oscillating 
violently (large x) the dependence of F on xis very complex. We shall, 
however, not deal with such systems but focus our attention on sys- 
tems in which the moving part always stays close to its mean position 
(small x). This is called small oscillation approximation. For such sys- 
tems, the restoring force is proportional to the displacement and op- 
Poses it increase. In other words, 


F= — Kx (12.1) 


The negative sign indicates that F opposes increase in X. K, the cons- 
tant of proporiendlan is called the force constant. The MKS poit 
for Kis Nm. The magnitude of K depends on the elastic prope: pe 
of the system under study. In the specific examples of SEM we $ al 
compute the value of K for each case. For example, Be t e ye a 
consisting ofa mass anda sping, K will depend on 2 pir ae 
strength of the spring. Relation (12.1) is a statement 0 a eH 
for elastic forces. The general definition of SHM is the moti 


5 j, the mean 
the restoring force is proportional to the displacement from e 
Position p its increase. We shall see that in such a motion 
lly with time. 


the displacement varies harmonica 


Equation of Motion 
Under the influence of a restoring force F = (— Kx) a body acquires 
X ifm is the mass of the 


a velocity T and hence an acceleration Fr 
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body, then from Newton’s law (Force = mass x acceleration), the 
acceleration is given by 


@x i force =). K 
di ~ mass m” vaz 


The physical statement corresponding to this equation is that the 
acceleration is proportional (and opposite) to the displacement. In 
order to determine what type of motion is represented by Eq. (12.2) 
we need to solve this differential equation, ic. obtain an expression of 
displacement x as a function of time. 


Solution The usual procedure to solve any differential equation is to 
guess a solution and see if it works. Equation Ç 12.2) relates a function 


x (t) (not yet known) to its second derivative To satisfy Eq. (12.2) 
we have to look for a function x (t) whose second derivative, except 
for a negative constant factor | — mp is the same as the function 
x (t) itself. Our knowledge of calculus tells us that sine and cosine 
functions have just this property, since, 


£ (sin 0) = cos @ 


and)’ E By LNs ios binid 
dè d Pn, 
and ¢ j= i 
w (cos 4) ee sin 0 
d2 d q 
and gaz (98 9) = zg (— sin 6) = — cos 6 


One can immediately verify that functions a sin 0 and bcos 0, where 
a and b are constants, also obey this property. Since angle 0, measured 
in radians, must depend on time t, we set O = wf where w is a con- 
stant to be measured in radians/second. 


Thus, let us try, as a solution of Eq. (12.2) 
x(t) = asin wt 
Differentiating twice with respect to * we get, 
dx 


qa ee 


sin wt 
Substitution in Eq. (12.2) gives 


: aC Po 
doy? snot = = —a sin wt 
m 
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Therefore, if we choose the constant such that 


w= JE (12.3) 
m 
then x (t) = a sin wt, is indeed, a solution of Eq. (12.2). We can 
similarly verify that x (t) = b cos wt is also a solution of Eq. (12.2). 
We can go a step further and say that 


x (t) = asin wt + bcos wt (12.4) 
is the general solution of Eq. (12.2) because 
dx $ 
g 728 OS wt — b w sin wt 
and pa = — «a? (asin wt + b cos wt) = — o? x(t) 


which is indeed Eq. (12.2) with the constant œ given by Eq. (12.3). 
The solution (12.4) has been written in various alternative forms in 
physics literature. We shall now write it in the more conventional form. 
Instead of writing x (t) in terms of constants a and b we will write it 
in terms of two other constants 4 and ¢ which are related to a and b as 


a = A cos $ 
and b = Asin ġ 


which give A = (a? + ("2 and tan¢ = — . In terms of constants A 
and 4, Eq. (12.4) becomes 


x (t) == Asin wt cos $ + A cos wt sin $ 


ae 


or x (t) = Asin (wt + $) (12.5) 
Some authors prefer to write the solution as 
x (t) = A cos (wt + 8) (12.6) 


m 
which is equivalent to Eq. (12.5) since, if constant ¢ = ô + 3, the 


two expressions become identical. RA 
You will recognize that Eqs (12.4), (12.5) and (12.6) are completely 
equivalent (but iteratie) ways of writing the same expression. Any 
one of them can be used to describe a simple harmonic Mert e 
will be using Eq. (12.5) as a mathematical representation of ; 


Meaning of w 


The smallest time interval after which a motion repeats itself is called 
the time period (or simply period) of the motion. It is usually denoted 
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by the symbol 7. If the time t in Eq. (12.5) is increased to a vafue 
t=t+ ait the function becomes 
w 


x (t*) 


ll 


A sin (wt* + ¢) 


= 4sin fo (+2) +4} 
= Asin (wt + $ + 27) 

= Asin (wt + 4) 

S00) 


3 27 \. 
i.e. the value of the function at time 1* | =t + ~~ ) is equal to the 


value the function had at an earlier time t. In other words, the mne 
tion repeats itself after a time interval 27/w. Therefore the period T is 
given by 


g pete 
w 
or A (12.7) 


Thus we find that the constant w is related to the period (7) of motion 
by Eq. (12.7). We would obtain the same result if we had used the 
cosine function [Eq. (12.6)] since 


x (t*) = A cos fe (t+ m) at 
= A cos (wt + 8 + 27) 
= A cos (wt + ô) 
= x (t) 


This shows that functions like sin wt and cos wt are periodic having 
a period T = 27/w, The constants $ and ô do not depend upon time 
and hence do not affect the periodicity. In terms of period 7, these 
Functi t 2rt d 2rt 

unctions are sin | 7 ) and cos FT) 

Notice that these functions repeat also at times intervals which are 
multiples of T, i.e. at intervals 2T, 37,... etc. But T is the smallest 
time interval after which these functions repeat themselves, i.e. the 
period of these functions is T. 
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13.4 PERIODIC AND HARMONIC FUNCTIONS 


Before we proceed with the study of SHM, it is useful to learn more 
about periodic functions and to distinguish them from harmonic func- 
tions. We have seen above that functions such as 


f@ = sin of = sin 2a 


and g(t) = cos wt = cos Pa 


are periodic functions having a period T. Figure 12.1 shows how these 
functions vary with time. 


Fig. 12.1 (a) Graph of f (f) against ¢ (b) Graph of g (r) against r 


Notice that these functions oscillate between a maximum value + 1 
and minimum value — 1 passing through zero m between. Functions 
which are represented by a sine or 4 cosine curve are called simple 
harmonic (or sinusoidal) functions. 

All harmonic functions are also periodic functions, But the converse 
is not necessarily true. A// periodic functions are not harmonic fs tee 
Figure 12.2 shows some periodic functions which are not anie: 
They repeat themselves in a period T but cannot be O ya 
single sine or cosine function, such as those shown in Fig. 12.2. 


490 Physics for Class XI 


t 
F(t) 


9 T 2T 3i 4T t> 


to 


Fig. 12.2 Periodic functions which are not harmonic 


Note Functions such as tan wf and cot wt are periodic functions 


$ is T A 
with period 7 = — since 
w 


tan fo (: ae =) = tan (wt + 7) 


= tan wt 
and cot fo (: + z) 


Also functions sec wz and cosec wt are periodic functions with period 
T = 27/w. However such functions are not used in physics for describ- 
ing physical displacements because they take infinite values between 
t = 0 and T. The displacement function describing a physical pheno- 
menon must always remain finite. 

In higher classes you will learn that any periodic (non-harmonic) 
function such as those shown in Fig. 12.2 can be constructed from two 
infinite sets of periodic harmonic functions. These sets are 


cot (wt + 7) 


= cot wt 


fi (t) = 0+ sin = + sin an TANE (12.8) 
and J2 (t) = 1 + cos ca + cos ne Pty (12.9) 


The functions f; (t) and fz (t) are periodic with period T, i.e, 
AG+N) =A 
RETI =h) 
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This can be understood as follows; In Eq. (12.8) the harmonic terms 


.. neat ey noa NEN iods T 
Sin yo SIN > SIN “Fr... Cte. have periods 4, p ypo Tes 


pectively. This means that in time T, the term sin a completes one 


. 4nt Ort 
cycle, the term sin T completes two cycles, the term T completes 


three cycles and so on. Thus at time (t + T) the function f; is an 
exact repetition of its value at time 7, i.e. the function fi (t) is perio- 
dic with period T. Similarly the function j3 (£) given by Eq. (12.9) is 
also periodic with period T; the constant function 1 in this equation 
is periodic for any value of T and hence will not alter the periodicity 
of fh (6). 

J.B.J. Fourier (1768-1830), the great French mathematician, proved 
an important theorem which states that any periodic function F(t) 
with periodic T can.be represented by a unique combination of func- 
tions fı (t) and fz (t) as. 

Qnt el ATE ws poe Ot 
F(t) = by +b cos oy “bb! cos y Ab" cos a Ehn. 
t 
ape a 


n t 
Ma = pasi ain +... (1210) 


The coefficients By, b, b', b", .. „a, a’, a" ...are called Fourier co- 
efficients which can be determined by a mathematical method called 
the Fourier analysis, The periodic functions shown in Fig. 12.2 are des- 
cribed by a function F (t) with appropriate values of the Fourier ço- 
efficients. 

_ The simple harmonic motion 
cial case of a periodic motion in 
and b in Eq. (12.10) are zero, i.e. 

Qat 


F(t) = asin a + bcos “y 


‘described above in Sec. 12.3 is a spe- 
which all the constants other than a 


asin wt + b cos ot 


ll 


which is the displacement function » (f) given by Eq. (12.4) obtained 


earlier. 


i ( ing functions of time represent 
Cel e a AE harmonic and (c) non- 


(a) simple harmonic, (b) period elk 5 ; 
periodic motion? HG the period for each periodic motion. Here kis 


a positive real constant. ' i t 
() sin kt ++ cos kr, (i) sin mt + 2 cos 2mf + 3 sin aTh 
Gi cos(2 kt + 5), Gv) cos ke + 2 sind kt, 00) a ee 


ns 
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Solution (i) sin kt + cos kt represents simple harmonic motion sincè 
. : Ake ri m 
we can write it as 4/2 sin (xr + 4 or /2 cos (xı — i}: The co- 


4 
efficient of ¢ in the argument of the sine or cosine function 
= where T is the period. Hence k = = or T= a ie. the pe- 


riod of the function is =, 


(ii) Each term in (sin mt + 2 cos 27t + 3 sin 37t) represents SHM. 
The period T of the term sin 7? is given by 7 = a or T= 2 s: The 
period of the term 2 cos 27t is 1 s, i.e. T/2 and the period of the term 
3 sin 37t is 2/3 s, i.e. T/3. The sum of the three terms, however, does 
not represent SHM; it represents a periodic motion. By the time the 
first term completes one cycle, the second term completes two cycles 
and the third term completes three cycles. This shows that the sum 
represents a periodic motion with period T = 2s. 


(iii) cos (2 kt + 3) represents an SHM whose period T is given 
by 


_2n 

ages 

T 

or tae 


(iv) cos kt + 2 sin? kt = cos kt + (1 — cos 2 kt) = 1 + cos kt 
— cos 2 kt. The period of cos ktis T = = and that of cos 2 kt 


Y yi 
is 7 Sy These two terms together have a period T = 2 as ex- 


plained in (ii). The other term 1 isa constant independent of t and 
hence does not affect the period of the sum. Hence (cos kt + 2 sin? kt) 


represents a periodic motion with period T = or 
(v) e™' decreases monotonically to zero at t -+ œ. It is an expo- 


nential function with a negative exponent of e where e ~ 2.71828. It 
is non-periodic. 

(vi) The function log kt also increases monotonically with time. 
Therefore, like e**, it never repeats itself and is a non-periodic func- 
tion. 


12.5 CHARACTERISTICS OF AN SHM 
We have seen that Eq. (12.5) is a solution of Eq. (12.2) with 


i 
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Since x (t) given by Eq. (12.5) varies harmonically with time, the 
motion described by Eq. (12.5) is said to be SHM and Eq. (12.2) is 
called the differential equation of SHM. The three constants A, w and 
characterize an SHM, i.e. they distinguish one SHM from another. 


The three characteristics of SHM are: 


Amplitude 


The amplitude of an SHM is the maximum (positive or negative) 
value of the displacement from the mean position. Since the maximum 
and minimum values of any sine function are respectively + 1 and 
— 1, the maximum and minimum values of x in Eq. (12.5) are respec- 
tively + A and — A, The quantity A is called the amplitude of 
SHM. 


Time Period 


The smallest time interval during which the oscillation repeates itself 
is called the time period (or simply, period) of the oscillation. If the 


time t in Eq. (12.5) is increased by a the function becomes 


x (0 = 4 sin fo (1+%) + s} 
= A sin (wt + $ + 27) 
= Asin (at + $) 


= i pat sréfore 
In other words, the function repeats itself after a time z7- Therefore 


the period Tis given by 


2m jan ta 
r= [tar z (12.11) 


The frequency of SHM, denoted by y, is the number of oscillations 
oma a nit time. Therefore, by definition, frequency is the reci- 
procal of time period, i.e. 


ol ge (12.12) 


2 
Thus w= 2m = F (12.13) 


i i which is 27 times the 
The quantity « is called the angular en, s (second), v is mea- 


frequency. The unit for T in the MKS system is s (sé ) 

sures in ae (cycles per second) or Hz (hertz) and w in roians toron 
The period (or frequency) is determined from the air oe inertia 
properties of the system, the force constant K and the mass m. 


494 Physics for Class XI 


Phase 


The argument (wf + 4) ofthe sine function is called the phase of the 
motion. The constant ¢ is called the initial phase (i.e. phase at t = 0) 
or the phase constant. The knowledge of the phase constant ¢ enables 
us to find out how far from the mean position the oscillator was at 
time t = 0. For example, if 


$=0 then x(t) =A sin of 
which means that the displacement was zero at time t = 0. When 
o= Sar O= Asin (at + 3) = A cos wt 


i.e. the displacement was maximum (= A) at time t = 0. Thus, phase 
constant is a measure of how far the oscillator is away from its mean 
position at time t = 0, or alternatively, how much time elapsed before 
the oscillator last passed the mean position. Amplitude A and phase 
constant ¢ are determined by the way the system is started at, time t 
= 0. In Secs 12.6 and 12.10 the meaning of w and 4 will be made 
more clear. 


Displacement-Time Curve of SHM 


Knowing the three characteristics A, T and ¢ of an SHM we can plot 
x(t) in Eq. (12.5) versus t. This plot gives the displacement-time curve 
of the SHM. In Fig. 12.3, displacement curves of some harmonic and 
nonhormonic oscillations are shown. 


Fig, 12.3. Displacement-time curves 
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In Fig. 12.3a displacement curves I and II both represent periodic 
motions. Motion I is a harmonic oscillation but motion II is non-har- 
monic, as it does not correspond to Eq. (12.5) for harmonic oscillation 
which should give a sine curve. In Fig. 12.3b two harmonic oscilla- 
tions I and II have equal phases and time periods but different ampli- 
tudes. In Fig. 12.3¢ two harmonic oscillations have equal phases and 
amplitudes but different time periods and in Fig. 12.3d two harmonic 
oscillations I and If have equal amplitudes and time periods but 
different phases. 


12.6 RELATION BETWEEN LINEAR SHM AND UNIFORM 
CIRCULAR MOTION (THE REFERENCE CIRCLE) 


The expression Fig. (12.5) for the displacement in SHM obtained | in 
the last section has a very simple interpretation in terms of a relation 
between a hypothetical SHM along a line and uniform motion m a 
circle. This relation also gives a simple geometric meaning to the 


quantities w and ¢. 


(c) Y 
Fig. 12.4 The reference circle 


i i i i ius A with a uniform 
Consider a particle P moving on a circle of radius 4 | ) 

velocity (Fig. 12.4). Let T be the time period of this circular A 
and let Q be the position of the particle at an instant of time t (Fig. 
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12.4a). At time ¢ = 0 the particle is at P. R is the foot of the perpen- 
dicular drawn from Q on the diameter YY’ of the circle. Let us study 
the motion of R as the particle P moves around the circle. At time 
t = 0 the point R is at O (x = 0) which we call the mean position 


At time t = P R will be at Y, at t = a R reaches O, at t = = R 


will reach Y’, and at t = T, R has come back to O, having completed 
one full oscillation. Thus, as P moves once round the circle, the foot 
of the perpendicular (or the projection of the circular motion on the 
diameter of the circle) moves along a straight line from O to Y, back 
to O, from O to Y’ and back to O again. During the time t when the 
particle moves from P to Q along the circle, the radius OP sweeps an 
angle 9. The angular velocity of the circular motion is w = angle 
swept/time taken = £ = a (since, when t = T, 0 = 27) or b = wt, 
Now, in A OQR, OR = OQ sin ZOQR or, x = A sin wt, which 
agrees with Eq. (12.5) of the last section with ¢ = 0. Therefore, the 
motion of R is simple harmonic. Thus, SHM can be described as the 
projection of a uniform circular motion on the diameter of the circle, 
When this description is used, the body P is called the reference body 
and the circle along which it moves the reference circle, The quantity 
w can now be interpreted in a simple manner. The angular frequency 
w of an SHM is the same as the angular velocity of the refcrence body. 

Using this description of SHM, we will now try to understand the 
meaning of the quantity ¢. In Fig. 12.4 b the particle P is not at XK at 
t = 0. Let the angle POX be ¢. In Fig. 12.4a, $ was zero. Here 0 = 
ZQOP, and therefore, LOQR = 0 — $ = wt — ¢, since 0 = wt. In 
ZOQR, now OR = OQ sin ZOQR, giving x = A sin (wt — 4) which 
also satisfies Eq. (12.2) and hence is simple harmonic. 

If we do not start counting time when R passes through its mean 
position, but a little later, as in Fig. 12.4c, we will get 


x =A sin (wt + 9). 


Hence, the phase constant $ is a measure of how far P is from X 
(or R from 0), at time t = 0. Thus, the knowledge of ¢ helps us know 
how much time has elapsed before the oscillator last passed the mean 
position. We can define SHM in two apparently unrelated but com- 
pletely equivalent ways as: (i) SHM is a motion in which the acceleration 
of the moving part is proportional (and opposite in direction) to its dis- 
placement from the mean equilibrium position, or (ii) SHM is the motion 
of the projection of a uniform circular motion on the diameter of the 
reference circle, 


12.7 VELOCITY AND ACCELERATION OF SHM 


It is instructive to learn how velocity and acceleration in an SHM vary 
with time. We know that displacement x(t) is given by 
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x(t) = A sin (wt + 4) 


The velocity V and acceleration a are given by 


d. 12 
V =F =4 w cos (ot + $) = + dw (1- 3) (12.14) 
since cos? (wt + $) = 1 — sin? (wt + 4) 
d deg Ae 
an A ~ dt =) 


= — A œ? sin (wt + $) = — w x (12.15) 


We notice that when the displacement is maximum (+ Aor — A) 
the velocity V = 0, because now the oscillator has to return and the 
velocity must change its direction. But when x is maximum (+ A or 
— A) the acceleration is also maximum (— w? A and + w? A respec- 
| tively) and is directed opposite to the displacement. When x = 0, i.e. 
when sin (wt + $) = 0, velocity V is maximum (Aw or — Aw) and 
acceleration is zero, In Fig. 12.5 we have plotted separately the 
x versus t and the a versus t curves for an SHM, taking, for simpli- 


city, $ = 0. 


! nt 
x=A sin wt=A sin a 


2at 
VstAW cos y7 


. 2nt 
a= Aw sino 


Wee 


Fig. 12.5 The relation between displacement, velocity and 


acceleration in SHM, 
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EXAMPLE 12.2 A particle is in linear simple harmonic motion between 
two extreme points A and B, 10 cm apart. (a) What is the amplitude 
of the motion? (b) If the direction from A to B is taken as the posi- 
tive direction, what are the signs of displacement, velocity and accele- 
ration of the particle when it is (i) at A, (ii) at B, (iii) at the midpoint 
of AB going towards A, (iv) at the midpoint of AB going towards B, 
(v) at 2.5m away from B going towards A, (vi) at3cm from A 
going towards B and (vii) at 4 cm from A going towards A? 


Solution (a) Referring to Fig. 12.6 the amplitude of the motion = 5 
cm. The mean position is O, 


— Positive direction 
Zero 


-5em +5cm 
A Dore 0 G B 
Fig. 12.6 
(b) (i) At A; x = — ve, V = 0 and a = + ve 
(ii) At B; x = + ve, V = 0 and a= — ve 


(iii) At midpoint O, which is the mean position, going towards A; 
x= 0, V = — ve anda = 0 


(iv) At mid-point O, going towards B; x = 0, V = + ve and a = 0 


(v) At C, going towards A; x = + ve, V = — ve, a = — ve 
(vi) At D, going towards B; x = — ve, V = + ve, a = + ve 
(vii) At E going towards A; x = — ve, V = — ve, a = + ve 


EXAMPLE 12.3 A simple harmonic motion of amplitude 0,01 m has a 
time period of 2 s. Calculate the velocity and acceleration when the 
displacement of the oscillator is half its amplitude. 


Solution 
2 ; 
Ta2s nfs 2 x _ 3,142 rad/s 
A 
A=0.0lm x= $ = 0.005 m 
Be sin (+ O=5=5 
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Velotity V = Aw cos (wt + 4) = dw {L — sin? (wt + p} 
= 0.01 x 3.142 x (1 — 4)!” = 0.0272 ms-! 
Acceleration a = — Aw? sin (sin (wt + 6) = — 0.01 x (3.142)? x 4 
= — 0.0493 ms? i 
EXAMPLE 12.4 A boy oscillates harmonically with amplitude 0.05 m. 
At a certain instant of time its displacement is 0.01 m and acceleration 


1.0 ms. Calculate (a) the period of oscillation; (b) its velocity at this 
instant; and (c) the maximum velocity, 


Solution (a)x=0,01m A= 0.05m. 


dx 


Acceleration EE 1.0 ms. (in SHM acceleration is directed 
opposite to displacement.) | l 
ax! 1.0 
Pie 13. ENA EG = 
Now w az * 0.01 100 or w = 10 rad/s 
pul 2E wo) Ros dA egie 
w 10 
(b) x= Asin (ot + $) 
or 0.01 = 0,05 sin (wt + $) 
ad 
or sin (wt + $) as q 
cos (wt + a p 


Velocity V= A = Aw (cos wt +4) 
24 
= 0.05 x 10 x 75 


= 0.49 ms 
H 
(c) Maximum velocity Vmax = + 4w = 0.05 x 10 = 0.5 ms 


EXAMPLE 12.5 A body oscillates with SHM of amplitude 4 cm and a 
requency of 5 Hz. At time t =— 0, the body is at its ema a 
tion (x = 0). Obtain the equation of the SHM. 


Solution Let the equation of the SHM be 
x = Asin (wf + ¢) 0 
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where amplitude A = 4 cm and frequency v = a = 5 Hz. Hence the 


angular frequency is o = 27y = 2m x 5=107radst. 
Now at t = 0, x = 0. Substituting in Eq. (i) we have 
0= Asing giving $ = 0. (ii) 
Using (ii) in (i) we have 
x = Asin (wt + 0) 
= Asin wt 
or x= 4 sin 107¢ 


This is the equation of the SHM in which x is in centimetres and t in 
seconds 


Note; We could equally well consider a cosine function to describe 
the SHM as 


x = A cos (wt + 8) 


Setting x = 0 at t = 0 in this equation we have 


0 = Acos ô giving ô = : so that 


x =A cos (at +5) 
=Asinwt 


or =4sin 10 7t 


which is the same as the equation obtained above with a sine function. 


EXAMPLE 12.6 The displacement x (in centimetres) of an oscillating 
particle varies with time ¢ (in seconds) according to the equation 


x = 2 cos (0.5m se z) 


Find 


(a) amplitude of oscillation 

(b) the time period of oscillation 

(c) the maximum velocity of the particle 

(d) the maximum acceleration of the particle. 


Solution The displacement of the particle is given by 


*¥ = 2 0s (0.5m de z) cm 
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To find the amplitude and time period of the oscillation, we compare 
this equation with 


x = A cos (wt + ô) 
(a) Amplitude A = 2 cm 
(b) Angular frequency w = 0.57 rad s~! 


or = 


= 3.14 cm s~! 
(d) Maximum acceleration dmax = | = w? A| 
= (0.57 X 2 
E 
= 7 om s = 4.935 cm s~? 


ExaMPLE 12.7 A particle executes SHM of amplitude 25 cm and 
time period 3 s. What is the minimum time required for the particle 
to move between two points located at 12.5 cm on either side of the 
mean position? 


Solution 
- 25¢m -125cm Zero +12 5cm = +25cm 
} t l i : 
A Or 0 C B 


Fig. 12.7 


Let A and B be the two extreme positions of the particle with O as 
the mean position. Displacements to the right of O are taken as posi- 
tive while those to the left of O are taken as negative (Fig. 12.7). 

Let the displacement of the particle in SHM be given by 


x(t) = A sin (wt + $) (i) 
Where A=25cm and w= a F 2 rads 


3 et us suppose that at time ¢ = 0, the particle is at extreme posi- 
lon B. 


Setting x = A att —Oin Eq. (i) we have 
A=A sin $ 
giving ¢ = 7/2, 
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Putting ¢ = 7/2 in Eq. (i), we get 
x(t) = A cos wi ; (ii) 
where A = 25 cm. 


Now let us say that the particle reaches point C at £ = f, and point 
D at t = h, At C, the displacement x(t) = -+ 12.5 cm and D, it is 


X(t2) = — 12.5 cm (see Fig. 12.7). So from (ii) we have 

+ 12.5 = 25 cos wt; 
and — 12.5 = 25 cos wt, 
or cos wt, = + 0.5 or wt, = 1/3 
and cos wh = — 0.5 or wl, = z 

DTG ET m y 
Hence a(t, = t) = 25 5 
ie: Pee flan 
Lea Meee ters i o= F) 
3 

or = Amin = $7058 


Notice that cos wt, = — 0,5 even fort, = =. This value of t, does 


not correspond to the minimum time because this is the time at which 
the particle, moving to left, reaches A and then returns to D. 


EXAMPLE 12.8 Figures 12.8 (a) and (b) correspond to two circular 
motions. The radius of the circle, the period of revolution (7), the 


och alee 1) 


Fig. 12.3 
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initial position of particle P (t = 0) and the Sense of revolution (clock- 
wise or anticlockwise) are indicated on each diagram. Obtain the 
corresponding simple harmonic motions of the *-projections of the 
radius vector of the revolving particle P in each case. 


Solution 


7 pee in| 


F 
-Xa 


Fig. 12.9 


(a) Let us say that the particle moves in the Clockwise sense moa 
Fibi T 
P to Q in timez, the radius vector sweeping an angle 0 = wt = Ti 


= mt radians (’." T = 2s) as shown in Fig. 12.9(a). R is the foot of 
the perpendicular drawn from Q on the X-axis and displacement OR 
= — x(t), being to the left of origin O, In AOQR we have 


OR = OQ cos (z - 0) = OQsin 6 
Ce — x(t) = 3 sin 7t 
radius OQ = 3 cm and w = at 
Here x(t) is measured in centimetres. Hence the SHM is given by 
x(t) = — 3 sin at 
(b) In this case the particle moves in the anticlockwise sense on P 
to Q in time z, the radius vector sweeping an angle 6 = wt = 


J 


4 Tadians ("+ T—4 s) as shown in Fig. 12.9 (b). Ris the foot of 


the perpendicular drawn from Q on the X-axis and the displacement 
R = ~ x(t). In OOR we have 


OR = OQ cos wt 
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nt 


or — x(t) = 2 cos 3 


: art 
ie OQ =2 mand v = F) 
Here x(t) is measured in metres. Hence the SHM is given by 


mt 


2 


The student is advised to obtain the SHM of the Y-projection of 
the radius vector in each case. 


x(t) = — 2 cos 


12.8 TOTAL ENERGY IN SHM 


Consider a body at rest at its position of equilibrium. When it is dis- 
placed from this position (by doing work on it) it acquires potential 
energy. When the body is released it begins to move with a velocity, 
thus acquiring kinetic energy. At any instant of time, the kinetic energy 
of a body of mass m executing SHM is given by (using Eq. 12.14). 


Kinetic Energy (K.E.) = 4 mV? = } mA? w? cos? (wt + $) (22.16) 


The kinetic energy of the oscillator varies periodically, It is maxi- 
mum (= 43 m4?) when the velocity is maximum (= + wA) and dis- 
placement is zero, when the displacement is maximum (x = + 1), 
velocity V = 0 and K.E. = 0. At this extreme position, the energy is, 
all potential, for intermediate positions (x lying between 0 and + 4) 
the energy is partly kinetic and partly potential. 


A closer look at the equation of the displacement [Eq. (12.5)] 
x = Asin (wt + ¢) 


\ 


in SHM, reveals that the total energy of the oscillator must remain 
constant, because the maximum displacement (= + .4) is regained 
every half-cycle. If no energy is dissipated (we have neglected dissipa- 
tive or non-conservative force like friction) then all the potential energy 
becomes kinetic and vice versa. 

Let us now compute potential energy at any instant of time t. Let 
x be the displacement at time t. The potential energy is given by the 
amount of work required to move the body from x = 0 to x, by app- 
lying a force. This force must be just enough to oppose the restoring 
force F= — Kx. In other words, the force to be applied must be + K* 


Work required to give an infinitesimal displacement dx 


= force x dx 
= Kx dx 


Total work done to displace the body from 0 to x 
x 
E f Kxdx = } Kx 
0 
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Thus, Potential energy (PE) = $4 KA? sin? (wt + ¢) (12.17) 
= } ma*A* sin? (wt +4) 
where we have used Eqs (12.3) and (12.5) 


Equations (12.16) and (12.17) give the instantaneous (i.e. at any instant 
of time ¢) values of kinetic and potential energy. The total energy Æ 
in SHM is, therefore, given by 


E = KE + PE 
= $ mo? A? {cos? (wt + $) + sin? (wt + 4} 
= } mo’ A (12.18) 


which is constant as we would expect. It is obvious that the maximum 
values of kinetic and potential energy are equal (both equal to 
4 ma?A?) indicating that the energy exchange is complete. It is inter- 
esting to learn (Fig. 12.10) how the kinetic and potential energy of 
the harmonic oscillator vary with time. In plotting the curves in Fig. 
12.10, we have, for simplicity, set p = 0, i.e. the particle passes thro- 
ugh its mean position at time t = 0. 


— 


Ox 


Displacement 


Potential 


Kinetic 


CaS] 


Energy—> 


si T ik Ene Ha as 
& 2 4 
Fig. 12.10 Energy exchange in SHM 


Note The energy of the oscillator may decrease not only due to fric- 
tion in the system, but also due to radiation. The oscillating body 
imparts periodic motion to the particles of the medium in which it 
oscillates thus producing waves. For example, a tuning fork or a string 
produces sound waves in the medium which results in a decrease in 
vite ient) to obtain the 
It is instructive (and sometimes more convenient) to ovla 
equation of at (Eq. 12.2) using energy considerations. The total 
energy of the oscillator is given by 


B= KE TRE 


E=4m (2) + 4 Kx (12.19) 
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i : d, r ahs ; 
Since E is constant, i = 0. Differentiating Eq. (12.19) wrt time and 
setting 


dE 
ao 
we get 
dx dx dx 
m a ae + kx ==0 
Ce ME Se 
or Phot 


which is the Eq. (12.2) we have obtained earlier, 


EXAMPLE 12.9 A body executing linear SHM has a velocity of 
3 cm s~! when its displacement is 4cm and a velocity of 4cm s~ 
when its displacement is 3 cm. 

(a) Find the amplitude and period of the oscillation. 


(b) If the mass of the body is 50 g, calculate the total energy of 
oscillation. 


Solution (a) In SHM, the velocity V at a displacement x is given by 
V = w (42 — x22 


or V? = w? (42 — x2) 
Now V = 3 cm s~! when x = 4 cm. Therefore, 

9 = a? (A? — 16) (i) 
Also V = 4cms* when x = 3 cm. Therefore, 

16 = w? (4? — 9) (ii) 


Simultaneous solution of Eqs (i) and (ii) gives 
Amplitude A = 5 cm 
and angular frequency w = 1 rad s~! 


Hence Time period T = ae =27s5 
= 6.28 s 
(b) m = 50 g = 50 x 107 kg 
4=5om=5 x 102m 
w = | rads 


Total energy = } mA? 
= 4 x (50 x 10) x (5 x 10-2 (1)? 
= 6.25 x 10-5 J 
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ExamPLe 12.10 A particle is executing linear SHM of amplitude A. 
(a) What fraction of the total energy is kinetic when the displacement 
is half the amplitude? (b) At what displacement is the energy half 
kinetic and half potential? 


Solution 
Kinetic energy (KE) = $ mu? (4? — x?) 
Potential energy (PE) = 4 mw?x? 
Total energy (E) = 4 mw?A? 

(a) When x = 4/2, 


2 
KE = jm? (4-4) =$ mort 


E=}mi@ 
KE _ 3 
yaar 


(b) The energy will be half kinetic and half potential at a value of 
x when KE = PẸ, ie. 


4 m w? (42 — 2) = } mox? 

or A? — 2 = 7 
or ee 
2 


vV 


EXAMPLE 12.11 A horizontal platform (such as a piston in a machine) 
is executing SHM in the vertical direction with a frequency of 0.50 
Hz. A block of mass 10 kg is placed on the platform. What is the 
maximum amplitude of the platform’s SHM ensuring that the block 
1s not detached from the platform? 


Solution The block will not be detached from the platform, if the 
amplitude of the platform’s SHM is such that, the maximum accelera- 
tion equals the acceleration due to gravity, i.e. 


o? Anas = E 
g 
or Ama = 2 
RR I 
ARENAN h 


_ aae 


9.8 
= 4% (3.142? x 0.5 
= 0.99 m 
Notice that Aj, is independent of the mass of the block. 
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12.9 SOME EXAMPLES OF SHM 


We will now analyse a few physical systems that oscillate with SHM. 
We will obtain the expression for the time period of oscillation in each 
case. It may be remarked that the variable x in SHM need not always 
be linear. It could represent angular displacement as in the case. of a 
simple pendulum or charge as in the case of an electrical circuit involv- 
ing acapacitance and an inductance. In torsional oscillations x is 
the twist, and in thermal oscillations the heat. 


Mass-and-Spring System 


When a force is applied to a spring to compress or stretch it, the resul- 
ting compression or elongation does not bear a simple relationship 
with the force applied. Figure 12.11 illustrates the force-displacement 
relationship for a spring. This relationship is, in general, not linear. 
Only for small displacements is the relationship linear (portion AB of 
the curve). The elastic force produced in the spring is given by F = 
~ <x, where x is the change in the length of the spring when a force 
F is applied on it. The constant k is called the spring constant which 
is defined as the force required to cause a unit extension or compression 
in the spring. The unit of & in the MKS system is Nm~', 


Force— n 


Compression =~ Elongation 


Fig. 12.11 


Let us now analyse two simple systems of a mass oscillating on a 
spring. 


Horizontal Oscillations Consider a massless spring of constant k, one 
end of which is fixed rigidly on a well while the other end is attached 
to a body of mass m, which is free to move ona frictionless horizontal 


portional to the displacement (true only for small displacements) and 
38 opposite in sign, to the displacement, the resulting motion is. simple 
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harmonic. The body begins to move with a linear acceleration 


a*x r 
ie qe Which, from Newton’s law of motion, is given by 


x) ae 
a ~~ m* 
=- wx 
where om fk 
m 
20 k 
Al = = 
so w T > 


Relaxed 


ses (a) ZAF =0 


Stretched ; 5 
(b) Frkx--Y 


px n 
Fig. 12.12 Horizontai oscillations of a mass-spring system 


Thus the expression for the time period of this oscillation is 
Tao HE (12.20) 
k 


Frequency v of oscillation is 


ye A (12.21) 
2r m 


; : i illati f 
Vertical Oscillations Let us now consider the vertical oscillations o 
a loaded spring. Figure 12.13 illustrates the equilibrium position and 
force on the spring for two extreme positions T vas RAE 

In this case, the equilibrium state of the loaded spring i k 
when the spring is PEG to a distance d by the De aA Megs $ 1s 
the acceleration due to gravity. No force is acting on the body 

PE (12.22) 


a distance y from the equilibrium 


When the body is palo lating with SHM because the restor- 


Position and released it starts osci 
Ing force is given by 
F=- ky 
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state 


Relaxed 
O Equilibrium 


wan F 


Fig. 12.13 Vertical oscillations of a loaded spring 


5 : IE + 
imparting an acceleration gp given by 


PAET 
dt — m? 


which is the equation of SHM whose time period is given by 


(12.23) 


Equation (12.22) determines the constant k of the spring if m, g and d 
are known. The time period T given by (12.23) is the same as for 
horizontal oscillation. It depends only on mass m and spring constant 


k and is independent of gravity, 


The Simple Pendulum 


A simple pendulum (Fig. 12.14) is an 
idealized system consisting of a massless 
inextensible string, fixed rigidly at one 
end, having a point mass at the other. 
When the mass is displaced from the 
equilibrium position O and released, it 
oscillates. To determine the period of 
this oscillation we must compute the 
-restoring force. Suppose that the mass is 
at P at any instant of time during oscil- 
lation and let « be the angle subtended 
by the string with the vertical. The force 
acting vertically downwards at P is mg. 
This force has a component mg cos « 
which acts along the string and is balan- 


Fig. 12.14 Theļsimple 
pendulum 
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ced by the tension on the string. The tangential component is mg sin « 
and is directed opposite to increasing «. Thus, the restoring force is 
given by 


F= — mg sine 


g? a5 
=- me (« ~ 3 eo 


a? at 
=mi- tT) 
where « is in radians. 


The restoring force is not proportional to «, the angular displacement, 
and hence the oscillation is not simple harmonic. However, if « is so 
small that «? and higher order terms are negligible, we have 


F= — mga 


(The error in replacing sin « = « is nearly 1 per cent for « = 0.25 
tadian or 14°, For smaller angles, the error is even less.) 


Now since x is the displacement OP along the are, we have 


A mg x 
Bie Cok 
The acceleration of the bob, therefore, is 
Cx ea ae 
CMR) eet Wo ft 


which represents an SHM of angular frequency 
ea 
NTI 
i j (12.24) 
and period nE 2m z a 


Notice that the time period of a simple pendulum depends on its 
length Z and the acceleration due to gravity at that place but is inde- 
Pendent of the mass m of the bob. 


EXAMPLE 12.12 A helical spring stretches by 0.05 m when a mass 2i 
0.5 kg is hung from it. A body of mass 1.0 kg is A pre A 
its ends, the other end being rigidly fixed to the wall. ie g ee 
Pulled 0.01 m along a horizontal frictionless surface 2 re : z 
Determine (a) the force constant of the spring, (b) me ronen y, eb 
oscillation, (c) the amplitude of oscillation, (d) the veloci Y an ea 
ration when the body is 0.005 m from its equilibrium position, 
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maximum velocity and acceleration, and (f) the total energy of the 
oscillator. Assume the spring to have negligible mass and take 
g=10ms”. 


Solution (a) Force acting on the spring = mg = 0.5 x 10 =5N 
This force extends the spring by 0.05 m. 

pS. 
0.05 
1 /k 1 100 


E niL =S 
(b) Frequency v ENA IATA NTO 1.59 Hz 


(c) The spring is pulled a distance 0.01 m and then released. Thus, 
initial displacement when energy is only potential must be = 0.01 m 
which is the amplitude A of oscillation. 


(d) Displacement x = A sin (wt + ¢) 


k= = 100 Nm 


Velocity V = 2 = Aw cos (at + 4) 


3 d?y 3 
Acceleration a = a Aw? sin (wt + 4) 
when x = 0.005 m, we have 0.005 = 0.01 sin (wf + 4) 
or sin (of + $) =4 
cos (wt + $) = ta 


fie N OE 
Now w = ry = JE FN 10 rad/s 
K=O x 10x 1 0.087 m s~! 
and a= — 001 x 10x 10x }=-05ms? 
(e) Vinax = Aw = 0.01 x 10 = 0.1 m s™! 


The velocity of the body is maximum when it passes through the 

equilibrium position x = 0 and this happens twice in each period. 

When it is released it travels to the left and has a maximum velocity 

of — 0.1 ms‘. After half a cycle it passes through the x = 0 posi- 

igs ogan, this time moving to the right with a maximum velocity = 
1m s7 


ana = — Aw* = — 0,01 x 10 x 10 = — 1.0 ms 


when x is maximum (= + A) the acceleration is maximum = + 1.0 
m s~?, since acceleration and displacement are in directions opposite 
to each other in SHM. 
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(f) The total energy of the oscillator is 
E=%4 ma? A? 
=x 1.0 x (0.01) x 10? = 0.005 J 


EXAMPLE 12.13 A spring with no mass attached to it hangs from a 
rigid support. A mass ™ is now hung on the lower end of the spring. 
The mass is supported on a platform so that the spring remains relax- 
ed. The supporting platform is then suddenly removed and the mass 
begins to oscillate. The lowest position of the mass during the oscilla- 
tion is 5 cm below the place where it was resting on the platform. (a). 
What is the frequency of oscillation? (6) What is the velocity when 
the mass is 2.5 cm below its original resting place? Take g = 10 ms~ 
and neglect the mass of the spring. 


Solution (a) It is clear from Fig. 12.15 that the separation between 
the two extreme positions of the oscillating mass is 5 cm. Therefore, 
the equilibrium position O is 2.5 cm below D 

the supporting platform. In other words, 

force mg produces an extension y = 2.5 

cm in the spring. If k is the force constant 

of the spring we have 


mg = ky 

k g  1000cms* R 

t my 2a 
Platf 
The angular frequency of oscillation is A he ay 
k poss is 25cm 
hia m = VI = 20 rad s | j 
ify: Equilibrium 

Hen fi LA Pa 20 Sem Oo nosition 

ce frequency Y = 5° “3x342 | 

= 3.18 Hz ig tai 
4 NC NANE Lowest 
(b) Amplitude of oscillation is t---44~ position 
Fig. 12.15 


A = 2.5 cm 


When the mass is 2,5 cm below the platform, it is passing through the 
equilibrium position O and hence has the maximum velocity given by 


Vies E wA 
= 20 x 2.5 = 50 cm s? 


i hat is 
Exampte 12.14 If the mass m = 5 kg in Example 12.13, (a) what i 
the net force on the suspend mass at its lowest Poon ee 
the elastic restoring force on the mass due to the Ai a. eae 
brium position? (c) Show that the sum of the 
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mass, its gravitation PE and the 1 of the spring remains constant 
during oscillation. Take g = 10ms and neglect the mass of the 
spring. 


Solution Refer to Fig. 12.15 again. 


(a) At the lowest position of the mass, two forces act on it, both in 
the upward direction—(i) the reaction mg of the support and (ii) the 
force due to the acceleration of the mass at the lowest position (dmax). 


Now = yx = Aw? = 2.5 x (20)? = 1000 cm s-2 = 10 m s~? 
i Net force = mg + ma? nax 
= m (g + a max) 
= 5 (10 + 10) 
= 100 N 
(b) At the equilibrium position, the extension in the spring 
= 2.5 cm = 2.5 x 10? m. 
Restoring force acting upwards = force constant x extension 
Now force constant k = mu 
= 5 x (20)? = 2000 Nm“! 
Restoring force due to spring = 2000 x 2.5 x 10-2 
= 50N 


(c) Let L be the relaxed length of the spring and y. the extension 
produced in it due to force mg so that 


ky = mg (i) 
The displacement of the mass during oscillation is given by 
x = Asin (wt + 4) (ii) 


At the instant when the displacement is x 
2 
KE of mass = $ mV? = 4 m (=) = $ Ma? cos? (wt + p) (iii) 
PE of spring = 4k (y + xP = } k (y? + 2yx + 22) 
zs = $ ky? + kyx + 4 kx? 
Using (i) and (ii) and wœ = J 2 we have 
PE of spring = 4 ky? + mgx + $} mw? A? sin? (wt + $) (iv) 
Taking gravitational PE at the mean position to be zero, 


Gravitational PE at x = — mg x (v) 
Adding (iii), (iv) and (v) we get 
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Total energy of mass-spring system 
= } mA2u? cos? (wt + $) + 4 ky? + mg x 
+ 4 mA?o? sin? (wt + $) — mg x 
= 4 mA? + 4 ky? 


which is independent of time ¢ and hence remains constant. 


EXAMPLE 12.15 Two springs of force constants k; and kz are connect- 
ed to a mass m placed on a horizontal frictionless surface as shown in 
Figs 12.16 (a) and (b). Obtain the expression for the time period of 
horizontal oscillation in each case. 


Fig. 12.16 


Solution (a) Let the mass be displaced through a distance x, say to 
the right. Let x; and x, be the extensions caused in the springs of force 
constants k, and k, respectively, so that x = x; + 2. Since the res- 
toring force F exerted on the mass by each spring is the same, we have 


F= = kyxy = — kx 
F F 
giving wee: eae and. x=- raf 
1 ENEN ki + L) 
venta -Eg Eg) Gas 
ky ky 
=n i e aA 
En Po i 
or F= — kx 
where k = ens is the effective force constant of the combination. 
2 . . 
Hence the tine period of oscillation 1s 


Pad SE N 
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(b) In this case, if the mass is displaced through a distance x, say to 
the right, the spring kı is extended by x and spring k, is compressed 
by x; so that the restoring force exerted by each spring on mass m is 
in the same direction, tending to bring it to its original equilibrium 
position. If F; and F, are the restoring forces due to k, and k, respec- 


tively, we have 
Fr=—kx and F=—k,x 
Total restoring force F = — k; x — k, x = — (k; + k,) x 
F= — kx 


where k = (k; + kp) is the effective force constant of the combination. 


Hence 
— CS CEAS 
T=29 |” =a Ja k 


EXAMPLE 12.16 Show that the time periods for vertical harmonic 
oscillations of the three systems shown in Fig. 12.17 (a), (b) and (c) are 


2 : id P i 
in the ratio of 1:2: WE All springs are identical, each having a 


force constant k. 


Fig. 12.17 


Solution Let us sw 
when a force mg is 


ppose that an extension x is caused in the ee 
is given by 


applied to it. The equilibrium position in case (a 


F=mg=kx (i) 
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The time period in this case is given by 


"mass m i 
Ta = 20 spring constant 2m y k (ii) 


(b) In this case, the length of the spring is doubled. Hence a given 
force mg will double the extension. Let x’ be the extension produced 
and kere be the force constant of the combination. Thus 


F= mg = keg x’ 
= Die x (C EA = 2x) (iii) 
Comparing (i) and (iii) we get 
F = kx = ee X 
k 
or ka= 5 
Thus the time period in this case is given by 
Ty = ae fe eter a Gv) 
kote k 


(c) In this case, the extension x” produced in each spring{by a force 
mg is half that produced in case (a), i.e. 


Pee 
KE 
If kre is the force constant of the combination in this case, we have 
Kate 
F= mg = kax" = a x (vi) 
Comparing (v) with (i) we have 
kest = 2k 
lm J T, 
m MIE A ; 
Hence, T = 2r Er = 2r ak /2 (vi) 


From (ii), (iv) and (vi) we have 
Deel! 
7,:7:T.= TPA V2 
EXAMPLE 12.17 A tray of mass M = 12 kg is supported on two 


i P A mA is depressed a 
identical springs as shown in Fig. 12.18. When the tray is depr 
little and klene: it executes an SHM of period 1.5 s. (a) Find the 
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force constant of each spring. (b) When a block of mass m is placed 
on the tray, the period of the SHM becomes 3.0 s. Find the value of 
m. 


Tray 
M=12k9 


Fig. 12.18 


Solution (a) As explained in Ex. 12.16, the time period of oscillation 
of M is given by 
M 
T = 2r / ok 


where K is the force constant of each spring. Therefore 
poe 27? M — 2 x (3.142)? x 12 


T? (1.5)? 
= 105.3Nm! 
(b) The new period T; is now given by 
M 
Ty = 20 [ae 
Tk 
so that m+M = sat 
3)? x 105.3 
a eS aa =e 
or m = 36 kg 


EXAMPLE 12.18 A vertical U-tube of uniform cross-sectional area A 
contains a liquid of density p. The liquid column is disturbed by gently 
blowing into the tube. Show that the resulting oscillation of the liquid 


i simple harmonic and find the period of oscillation. Neglect viscous 
effects. 
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Solution Let the liquld level in the left arm be depressed by, say x. 
The liquid level in the right arm is raised by an equal amount x. When 
left, the liquid levels will oscillate in each 
arm about their respective equilibrium 
positions A, A’ (see Fig. 12.19). If viscous 
effects are neglected, the liquid will never 
come to rest. 

Since the column in the right arm is 
higher by 2x than the column in the left 
arm, the mass of this column of liquid is 
m = 24px. The gravitational force mg of 
this column provides the restoring force 
F., Thus 


F= — mg= — 2Ap gx = — kx 
where k = 2Apg. 


If L is the total length of the liquid in Fig. 12.19 
the U-tube, the total mass M of the oscil- 
lating liquid is 


M = pAL 
Hence the acceleration of the liquid column is given by 
Acceleration a = I 
mass 
ae 
EO a4 
2Apg 
pAb # 
ee 
a a=- ox witho= yi 


Hence the motion is simple harmonic. The time period of the 
motion is given by 


Note: The period of oscillation is independent of the density p of the 
liquid and the cross-sectional area A of the U-tube. 


ExAMPLE 12.19 A cylindrical piece of cork of height % and density pe 
floats in a liquid of density p;. The cork is depressed slightly and Se 
sed. Show that the vertical motion of the cork is simple harmonic an 
find its period. Neglect viscous effects. 
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Solution Let A be the cross-sectional area of the cork and ÑM its mass. 
Fig. 12.20 (a) shows the static equilibrium; the weight of the cork being 
balanced by the weight of the liquid it 
displaces. 

If the cork is depressed through a dis- 
tance x, as shown in Fig. 12.20 (b), the 
buoyant force on it increases by p; Agx, 
because p; Ax is the mass of the liquid 
displaced by dipping; g being the accele- 
tation due to gravity. If viscous effects 
are neglected, the restoring force on the 
cork is given by 


F= — p, Agx = — Kx 


where K = p, Ag. Since F œ — x, the 
fi motion of the cork is simple harmonic. 
Fig. 12.20 The time period of the motion is 


where M is the mass of the cork = Ahp,. Hence 


Alpe L gy fhe 


T 
T N pråg Zp; 


EXAMPLE 12.20 An air chamber of volume V has a neck of cross- 
sectional area a into which a light ball m can move without friction. 
The diameter of the ball is equal to that of 
the neck of the chamber, Show that when the 
ball is pressed down a little distance and re- 
leased, the ball executes SHM. Show that the 
period of the SHM is given by 


where B is the bulk modulus of air. 


Solution Let P be the pressure of air in the 
chamber. When the ball is pressed down a 
distance x, the volume of air decreases from 
V to say V — AV. Hence the pressure increases 
from P to P + AP. The change in volume 
(see Fig. 12.21) is 


AV = ax 


Fig. 12.21 
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The excess pressure AP is related to the bulk modulus B 


EAK 
as AP = — B 7 
Now Restoring force on ball = excess pressure x cross-sectional area 
B 
or F=- FAV 
Ba’ SA 
or Ea- gx Ce AV = ax) 
or Fo — Kx 


where K = Ba’/V 


i.e. F cc — x. Hence the motion of the ball is simple harmonic. If m 
is the mass of the ball, the time period of the SHM is 


or T=29r an 


Example 12.21 A simple pendulum is displaced from its equilibrium 
position O to a position P until the height of P_ above O is 0.05 m 
(see Fig. 12.22). It is then released, (a) Calulate’{the velocity of the 
bob when it passes the mean position O. 
Take g = 10 ms 2 and neglect friction. 
(b) What is the tension in the support- 
Ing string at this instant? The mass of 
ze bob is 50 g and the time period is 
8. 


heh 


Solution (a) The: potential energy of 
the pendulum at P 


= work done (against gravity) in 
raising the bob of mass m to a 
vertical height A 


= mgh 


When the bob is released, it oscilla- 
tes. The energy when it passes through 
O is entirely kinetic and is equal to 

mV? where V is the velocity at point O. Fig. 12.22 
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Since friction is neglected, the entire potential energy at P is converted 
into kinetic energy at O, giving 


4 mV? = mgh 


or V = v/2gh 
=V/2x 10 x 0.05 = 1 m s~! 
(b) Time period T = 2 s 


Angular frequency w = a = r rad s! 
At position O, the tension F in the supporting string is given by 
7 my? 
(F — mg) = centripetal force = cam 


where / = length of the string. We know that 


sh T woe | 
T=% f r w sae = 7 


Thus l= E 
Ww 
2a 
Hence F = mg + mee 
Vw 
= m =_= 
es 


Here m = 50 g = 50 x 103 kg, g=10ms2, V=1ms-! and 
w = ~ rad s™', Substituting these values we get , 


F = 50 x 103 x fio 4 oer 


0.55 N 


12.10 INITIAL CONDITIONS 


In Sec. 12.9 we have computed the frequency (or period) of a few 
harmonic motions. We noticed that the frequency was determined 
solely by the elastic and inertial properties of the system and was not 
dependent on the way the system was set into oscillation initially. The 
system, once disturbed (in any arbitrary way) and released, oscillates 
with a fixed frequency. Let us now learn what determines the other 
two constants, namely, the amplitude 4 and phase constant p of an 
oscillator. These constants are determined by how the system is set 
into oscillation. Consider the example of a simple pendulum. The pen- 
dulum can be set into oscillation in a variety of ways. We can displace 
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it, say to the right, and let go, so that it has a finite initial displace- 
ment and no velocity. We can give it a kick when it is at its equilib- 
rium position, in which case, it has a finite initial velocity but no initial 
displacement. We can also start with some initial displacement and 
then push when we let it go, in which case, it has finite initial dis- 
placement and finite initial velocity. The way the system is set into 
oscillation gives the initial conditions, i 

Suppose at time ¢ = 0 (i.e. when the system is released) we give an 
initial displacement x) and an initial velocity Vo; x) and Vy are both 
specified. This is the most general way in which a motion can be start- 
ed. Xo and V, will determine the constant 4 and ¢. Using Egs (12.5) 
and (12.14), and setting ¢ = 0 we have 


x = A sin $ 
and V, = Aw cos $ 
oxo 
tan $ = V, 
V2\1/2 
and A= (a+) 


m 


If at time t = 0, x = xo and V, = 0, then A = x,, and 4 =7 If, on 


Vi 
the other hand, x = 0 and V = Vy att = 0 then A = 7° and $ = 0. 


12.11 DAMPED OSCILLATIONS 


We have learnt that the total energy of a harmonic oscillator remains 
constant. Once started the oscillations continue for ever with a constant 
amplitude (which is determined from initial conditions) and a constant 
frequency (which is determined from force constant K and mass m of 
oscillator). Simple harmonic motions of this type are called free and 
undamped, In actual practice, however, the energy of the oscillator 
gradually decreases with time and it eventually comes to rest. This 
happens because, in actual physical systems, friction is always present. 

We know that the elastic restoring force is displacement-dependent 
(F = — kx). The damping or frictional force is an additional restor- 


bi 4 
ing force which is velocity-dependent { Fy = — b z), where b isa 


positive constant and is a measure of the friction present in the sys- 
tem. The equation of motion of an oscillator of mass m moving under 
a linear restoring force — Kx and also subjected to a damping force 
SRD a will be 
dt 
dx dx 


Pes a ne A 
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To find out how the displacement x of the damped oscillator changes 
with time ¢, we need to solve this equation. The solution of this equa- 
tion is outside the scope of this book. Here we simply quote the solu- 
tion which is valid for low damping, 


x(t) = A exp (— bt/2m) cos (at + 8) (12.25) 
K b 1/2 
where «= (= TAn is the angular frequency of the damped 
oscillator. We know that « = K/m. Therefore 
e ye 
aye (e g im) (12.26) 


Thus w is the angular frequency in the absence of damping; w is call- 
ed the natural frequency of the oscillator. 

Equation (12.25) shows that the motion of the damped oscillator is 
periodic (its period is 27/«) but not simple harmonic because its ampli- 
tude A exp (— bt/2m) decreases exponentially with time. The energy 
of the oscillation, therefore, decreases with time, the loss of energy due 
to friction appearing as heat in the medium (see Fig. 12.23). 


Equation (12.26) tells us that « < w, i.e. the frequency of the oscil- 
lator decreases due to damping. Thus the friction has three effects: (i) 
it changes the simple harmonic motion to periodic motion, (ii) it 
decreases the amplitude of the oscillation and (iii) it reduces the freque- 
ney of oscillation, 


Displacement 


Time 


Fig. 12.23 Displacement-time and energy-time curves for damped 
oscillation 
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12.12 FORCED OSCILLATIONS AND RESONANCE 


Since the free oscillations of a damped oscillator will eventually die 
out, it is necessary to supply energy to keep the system in oscillation. 
A problem of great practical importance is that of a damped har- 
monic oscillator driven by an externally applied harmonic force of the 
type F (t) = = sin ø t, where F) is the magnitude of the force applied 
and ø its angular frequency. The oscillator is then said to execute forced 
(or maintained) oscillations. Very often a system is set into oscillation 
by linking (or coupling) it in some way with another oscillating system 
(which we will call the driver). For example, in a resonance tube, the 
air column vibrates because it is linked (by sound waves) to the vibra- 
tions of a tuning fork. The diaphragm of a loud-spezker vibrates be- 
cause it is linked (by current oscillations) to the output circuit of an 
amplifier, The oscillator picks up energy from the driver and oscillates. 
Initially, the oscillator likes to oscillate at its own frequency 


(> a ae RES but the driver would like it to oscillate at its 
2r 2r Nm 
own frequency | v = <) and after some time it succeeds. At this 
T 


time, the oscillator has forgotten its time-history and begins to oscillate 
at a constant amplitude at the frequency of the driver. The oscillations 
are then called steady-state forced oscillations. In the steady state the 
rate at which power is lost through friction equals the rate at which it 
is fed to the oscillator by the driver. When the frequeney of the driver 
is varied, the amplitude of the forced oscillator also changes. In Fig. 
12.24 we have plotted the amplitude of the steady-state forced oscilla- 
tion as the frequency of the driver is varied from zero to a large value 
(see Supplement at the end of the Chapter). 


bes 


Guia ee D 


f a forced oscillator as frequency v’ of 


Fig. 12.24 Displacement o! 
F ate frequency of free-damped 


the driver is varied. v is the 
oscillations 


F y f forced oscil- 

We notice that the displacement (and hence energy) o l 
lations is very small ifv < yand v œv. But when v jet v a ampik 
tude of the forced oscillations becomes very large. In other words, when 
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the frequency of the driving force is equal to the frequency of free- 
damped oscillations, the oscillator responds most favourably to the 
driving force and extracts maximum energy from it. The case v’ = v is 
called resonance and the oscillations are then called resonant oscilla- 
tions. 

Resonance can be best illustrated by a very simple experiment. From 
the same elastic string PQ, (Fig. 12.25) suspended four pendulums 
A, B, C and D. 


Elastic strin 


Fig, 12.25 Resonance in pendulum motion 


The pendulum A (the driver) is set into oscillation. The pendulums 
B, C and D will also start oscillating because they are coupled or 
linked to A by the elastic string. Initially, the motion of B, C and D 
will be erratic. After some time (when the steady state is reached) the 
pendulums B, C and D will all start oscillating with the frequency of 
the pendulum A. The oscillations of pendulums B, C and D are forced 
oscillations. We will notice that the pendulum B, whose frequency is 
much larger than that of A, (since it is much shorter) and the pendu- 
lum D, whose frequency is much smaller than that of A, (since it is 
much longer) have a very small amplitude. The pendulum C which 
has the same length as the pendulum A (and hence the same frequency) 
oscillates with the largest amplitude. The oscillations of C are in reso- 
nance with those of A. 


_ In physics we come across a variety of resonances. The air-column 
in a resonance tube resounds when its frequency agrees with that 
of the fork, The most familiar example of resonance is when we tune 
our radio to a particular broadcasting station. There are many stations 
sending radio waves of various frequencies causing forced oscillations 
in the circuit of the receiver. A particular setting of the tuner corres- 
ponds to a particular frequency of the circuit. When this frequency 
equals that of the waves from a particular broadcasting station, the 
power absorption is maximum and hence we hear only that station. A 
sodium chloride crystal, which consists of positively and negatively 
charged ions, can absorb energy if subjected to an oscillating electric 
field. When the frequency of the relative oscillations of ions matches 
the frequency of the electric field, the crystal absorbs maximum energy 
from the field. 
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Some resonances can cause disaster. A column of army men march- 
ing over a bridge can set in a forced oscillation of the bridge. If the 
frequency of their footsteps happens to match one of the natural fre- 
quencies of the bridge, (which is determined by the dimensions and 
elastic properties of the material of the structure) resonance will occur 
and the bridge will oscillate with a destructively large amplitude. This 
is the reason why soldiers break step when crossing a bridge. 


SUPPLEMENT 


Mathematical Treatment of Forced Oscillations 


For the sake of simplicity we consider the case in which damping is 
absent. An undamped oscillator of natural angular frequency w = 


2. 
moe = — Kx + & sin ot 
2 
or A wx = fy sin at (S.1) 


where w = 4/ K/m and fy = F/m; m being the mass of the oscillator. 
To determine the response of the oscillator to the externally applied 
Periodic force F(t), we need to solve Eq. (S.1). Before we attempt to 


oye this equation, let us perform the experiment illustrated in Fig. 
.26. i 


F=Fysingt 


Support thread 


Fig. 12.26 Forced oscillations of a pendulum 


Consider a simple pendulum hanging from a support which can 
execute horizontal oscillations by attaching it to a rotating disc (hav- 
ing a motor not shown in the diagram) by means of a thread or wire. 


528 Physics for Class Xİ 


Let us suppose that at time t = 0 the pendulum is at its rest position 
when the support starts oscillating. The pendulum begins to oscillate 
under the influence of the periodic impulses imparted to it by the 
oscillating support. We will notice that for some time, the motion of 
the pendulum is quite erratic. But after some, the pendulum is seen to 
execute SHM of a constant amplitude at the same frequency as that of 
the support, i.e. the frequency of the applied force which is V (=0/27). 
Notice that the pendulum does not oscillate at its own natural 


frequency v (= w/27) given by ¥ = 5 4/2/l. This is the steady state 


of the forced oscillator. We will analyse the steady-state behaviour of 
the forced oscillator as it is important from the point of view of prac- 
tical application. 


The displacement of the forced oscillator in the steady state must, 
therefore, be given by 


x(t) = A sin (ct + ¢) (S.2) 


where c is the angular frequency (= that of the applied force) of the 
oscillator and ¢ its phase constant. Differentiating Eq. (S.2) twice with 
Tespect to t we get 


e = — 0°A sin (ot + $) (8.3) 
Using Eqs (S.2) and (S.3) in Eq. (S.1) we get 
— A sin (ot + $) + w?A sin (ot + ¢) = fy sin ot 
= fo {sin (ot + $ — $)} 
= fy {sin (ot + ¢) cos $ + cos (ct + ¢) sin $} 
collecting the coefficients of sin (vt + ¢) and cos (ot + 4), we have 
(— o°A + wA — fy cos $) sin (ot + $) 
— (fo sin $) x cos (ot + ¢) =0 


This equation will hold for all values of ¢ if these coefficients separa- 
tely vanish, i.e. if 


— PA + aA — fy cos = 0 (S.4) 
and fysin¢ =0 (S.5) 
Condition (S.5) gives sin ¢ = 0 or $ = 0 so that (S.4) becomes 
A (wo) =f, 
or a fo =) 
bs Folm 


(S.6) 


TOA V 


where w = 27v, o = 2nv' aud h = M/m. 
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Equation (S.6) gives the amplitude of the forced oscillator in the steady 
state. Notice that when v’ = v; A > oo, i.e. if the frequency of the 
applied force equals that of the natural (free) oscillations, the ampli- 
tude of the oscillator becomes infinity (i.e. very large). This is the case 
of resonance. If damping is included, the expression for A is modified 
and the amplitude of the forced damped oscillator is not infinite at 
resonance, as depicted earlier in Fig. 12.24; it will be large but finite 
at resonance, 


SUMMARY 


The most general definition of SHM is the motion in which the restor- 
ing force (and hence the acceleration) is proportional (and opposite in 
direction) to the displacement from the equilibrium position. Equiva- 
lently, it is the motion of the projection of a uniform circular motion 
on the diameter of the reference circle. 

The three characteristics of an SHM are the amplitude 4, period T 
(or frequency v) and phase constant (or initial phase) ¢. Amplitude is 
the magnitude of the maximum displacement from the equilibrium 
position. The period of an SHM is the smallest time interval during 
which the motion repeats itself. Frequency Y, which is the inverse of 
period, is the number of full oscillations completed in one second. The 
phase constant is a measure of the time that elapses before the oscilla- 
tor last passed its equilibrium position. The amplitude A and the 
phase constant ¢ are determined from the initial conditions which tell 
us how the oscillation is started at time t = 0. The period Tis deter- 
mined from the elastic (ie. force constant) and inertial (i.e. the mass) 
properties of the system. aia f 

The displacement of the oscillator in SHM is given by X = A sin 


(wt + ¢), where w (= 2m arv’) is the angular frequency of the 


T . . 
motion. T is measured in seconds, v in Hertz and œw in radian per 


second. 


The total energy of the oscillator 
and is constant. During the motion, 
potential energy and vice versa. eee ee 

In actual physical systems, friction is always present an ee 
of the oscillator gradually decreases with time and it eventually comes 


to rest. The oscillation is then said to HM aha en 
ical i i ed oscilla z 
Pi doal iapoitdti eo ions are then said to be forced. 


ally applied harmonic force. The oscillations are then st 
An T important case of forced oscillations is ae reani 
oscillation which occurs when the frequency of the driving force hap- 


i illati At resonance, the 
pens to agree with that of free-damped oscillations. At r 
damped pT responds most favourably to the driving force and 


extracts maximum energy, from it. 


in SHM is given by Z = 4 mw?A? 
kinetic energy is transformed into 
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EXERCISES 


1, Define SHM. Give two examples of SHM not mentioned in the text. 

2. Name the three physical parameters that characterize an SHM. Give the 
meaning of each. i 

3. ‘All simple harmonic motions are periodic, but all periodic motions are 
not necessarily simple harmonic’. Comment, 


4. What are the dimensions of period, frequency, angular frequency and 
force constant? Give the MKS unit for each. 

5. The motion of a particle is given by x = Acos (w t + 4). Show that the 
motion is harmonic, Write down the expressions for velocity and acceler- 
ation, of the perticle. Is the acceleration zero at any point in its path? 

6. If the mass of the particle in Question 5 is m, obtain the expression for 
its kinetic energy. Show that the kinetic energy is zero when x = + A. 

7. A particle executes an SHM of amplitude A. At what displacement is 
the energy half-kinetic and half potential? 


8. Show that the equation x = A sin (= + ) lof a particle executing 


SHM implies that the energy of the particle’ does not change with time. 


9. Under which conditions is the motion of a simple pendulum harmonic? 
Deduce the expression for its period and show that it is independent of 
the mass of the pendulum. 


10. Obtain the expression for the frequency of vertical oscillations of a mass- 
less spring of force constant K loaded with mass mand hence show that 
the frequency is independent of the length of the spring, Is the frequency 
also independent of acceleration due to gravity? 

11. Distinguish between free, damped, forced and resonant vibrations. Give 
an example of each. 

12. Establish the equation of motion of a forced. undamped oscillator and 
solve it for the steady state, 


13. What are periodic, harmonic and non-periodic functions, Give one exam- 
ple of each. 


14, State the Fourier theorem about periodic functions, 


PROBLEMS 


i. A particle executes SHM of amplitude 5 cm and a period of 2s. Find the 
speed of the particle at.a point where its acceleration is half the maxi- 
mum value. 

2. A body moves with an.SHM of frequency 0.5 Hz and amplitude 4 cm. 
Starting at a time when the displacement is 4 cm, find the values of dis- 
placement, velocity and acceleration 1.25 s later. 


3./A particle oscillates with SHM of amplitude’ 5 cm and period 6s, How 
long will it take to move from one end ofits path on one side of the 
equilibrium position to a position 2.5 cm on the other side of the equili- 
brium position? What is the magnitude of its velocity at this point? 


10. 


11. 


12. 


ce 


14, 


15, 
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. The equation of a simple harmonic motion is given by 


x = 3 sin Sat + 4 cos Sat 


where displacement x is in centimetres and time żin seconds. Find the 
amplitude, period and phase constant of the motion. 


. A particle in a linear SHM has a maximum velocity of 20 cms! anda 


maximum. acceleration. of 80 cm s—*. Determine the amplitude and angu- 
lar frequency of oscillation. 

The amplitude of the SHM of a particle is 5cm. When its displacement 
is 3 cm, its velocity has a magnitude of 0.5 m s-*. Find the period of the 
motion. If the mass of the particle is 10 g. What is its total energy? 


. A load of mass 0.5 kg hangs from a spring of force constant 10 N m7. 


The mass is pulled down 0.05 m from its equilibrium position and then 
released. (a) What is the distance between two most widely separated 
positions of the mass? (b) How long does it take to traverse this distance? 
A heavy object, placed on a shock absorber such as a rubber pad, com- 
presses it by 1 cm. If the object is given a vertical tap, it will oscillate. 
Find the frequency of oscillation. Neglect damping. 
(Hint: Assume that the pad acts like an elastic spring]. 
A pole of cross-sectional area A and mass M is floating vertically in a 
liquid of density p. The centre of gravity of the pole is below the liquid 
surface. If the pole is pressed down a little and released, show that the 
resulting motion is simple harmonic. Obtain an expression for the period 
of the motion. 
A uniform spring has a certain mass suspended from it. The spring is cut 
into two equal halyes and the same mass is suspended from one of the 
halves, Will the frequency of vertical oscillations be the same as before? 
If not, how is the frequency in the second case related to that in the first? 
A uniform spring of force constant k is cut into two pieces whose lengths 
are in the ratio of 1 :2. What is the force constant of each piece in terms 
of k? 
A pendulum clock shows accurate time. If the length of its pendulum is 
increased by 0.1%, what will be the error in time per day? 
By what percentage should the length of the pendulum ofa clock be 
changed so that it keeps correct time when moved from a place where g 
= 9.80 ms~? to a place where g = 9.82 m s~*? 
A person normally weighing 60 kg stands on,a platform which is oscillat- 
ing up and down harmonically with a period of 1.0 s and an amplitude of 
10 cm. If a weighing machine on the platform gives the person’s weight 
against time, what will be the maximum and minimum readings shown 
by it. Take g = 9.8 ms~*. 
A platform executes SHM in a vertical direction with an amplitude of 5 
cm and an angular frequency of 20 rad s~. A block is placed on the plat- 
from when it is at the lowest point of its path. (a) At what point will the 
block leave the platform? (b) How far will the block rise above the high- 
est point reached by the platform? Take g = 10 m s~’. 
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16. 


17. 


18 


19 


20. 


21, 


22. 


23, 


Suppose a tunnel is dug through the earth (assumed to be a homogene- 
ous sphere) from one side to the other along a diameter, A body dropped 
into the tunnel takes time żı to reach the centre of the earth. If the accel- 
eration due to gravity had remained unchanged, the body would have 
taken time fz to traverse this distance, What is the ratio ż, : t2? Neglect 
friction offered to the motion. 

(Hint: In the first case, the motion of the body is simple harmonic with 


a period T = 27 R, where R is the radius of the earth and g is the 
g 
acceleration due to gravity at its surface]. 
A body moves with SHM about a point x = 0. At time t = 0 it has a 
displacement of 5 cm and zero velocity. If the frequency of the motion is 
0.5 Hz, find the magnitudes of the displacement, velocity and acceleration 
at t= 1.25 s. 
The displacement of an oscillating particle is given by 
x =3 sin mt + 4 cos at 
where x is in centimetres and ¢ in seconds. Show that the motion of the 
particle is simple harmonic and find its amplitude. 
A horizontal platform with an object placed on it executes SHM of 
amplitude 2.5 cm in the vertical direction. What must be the least period 
of these oscillations so that the object is not detached from the platform? 
Take g = 10 m s~. 
A small spherical steel ball is placed a little way away from the centre of 
a large concave mirror whose radius of curvature R = 2.5 m. When 
the ball is released, it begins to oscillate about the centre. Show that the 
motion of the ball is simple harmonic and find its period. Neglect fric- 
tion and take g = 10 m s~, 
Two masses m and mz are suspended together by a spring of force cons- 
tant k. When the masses are in equilibrium, mass m, is removed without 
disturbing the system. Find the angular frequency and amplitude of oscil- 
lation of mz. Neglect the mass of the spring. 


A mass m is suspended at the end ofa massless wire of length L and 
cross-sectional area A. If Yis the Young’s modulus of the material of the 


wire, obtain the expression for the period of the SHM along, the vertical 
line. 


Which of the following functions of time represents (a) simple harmonic, 
(b) periodic but not simple harmonic and (c) non-period motion? Find 
the period T in each case of periodic motion; w is a positive constant. 

(i) cos wt — sin wt 

(ii) sin? wt 

(ii) 3 sin (7 — 2 wt) 
(iv) cos wt + cos 3 wt — cos 5 wt 

(v) wt (1 + wt) 
(vi) et 


13 
Waves 


13.1 INTRODUCTION 


There are essentially two ways of transporting energy from the place 
where it is produced to that where it is intended to be utilized. The 
first involves the actual transport -of matter. For example, a bullet 
fired from a gun carries its kinetic energy with it which can be used at 
another location. The second method by which energy can be trans- 
ported is much more useful and important; it involves what we call 
a wave process. The wave carries energy but there is no transfer of 
matter. When a drummer beats a drum its sound is heard at distant 
points. The sound carries energy as it can move the diaphragm of the 
ear. When a stone is dropped in the still water in a pond, water waves 
Move steadily along the water until they reach the shore. If there is a 
small floating object, like a piece of cork, it will move up and down 
near its own location, which indicates that the molecules of water do 
not move along with the wave. When a bulb is turned on, the room 
is flooded with light. Light waves also carry energy. It is possible to 
transmit an electric signal (or a message) from one place to another. 
Although these various processes of transport of energy are different, 
yet they have a common feature which we will call wave motion. 

The key word in wave motion is disturbance or perturbation. The 
Teason why a variety of wave motions are possible is that there are 
Various ways of disturbing the physical state of a body. In the case of 
Water waves, the disturbance is the change in the position of water 
Molecules relative to the equilibrium state (flat surface) brought about 

Y dropping a stone. For sound waves, the changes of pressure can be 
Tegarded as a disturbance. For this disturbance to travel from one 
Point of a medium to another, the particles of the medium must be 
Coupled to one another by some force so that the disturbance created 
at one point can be handed down to its neighbours. a 

It is essential, at this stage, to clarify the meaning of the word “dis- 
urbance’. The scope of its meaning need not be limited, in a narrow 
Sense, to mean the actual physical displacement of particles of a medi- 
Um. In fact, a material medium is not even necessary if some physical 
Property of space can exist in vacuum. We know that electric and 
Magnetic fields can exist in vacuum. Disturbance, in this case, could 

© a perturbation (or change) in these fields. This disturbance etravels 
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in vacuum, needing no material medium for its propagation. Light 
waves are an example of such a wave. 


In this chapter we will study only those waves which require a 
material medium for their propagation. We will now make an extre- 
mely important assumption, necessary for the existence of wave motion. 
We will ignore the molecular structure of matter and assume the 
medium to be continuous. The medium contains a large number of 
particles (e.g. one litre of air has 2.7 x 10” molecules). If these are 
distributed within a limited space, the average distance between them 
becomes exceedingly small. As an approximation one can imagine the 
number of particles to be approaching infinity and intermolecular 
separation tending to zero. Such a system is said to be continuous, 
Implicit in this description is the existence of waves. 


13.2 WAVES IN A CONTINUOUS MEDIUM 
Waves on a Stretched String 


Suppose you are holding one end of a long rope, the other end of 
which is fixed to a peg on the wall. (Fig. 13.1). Move your hand sud- 
denly upwards and bring it back to its original position. A kink (or 
pulse) is created in the string near your hand and you will see it move 
down the length of the rope. The particles of the string simply move 
up and down as the pulse passes by. The pulse obviously moves with 
a finite velocity. Let the pulse labelled 1 be created at time t = 0. It 
travels a distance x in time ¢ when a second pulse labelled 2 is created 
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Fig. 13.1 Propagation of pulses on a string 
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by moving the hand, say down-wards, and bringing it back to its ori- 
ginal position. Whatever be its shape or size, the second pulse will 
travel the same distance Yin time t. The velocity of each pulse is 


v= =. At time 2t another pulse labelled 3, of the same shape as pulse 


1, is produced and so on. The sequence till time 3¢ is depicted in Figs 
13.1 a, b,c and d. 

On the basis of these observations, the following two conclusions 
about pulse propagation can be drawn: (a) the pulse travels on the 
string carrying energy with it, but the string does not bodily move 
with it and no matter is transported; and (b) the velocity of the pulse 
is independent of the shape or size of the pulse. The pulse velocity v 
depends only on the medium. 

We will now enter into the domain of waves which are of immediate 
concern to us. You will notice that a succession of pulses were crea- 
ted in the string at regular intervals of time and this was easily accom- 
plished by jerking our hand up or down at regular intervals. Now 
suppose we create pulses on the string so that there is no time interval 
between them. We do not wait between two pulses. This can be easily 
accomplished by tying the free end of the string to a prong of tuning 
fork and setting it into harmonic oscillation. The result is depicted in 
Fig. 13.1e. Such a wave created by the simple harmonic oscillation of 
any particle of the string, is called a harmonic wave, We will be dealing 
only with harmonic waves. Such waves are travelling waves, moving 
down the length of the string. They eventually reach the fixed end and 
are reflected there. We will discuss reflection later. For the moment we 
assume that no reflection has taken place. In Sec. 13.4 we will analyse 
such a wave in greater detail. 


Waves on a Spring (Compressional Wave) 


Take a long spring one end of which is attached to a piston which can 
move right or left, the other end being fixed to the wall. Figure 13.2a 
depicts the state of affairs at time ¢ = 0. The piston is now made to 
oscillate with an SHM of period, say, 7. When the piston moves to 
the right, it compresses the coils of the spring immediately next to it. 
As time passes this compression labelled C travels down the length of 
the spring but the coils only vibrate back and forth. When the piston 
moves to the left, it extends the coils and this so-called rarefaction 
also travels along the spring following the compression. We say that 
a compressional wave travels along the spring. Figures 13.2b, c, d 


and e, depict the state of affairs at t = PP a and T respectively. 


13.3 TYPES OF WAVES f 
There are two typés of wave motions: (i) transverse and (ii 
nal. Hate aii 


) longitudi- 


it 
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Fig. 13.2 Compressional wave in a spring 


Transverse Waves 


_ In transverse waves the particles of the medium vibrate at right angles 
to the direction in which the wave propagates. Waves on a string de- 
picted in Fig. 13.1 are transverse. Water waves are also transverse. 
Electromagnetic waves (which include light waves) are transverse 
waves. Here, however, the disturbance that travels is not a result of the 
vibration of material particles but oscillation of electric and magnetic 
fields which occurs at right angles to the direction in which the wave 
travels, 


Longitudinal Waves 


In longitudinal waves the particles of the medium vibrate along the 
direction of wave propagation. The wave in the spring shown in Fig. 
13.2 is longitudinal. The most familiar example of a longitudinal 
wave is a sound wave. When we speak, the particles of air next to our 
mouth get displaced producing a compression. Thus a compressional 
wave (analogous to the wave on a spring) travels in air. Sound waves 
can travel in liquids, solids and gases. ( 


13.4 CHARACTERISTICS OF A HARMONIC WAVE 


In order to understand the propagation of a harmonic wave in a medium 
let us again consider the example of a transverse wave on a stre- 
tched string. We have seen in Sec. 13.2 how such a wave can be pro- 
duced. We will now examine it in greater detail. To fix our ideas we 
shall consider the motion of the first nine particles of the string (see 
Fig. 13.3), The particle labelled 1 is made to oscillate with SHM (say 
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by attaching it to a prong of a tuning fork) of period T and amplitude 
A. For the sake of simplicity. we assume that at 1 = 0 the particle 1 
is at its mean position (Fig. 13.3a) so that its displacement is given by 


ylt) = A sin wt = Asin (13.1) 
t=O) re re eee BIS, ota) 
at a ee ne NE (b) 
rh oA eats (c) 


E Dik eet es (d) 


A 
8 
RE 
4 
31 
5 
a ER G 
31 
4 eeta (9) 
71 
= Me or (h) 
j u = ú 


Fig. 13.3 State of particle oscillations and wave propagation 


This disturbance created at particle 1 (located at x = 0) will be trans- 
mitted to particles 2, 3, 4,. .. and so on. The particles 1 to 9 are iden- 
tical and equispaced. Let the interparticle spacing be such that the 


disturbance takes time 8 to travel from one particle to the next. The 


state of motion of the particles at time 
Th DiGi ee eh NSL 1T 
t= 0,3, 7 g? Pg ge z and T 
are depicted in Fig. 13.3. The sequence of Fig. 13.3 may be. under- 
stood S recallin aie reference circle in Ch. 12. The arrows indicate 
the direction in which the particle mi oye ge Lame Ths 
i ticles of the string has , g 

spacing between I ee particle 1 executing SHM given by Eq. 


i ee a 
CONN ee ‘and will move up the next moment. At 


(13.1) is at its mean position an 
(Fig. 13.3b), particle 1 is displaced by 


time? = ¢ 
, Ia T ENTE A 
s(r=5)=407 374ta 2 
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and particle 2 has just felt the disturbance and will have the tendency 
viola. 1 

to move up as particle 1 had at t = 0. At t = a (Fig. 13.3c) particle 1 

is displaced by 


y (=F) = 4 sin Ta 
Particle 2 is displaced by ve and particle 3 has just felt the disturb- 
ance which was created at pe ects) 
Because of equal spacing, the disturbance takes time? to move to the 
next particle. After t = A the particle 1 reverses its direction and 


starts moving down. At time t = A particle 1 completes half its cycle 


and is again at its mean position but now hasa tendency to move 
down, the disturbance created at particle 1 having reached as far as 


the fifth particle. Att = g» the displacement of 1 is 


SVA Ve Im 
y(: =) A sin 8 


| 
a 
a. 
5 
l 
ll 
l 
2 
i=) 


At time t = T when particle 1 completes one full vibration and passes 
through its mean position upward, the disturbance reaches particle 9 
which has the tendency to move up. Figure 13.4 shows what the string 
will look like att = 27, and t = 3T as particle 1 completes two and 
three vibrations respectively. We notice that as time passes new crests 
and troughs labelled C and T respectively are created giving the impres- 
sion that something is travelling down the length of the string. The 
disturbance (or wave) travels along the string and the particles execute 
SHM with the same period and amplitude. But the state of motion 
(or phase) of particle oscillation is different for different particles. 
This is the crucial point. We notice in Fig. 13.3i that the two nearest 
particles in the same state of motion (i.e. having the same phase) are 
1 and 9. They are both at their mean positions and are moving up. 
The phase of particle 5 is opposite to that of 1 or 9 as it is moving 
own. 
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Fig. 13.4 Travelling harmonic wave 


_We are now in a position to define some characteristics of a harmo- 
nic travelling wave. These are: 


Amplitude 


The amplitude of a wave is the maximum displacement of the parti- 
cles of the medium from their mean position. Assuming that the wave 
does not lose energy as it travels, the maximum displacement of any 
particle is the same as the amplitude of the harmonic disturbance cre- 
ated at any particle of the medium. In our example, the amplitude of 
the wave is A. 


Period 


The time period of a wave is the period of harmonic oscillations of 
particles of the medium which is the same for all particles. In our 
example, T is the period of the wave. The frequency Y of the wave is 


inverse of period T | (i.e. ¥ = 7j: 


Wave Velocity 


Wave velocity v is the distance travelled by the wave in one second. 


Wavelength 


alon ‘ection of propagation of wav 7 i 
WRR Ae areenan of vibration. In Fig. 13.3 i the particles 
1 and 9 are in the same phase. The distance 
length of the waye. (See also Fig. 13.4). j 

Another very important characteristic of a wave, namely, its phase, 


will be dealt with separately in Sec. 13.9. 
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13.5 RELATION BETWEEN FREQUENCY, WAVELENGTH 
AND WAVE VELOCITY 


Referring to Fig. 13.3 i we find that the wavelength A, i.e. the distance 
between particles 1 and 9 which are in the same phase of motion, is 
just the distance trayelled by the disturbance during one time period 
(T) of particle oscillation. The disturbance created at particle 1 at t = 
0 reaches particle 9 at t = T., 


Hence, velocity v of the wave is given by 


distance A 


oS ames tT (13.2) 
Since v= 1 
we have 
=vÀ (13.3) 


This very important relation between wavelength, frequency and wave 
velocity holds for transverse as well as longitudinal waves. We could 
impart an SHM to particle 1 in Fig. 13.3 along the x-axis. This distur- 
bance will travel from one particle to the next and at time t = T par- 
ticle 9 will be disturbed and its phase will be the same as that of par- 
ticle 1. We will then get a longitudinal wave travelling along the x- 
axis. Since the wave velocity v is determined only by the elastic and 
inertial property of the medium, it is a constant for a given medium. 
Frequency v is characterized by the source which produces a disturb- 
ance, e.g. a tuning fork in the example of Sec. 13.4. Hence, if v is 
changed, wavelength À changes so as to preserve product vA which is 
equal to v. 


13.6 MATHEMATICAL DESCRIPTION OF HARMONIC 
WAVE: THE WAVE EQUATION 


We have learnt that wave motion (transvesse or longitudinal) is a re- 
sult of particle oscillation. The state of motion (or phase) is, in gene- 
ral, different for different particles. The particles in the crest are in a 
different state of motion from those in the trough. A similar state- 
ment can be made for compression and rarefaction in the case of a 
longitudinal wave. What we observe (i.e. waves) is really the state of 
motion of various particles of the medium. In formulating such a 
wave motion in mathematical terms we must be able to relate the state 
of motion between any two particles. 


Consider a wave travelling along the x-axis with velocity v. This 
wave was created by giving harmonic oscillations of period T and 
amplitude 4 to a particle P located, say, at x = 0. We assume, for 
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simplicity, that the phase constant ¢ of this harmonic oscillation is 
zero so that the displacement of particle P is given by 


Qnt 


T (13.4) 


y (0, t) = Asin 
where y (0, t) stands for displacement at time ¢ of the particle located 
at x = 0. Let us now consider a particle Q on the x-axis at a distance 

RA 
x from P, The disturbance created at P will reach Q in = seconds. 


We now ask what is the displacement y (x, t) of Q located at x at any 
instant of time t. To answer this question we argue as follows. 


The displacement of particle Q located at x is equal to the displace- 
ment the particle P, located at x = 0, had z seconds earlier. 


In other words, the displacement of particle Q at an instant of time t 


= displacement of particle P at an instant of time 


aye 


v 
= Asin , since displacement of P is given by Eq. (13.4) 


for all t 


-sat 


Since the LHS of the above equality is y (x,t) we get, 


yt) = Asin i7 (: 2 *\} (13.5) 


This is the equation for a harmonic wave travelling along the positive 
x-direction. In deriving this equation we have assumed that (i) the 
amplitude A of particle oscillations does not change in the course of 
propagation of the wave and (ii) the medium is homogeneous, i.e. the 
wave velocity v does not change from place to place. 


For a wave travelling along the negative x-direction, the equation is 


y (x,t) = Asin ir (: dp aji (13.6) 


iti à. By 
We may use Eg. (13.5) to check our definition of wavelength 
definition, the’ He ft motion of two particles at a distance À apart 
must be the same. Setting x = 4 in Eq. (13.5) we have 


542 Physics for Class XI 


yA, t) = Asin 7 (: = 3 


ll 
a 
2 
B 


To y ©, t) 


In other words, the function y (x, t) repeats itself after a distance À. 
Wavelength À is also called the spatial periodicity of the wave. The 
wave is thus doubly periodic. It has temporal (in relation to. time) 
periodicity T and spatial (in relation to space) periodicity À. Equation 
(13.2) gives the relation between these two very important character- 
istics of wave-motion. Using Eq. (13.2) and substituting for T = 


= Eq. (13.5) can be rewritten, in an alternative form, as 


y@n=4 snf (: 3 =l 
or y (x, t) = A sin z (t — x) (13.7) 


We can rewrite Eq. (13.5) in yet another more compact form by defi- 


ning the two quantities, k = a and w = a In terms of k and w 


we can recast Eq. (13.5) as 


IA 2. f2at 2n% 
y @, t) = A sin (7 — a | 
=A sin (ot L z) CEA) 
or y (x, t) = A sin (wt — kx) (13.8) 


The quantity k is called the wave number and w the angular frequency 
of the wave. 


13.7 THE WAVE FUNCTION 


In the preceding sections we have described an important class of 
wave motions called harmonic waves. Harmonic waves are those waves 
which travel in a medium as a result of harmonic oscillations of the 
particles of the medium. They are, therefore, described by sine (or co- 
sine) function [see Eq. (13.7)]. Figure 13.4 shows the shape of a string 
when a harmonic wave travels in it. Notice that the shape of the string 
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is described by a sine function. The shape of the disturbed string is 
called its wave profile. 

Harmonic waves are not the only kinds of waves. For example in 
Figs 13.1 (a), (b), (c) and (d) we have seen how pulses travel in a 
string. These pulses (also called wave pulses) travel with the same 
speed as that of a harmonic wave shown in Fig. 13.1 (e). Pulses are 
also described by a displacement y (x, t) which is a function of both 
x and t. Such a function is called a wave function, Equation (13.7) 
shows the explicit form of the wave function for a harmonic wave 
travelling in the + x direction. 
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Fig. 13.5 Wave function of a wave pulse 


We will now obtain the general form of the wave function for any 
kind of a wave. We will consider the example of a pulse travelling in 
a long string with a speed, say, v. Consider a pulse located around x 
= 0 at time / as shown in Fig. 13.5a. Figure 13.5b shows the pulse 
when it arrives at a point x on the string. The time taken by the pulse 
to travel a distance x is x/v. Let y (0, £) stand for the particle dis- 
placement in the pulse at x = 0 at time ¢. Let us say that 


yO, =f 
where f (t) is an unspecified function of ż. It is clear that 


Displacement at x = 0 at time t = displacement at x 


j x 
at a later time ¢ + 5 


or Displacement at x at time t = displacement at x = 0 


at an earlier time 7* = t — 5 


=e) 


aa 


544 Physics for Class XI 


If the symbol y (x, t) stands for the displacement at x at time ft, we 
have 


vot) = s(t - 2) 


v 
Since v is a constant, we may write 


or y (x, t) = f (ot — x) (13.9) 


The wave function f (vt — x) is a function of both variables x and 
t. It must be clearly understood that the wave function for a pulse 
moving from left to right along the + x direction with a speed v de- 
pends only on variables x and t through a particular combination (x 
— vt). No other combination of x and t will represent a travelling 
pulse. The functional form of f will be different for waves of different 
profiles (or shapes) but the argument of the wave function must have 
the characteristic combination (vt — x) for all waves moving from 
left to right along the + x direction with a speed v. 

Similarly the wave function of wave pulse moving from right to left 
in the — x direction will be of the form 


y (x, t) = g (ot + x) (13.10) 


For a harmonic wave, we have obtained the explicit functional forms 
of wave functions f (vt — x) and g (vt + x). These forms are given in 
Eqs (13.5) and (13.6) respectively. Notice the characteristic combina- 
tions (vf — x) and (vt + x). 
The general form of the wave function may be written as 

y (x, t) =f (bt — ax) (13.11) 
which represents a wave travelling at a speed v = b/a. If b/a is posi- 
tive, the function (13.11) will represent a wave travelling in the + x 


direction. But if b/a is negative, it represents a wave travelling in the 


aa For a harmonic wave, the wave function is [see Eq. 


y (x, t) = Asin (bt — ax) (13.12) 
where b = 2m9/A = 27v anda = 2a/A are constants of the wave. 
The parameters 4, b and a completely describe a harmonic wave. 

Thus we find that the wave function f (bt — ax) describes all kinds 
of waves. We will, however, restrict ourselves only to harmonic waves 
described by the wave function in Eq. (13.12). With this discussion 


on general wave functions, we will now return to the special case of 
harmonic wave functions. 


13.8 GRAPHICAL REPRESENTATION OF A 
HARMONIC WAVE 


Equation (13.5) of a harmonic wave contains three variables—particle 
displacement y, particle location x and time ¢, The graph of y when 
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x and t are both changing is, therefore, a three-dimensional curve. To 
draw a graph on a two-dimensional plane, one of the two independent 
variables (x and?) is kept constant and the other is varied. Let us 
study how y varies with x at various values of time t. 


1. t = 0: Equation (13.5) becomes 


Fe 20% 
y (x, 0) = — Asin = — Asin] 
“ea x Yan Gel Evie. ELL 
or ee a mee lene 


zo 0) > 10) =A Sea 


Figure 13.6a is a plot of y (x, 0) against x. 


2. t= z Putting t = Tin Eq. (13.5) we get 


T S e EAN 27X 
y (x, M a) 4 7 


À A 3A 5A 3A TA 
Ta oia Neen T SA 2a 
y (x 7)> +A 0 —A 0 +A 0 —A 0 +A 


ve ¥ 
Curve (b) in Fig. 13.6 represents y (2 4) against x. 
T 
3. Att = 5 Eq. (13.5) reduces to 
. 29x 
v(x, z) = Aisin ae 
which is depicted in Fig. 13.6c. 


4. Att = 3T we get 


which is plotted in Fig. 13.6d. 


546 Physics for Class XI 


DAVA ZUIT[OARI} NUOUNLH 9'ET “SIT 


Waves 547 
5. At time t = T we recover the graph in Fig. 13.6a since 


y (x, 7) =A sin (27 a za) 


= > Asin 2 


Figure 13.6 is a graphical representation of a harmonic waye of am- 
plitude A, period T, and wavelength A, being created somewhere at 
the left of the point x = 0 and travelling to the right with a velocity 
v. For simplicity, we have plotted y against x, for x lying between 0 
and 2A. Waves, of course, extend beyond x = 2A, Figures 13.6b, c, d 
and e show piy the waves look like at successive instants of time 

=T P and T. One can imagine these curves to be instant 
photographs of the wave-train taken at five successive instants of time. 
The figure clearly shows that the whole pattern travels to the right 


with a velocity v = T The wave troughs at these five time-values 


have been marked as To Ti, Tz, T3 and Ts. The corresponding wave 
crests are Co, Cy, Cx, C; and C4. One can clearly visualize how crests 
and troughs move as time passes. We have seen that a transverse 
wave can be readily represented graphically since the displacements 
are perpendicular to the direction of propagation of the wave. A graph 
such as in Fig. 13.6 is the picture of the actual wave. The situation 
for a longitudinal wave is quite different. For a longitudinal wave in a 
gas there is a crowding of particles in a compression where their den- 
sity is high, and in a rarefaction it is low. Figure 13.7a is the picture 
of a longitudinal wave. This is not a very convenient representation. 
Instead, we represent a longitudinal wave by a graph which shows 
how a certain property of the medium, like particle density, differs at 
Various parts of the wave train. In Fig. 13.7b the straight horizontal 
line represents normal density. All points above this line represent 


Density > normal 


Nomal density 


Density<normal 


Fig. 13.7 Pictorial and graphical representation 
of a longitudinal wave 
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densities larger than normal and those below represent less than nor- 
inal densities. Another property of the medium, namely, particle dis- 
placement, can be similarly represented graphically. We must however, 
realize that the graph is not in any sense a picture of a wave. 


13.9 PHASE AND PHASE DIFFERENCE 


In Sec. 13.6 we obtained Eq. (13.5) for a harmonic wave, with the 
simplifying assumption, that at time f = 0 the displacement of the 
particle at x = 0 was zero, i.e. its phase constant $ = 0. If, however, 
the particle at x = 0 was not passing through its mean position at 


t = 0, Eq. (13.4) would be replaced by y (0, t) = Asin (+ $) 


where ¢ is the phase constant (i.e. phase at ¢ = 0) of the particle mo- 
tion. Equation (13.5) would then read 


ye) = 4 sin {E(t = *) 4 s} 


The argument of the sine function is called phase Ø in a harmonic 
wave. Thus, phase ® at space point x and time t in a harmonic wave 
is given by 


pa 7 (¢ a z) he (13.13) 


It is evident from this equation that the phase changes with time t as 
well as space-point x. 


Phase Change with Time 


The phase of a given particle (i.e. x fixed) changes with time. As time 
changes from ¢ to ¢ + At its phase changes from ® to 6 + A® where 
A®, using Eq. 13.13 is given by 

Qn 


AD = = At 


In particular, if ¢ changes by one full period (i.e. At = T) the phase 
changes by 27. 


Phase Change with Position 


Ata particular instant of time ¢ the Phase of vibration of various 
particles’ of the medium varies with the position x of the particles. 
The phase difference, at any instant of time ¢, between two particles 
Whose mean positions are x and x + Ax is given by 


iiba 


Waves 549 


The minus sign indicates that, for a wave travelling in the + x direc- 
tion, the particles at higher values of x lag behind in phase. This is 
because they receive the disturbance later than. those behind them. 
From the equation it is evident that if Ax = A the phase change is 277. 

The phase difference (rather than phase) isa very important and 
useful concept in relation to wave motion. We will use it to discuss 
the interference of waves. In fact, one often defines wavelength A and 
period T in terms of phase change. Wavelength à of a wave is the 
distance between points (or particles) whose phases differ by 27. Parti- 
cles whose phases differ by 7 (or 3m or 5r, etc.) are said to be in Op- 
posite phase. Similarly, the period T is the time during which the 
phase of a given particle changes by 27. 


ExAMPLE 13.1 When a plane wave traverses a medium, the displace- 
ment of particles is given by : 
y (x, t) = 0.01 sin 2m (2t — 0.01 x) 


where y and x are expressed in metres and t in seconds. Calculate (a) 
the amplitude, wavelength, velocity and frequency of the wave: (b 
the phase difference between two positions of the same particle at a 
time interval of 0.25 s; (c) the phase difference, at a given instant of 
time, between two particles 50 m apart. 


Solution (a) The given equation can be rewritten in the form 


ee us oh 
y (x, t) = 0.01 sin fao (200 ¢ x} 


Comparing this with the wave equation, 


y (x, t) = 4 sin {F (vt — »} 


we have, 
Amplitude A = 0.01 m 
Wavelength = 100m 
Wave velocity v = 200 m a 
200 
ue frequency» = 5 = 10 — 7H 


(b) Phase change in a time interval of At is 


Ad = z < At = 2evAt 
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or phase difference = 27 x 2 x 0.25 = m = 180°. In other words, 
the particle phase is reversed in a time 0.25 s which is obvious since 
its period 


pe ley igs 
PN 


(c) Phase difference for path difference of Ax is 


AD Sook BD pt cs 2a 


7 wm MOOR an Te, 180 


In other words, the particle located 50 m (which is half the wave- 
length) ahead of another particle lags in phase by 180°. 


EXAMPLE 13.2 A transverse harmonic wave of amplitude 0.01 m is 
generated at one end (x = 0) of a long horizontal string by a tuning 
fork of frequency 500 Hz. At a given instant of time the displacement 
of the particle at x = 0.1 m is — 0,005 m and that of the particle at 
x = 0.2 m is + 0.005 m. Calculate the wavelenth and the wave 
velocity. Obtain the equation of the wave assuming that the wave tra- 
vels along the + x direction and that the end x = 0 is at the equili- 
brium position at t = 0, 


Solution Since the wave is travelling along the + x direction and the 
displacement of the end x = 0 is zero at time t = 0, the general 
equation of this wave is 


iG Wan {F Ci x) @ 
where A = 0.01 m. . 
When x = 0.1 m, y = — 0.005 m 


— 0.005 = 0.01 sin z (ot — x)} 
where x; = 0.1 m. 
or sin {2 (ot — xd} =- > 
Phase 0, = = Ge ely is (ii) 
When x = 0.2 m, y = + 0.005. Therefore, we have 


+ 0,005 + 0.01 sin F (ot — x} 
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where x, = 0.2 m. 
(iii) 


er or “A (ot = x) = 


From Eqs (ii) and (iii) 


Now ApS z Ax 
Thus ne ee ONG yg dol Be 
>: x 4 = ae (0.1 — 0.2) 
or à = 0.2{m 
Now, 
Frequency v of the wave = frequency of the tuning fork 
= 500 Hz 


Hence Wave velocity v = YÀ = 500 x 0.2 = 100 m s~ 
Substituting for A. \ and v in Eq. (i) we get 
y (x, t) = 0.01 sin {10 7 (100 t — x)} 


_ This is the equation of the wave where y and x are in metres and f 
in seconds. 


Exampie 13.3 The particle displacements in a travelling harmonic 
wave are given by 

y (x, t) = 2.0 cos 2m (10t — 0.008 x + 0.35) 
where x and y are in centimetres and t is in seconds. What is the 


phase difference between oscillatory motion at two points separated 
À 
à and (5? 


by a distance (a) 4 m, (b) 0.5 m. (c) 7 


Solution The phase difference AP between particles separated by a 


distance Ax is given by 
| AS |= z » Ax 
where A is the wavelength. Now we know that 


n = coefficient of x in the argument of 


the sine Or cosine function 


= 27 X 0,008 
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à= 1008 ~ 125 cfii 
(C. x is in centimetres) 
= 1.25 m 
(a) For x= 4m, Aĝ = Tx 4 = 6.4 m rad = 0.47 rad, since 
a phase change of 27, 47, 6r, etc. implies no phase change. 
20 ia 
(b) For x =. 0:5'm, AS = 125 x 0.5 = 0.87 rad 
A À 
() For *=5, so = “5 = mrad 
3A 2m 3A 30 
(d) For x re Ad = Lk 7 rad. 


EXAMPLE 13.4 A travelling wave on a string is described by 
y (x, t) = 7.5 sin (0.005 x412 + 3) 


where y and x are in centimetres and t is in seconds. 


(a) Find the displacement and velocity of the particle of the string 
at a point x = 1 cm and t = 1s. [In this velocity equal to the wave 
velocity? 


(b) Locate the points on the string which have the same transverse 
displacement and velocity as the x = 1cm point has att = 2 s,5s 
and 11 s. 


Solution The particle displacements are given by 
y (x, t) = 7.5 sin (0.005 Xile 4 7) (i) 
Let us first find the wavelength and the wave velocity. Now 


2r p $ d 3 
Fop coefficient of x in the argument of sine function 


= 0.005 


; 2m = 
Sa A= 0.005 = 1256.8 cm = 12.57 m 


Also, 27 = coefficient of t in the argument of the sine function=12. 


j PN ae 19 E de E 2 
c = Sn On * oop = 400m st 


= 24 m s™ 
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Since the wave is travelling in the — x direction ata speed of 24ms"', 
the wave velocity is — 24ms'. 
(a) Putting x = 1 cmand t = 1s in Eq. (i), we have 
Displacement at x = lcm and f=ls 


= 7.5 sin (0.005 x 1412 x 1+3) 


= 7.5 sin (12.005 + 0.785) (~ m = 3.142) 
= 7.5 sin (12.79 rad) 

= 7.5 sin (732.7°) (~ 7 rad = 180°) 

= 7.5 sin (4r + 12.7°) 

= 7.5 sin (12.7°) 

= 7.5 x 0.2198 

= 1.65 cm 


Particle velocity is obtained by differentiating Eq. (i) with respect 
to t. We get 

dy T\ s 

V (et) = T 7.5 x 12 x cos | 0.005 x 12t + 7); (ii) 


Putting x = 1 cm and ¢t = 1 s in Eq. (ii) we get, as before 
Velocity atx = 1 cm and t = 1s = 7.5 x 12 x cos 12.7° 
= 87.8 ems! 


which is not equal to the wave velocity of — 24 m s~™!. 


(b) By definition of wavelength (A), all points on the string which 
are + A, + 2A, . .. = + mà away from x = 1 cm (here n is an inte- 
ger and A = 12.67 m) have the same displacement and velocity as 
those at x = 1 cm for all ¢ values. 


13.10 VELOCITIES IN WAVE MOTION 


We have learnt that the velocity of a wave depends on the elastic and 
inertial properties of the medium in which it travels. In terms of these 
properties one can obtain the expression for wave velocity in the 
medium. This derivation involves the use of differential calculus and 
is outside the scope of the present book. We can, however, use the 
method of dimensional analysis to determine how the wave velocity 
depends on these two properties. 


Velocity of a Transverse Wave on a Stretched String 


Consider a transverse wave travelling on a string of mass m, per unit 
length stretched by a tension F. We can now make a guess as to the 
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factors on which the wave velocity v should depend. The wave velo- 
city must obviously depend on the elastic and inertial properties of the 
medium. Tension F is a measure of the elasticity of the string. When 
the tension is increased the elastic restoring force, on an element of the 
string which is displaced, increases. So, v must depend on F. The 
mass of the element of the string determines its inertia. As the velo- 
city v does not depend on how long the string is, we guess that it 
should depend on m, the mass of a unit length the string. We may 
also except v to depend on the radius r of the string. The factors r 


and m together determine the density p = Tr 


Thus, we assume that v is given by 
v = KF*mr¢ 


where K is a dimensionless constant and a, b and c are unknown ex- 
ponents. In terms of mass M, length L and time T, the dimensions 
of various quantities are 


F = MLT”? the dimensions of force 
m = ML-—"' the dimension of m 
r=L 
»=LT! 
Substituting these dimensions in the equation, we get 
(LT) = (META: (MEY (Ly 


K being dimensionless 


Gy (ET) = (Mat? Lare T2) 
Equating the exponents we get 
a+b=0 
ab eci 
-2a=-1 
which yields 


Hence 


jon 
m 


Starting from a reasonable guess as to the factors likely to be signi- 
ficant, we have obtained an expression for wave velocity without using 
any physical law. We cannot however, evaluate the constant K, which 
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can be done either by a detailed mathematical analysis of the problem 
or by doing an experiment. It turns out that K = 1, The velocity of 
a transverse wave travelling on a string, of mass per unit length, 
stretched by a tension F is given by 


ye 
v= |> 
m 
The force in a string is called tension and is usually denoted by a 
symbol T (not to be confused with time period) and not F. Thus 


ie ie (13.14) 


If T is in newton and m in kg m ', v will be in m s™'. 


EXAMPLE 13.5 Transverse waves are generated in two uniform steel 
wires A and B of diameters 10° m and 0.5 x 10~ m respectively, by 
attaching their free end to a vibrating source of frequency 500 Hz. 
Find the ratio of the wavelengths if they are stretched with the same 
tension. 


Solution The density of a wire of mass M, length Z and diameter dis 
given by . 


4M _ Am 

P| mL nd 
TI: 
now v aye 
A on 
and m= JZ 
Ms 

no [m 4 

vg ma dy 


but va = vA, and og = vAg, Y being the frequency of the source. 


À v dg EA 0.5 x 10 Kn 
Hence i Ri TAARN 107 Qa 


Velocity of Sound (longitudinal) Waves in a Medium 
Let us try to guess what factors are likely to influence sound velocity 


The springs represent intermolecular forcer 
the right, < ression wave will t i 
ball ceciltates. The wave velocity will obviously depend on the mass o 
the balls. The heavier the balls, the greater will be their inertia an 
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the less the acceleration produced by a given force (Newton’s second 
law) and hence the longer will be the time required for the disturbance 
to travel. Thus, v should depend on the density of the medium and we 
expect the wave velocity to be less fora denser medium. Secondly, if 
the springs are stiffer (greater intermolecular attraction), the larger 
will be the restoring force and we expect a greater wave velocity. The 
modulus of elasticity Æ is'a measure of the ‘springiness’ of a medium. 
Hence, we expect v to depend on Æ. Thus we write 


v = KE%> 
Dimensions of E = Sues = force 
strain area 
-2 
nbs MT = (ML! T) 


Dimension of p = (ML) 
Therefore, we have, 
(LT) = (MT+ Tẹ)” (ML) 
mes (Mate L773 2) 


a+b=0 
—a— 3b=1 
E 
which give a= b=-—} 
Hence o=K JZ 
P 


The dimensionless constant K, as before, can be determined either by 
an elaborate theory or by an experiment which gives K = 1. 


Os E (13.15) 


For a solid rod in which the wave travels along the rod the rel t 
modulus of elasticity is Young’s modulus Y. Thus for a solid, re 


A X (13.16) 


For a gas or a liquid where the wave propagates in irecti 
relevant modulus of elasticity is the balk saddulue a teas 


Be te (13.17) 
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If the modulus of elasticity is expressed in Nm~ and density in kg m’, 
the wave velocity v will be in m s~’. 


EXAMPLE 13.6 Calculate the velocity of sound in (a) water and (b) 
steel. Given density of steel = 7800 kg m~’, Young’s modulus of steel 
= 20 x 10! Nm™ and bulk modulus of water = 0.20 x 10" Nm. 


Solution (a) E (water) = 0.20 x 10 Nm? 
p (water) = 1000 kg m~™° 


» (water) = ES Ls = 1414m s~! 


(b) Y (steel) = 20 x 10° Nm” 
p (steel) = 7800 kg m™° 
E E oS. 3 
v (steel) = ECE 5060 m s 


The experimental value at 0 °C is 5.10 x 10° ms™ 
The following table gives measured values of the velocity of sound 
in various substances at 0 °C. 


Table 13.1 Velocity of sound in various substances at 0 °c 
(metres per second) 


Substance Velocity Substance Velocity 
F Air 332 steel 4975 
Hydrogen 1268 lead 1420 
Carbon dioxide 259 glass 4860 
Fresh water 1435 wood 4000 
Sea water 1454 rubber 5000 
Mercury 1484 FE IP 


13.11 NEWTON’S FORMULA AND LAPLACE’S 
CORRECTION 


Newton gave the first theoretical expression for the velocity of sound 
wave in air. He assumed that when a sound wave travels through a 
gaseous medium, the temperature variations in the regions of compres- 
sion and rarefaction are negligible. The conditions are, he 
isothermal and Boyle’s law can be applied. Consider a volume y cs : 
gas at pressure P. As a result of sound having travelled in it, let the 
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change in pressure be A P and the corresponding change in volume 
by A V. From Boyle’s law, we have 


PV = constant (isothermal change) 
Differentiating partially we have 
P. AV + P,.AV=0 
aly AP ___ excess pressure 
oF Seog AV/V ~~ volume strain 
B; (by definition) 


where B, is the volume elasticity (or bulk modulus) of the gas. when 
isothermal conditions hold. Remember when A P is positive, A V will 
be negative (compression) and vice versa. Hence, B, is always positive. 
Therefore, under isothermal conditions 


fp 


This is Newton’ formula for the velocity of sound in a gas, For air at 
standard temperature and pressure (STP), the density p = 1.29 kgm 
and pressure P = 0.76m of mercury = 0.76 x (13.6 x 10°) x 9.8 


Nm”. Substituting for P and p in formula (13.18) the velocity of sound 
in air at STP is equal to 


Il 


0.76 x 13.6 x 10° x sy" 
1.29 


= 280m s 


The experimental value, from various experiments, for the velocity of 
sound at STP is 332 ms~! which is considerably higher (by about 
16%) than the above theorétical value obtained from Newton’s 
formula. Newton was unable to give a satisfactory explanation for 
this discrepancy. The first satisfactory explanation was given by a 
French scientist, Laplace, in 1816. 


Laplace’s Correction 


As a sound wave travels in a gas, the region of compression is heated 
and that of rarefaction cooled. The thermal conductivity of a gas 1S 
small and these thermal changes oceur so rapidly that the heat deve- 
loped in compression and cooling produced in rarefaction is not 
transferred out or in to achieve thermalization during the short time- 
scale. The time-scale is the time required by sound to travel from 
compression to rarefaction. The wave ‘sees’ regions of unequal tempe- 


rature. Laplace pointed out that the thermal changes are adiabatic 
which obey 


PV” = constant 
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where y = A C, and C, being specific heats of gas at constant pres- 
sure and at constant volume respectively. Differentiating partially we 
get, 
P x yV” AV + APV” = 0 
piel PSC CGR Weg 
or beet OP ren Ny ETE ENTE A 


where B, is the volume elasticity, the subscript a refers to the adiabatic 
change. 


Thus omar (13.19) 


Taking y = 1.4 for air, velocity of sound in air at STP is 


1/2 
os (4 x 0.76 x 13.6 x 10° x 22) = 331 ms” 


1.29 


which is in close agreement with the experimental value, thereby esta- 
blishing the correctness of Laplace’s explanation. 


13.12 EFFECT OF CHANGE OF PRESSURE, TEMPERATURE 
AND HUMIDITY ON VELOCITY OF SOUND 
IN A GAS 

Change of Pressure 


The pressure P and volume V of a gas of mass m at a given temperature 
are related as 


PV = constant 


or LRE constant, where p is the density of the gas 
P 


or É = constant 
P 
Hence the velocity of sound in a gas is independent of its pressure. 


Change of Temperature 
Let v, and vp be the velocity of sound in gas at t °C or 0 
tively. From Eq. 13.19 we have 
yP 
UT ee em 


°C respec- 
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yPo 
and a= PER 
\ Po 
lg be 13.20 
or ne di Fons (13.20) 
From the gas equation, 
Po¥o _ PY 
i aa 1 


where T = (273 + t) °C and Tọ = 273 °C are absolute temperatures 
at t °C and 0 °C. 


Pon _ Pm 
Er polo pT 
Game asm 
g Po P T 
Substituting in Eq. (13.20) we have 
a TBE A ( Re ie 
ene = tt)" = (14 a7 (13.21) 


Thus, the velocity of sound in a gas is proportional to the square root 
t 
of its absolute temperature. For small changes in temperature 373 <1 


and we can use the binomial expansion to write, 


PENA : 
v, = vo (1 fe ; ; za) terms of order (7) and higher are neg- 
lected. 


vı = vo + 0.61t, since for air vo = 332 m s~". Thus, the velocity of 
sound in air increases by about 0.61 m s~" for each degree Celsius rise 
in temperature. 


Change of Humidity 


The presence of water vapour in a gas lowers its density. Consequently, 
sound travels faster in humid gas than in dry gas under the same con- 
ditions. An increase in humidity increases the speed of sound. 


EXAMPLE 13.7 A string of mass 2.50 kg stretches to a length 20.0 m 
when subjected to a tension of 200 N. A transverse pulse is created at 
one end of the string. How long does it take to reach the other end of 
the string? 


Solution 


Mass per unit length (m) = On 0.125 kg m~ 


Tension (T) = 200 N 
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Speed of the pulse (v) = Hes 


19.7200 
~ N 0.125 
= 40ms! 
Time taken by the pulse to travel the entire length (20 m) of the 
: 0m 
string = ms > 0.5 s. 


ExaMPLE 13.8 A person dropsa stone from the top of a tower 
340 m high which splashes into the water of a pond near the base of 
the tower. If the speed of sound in air is 340 ms”, find the time taken 
between the dropping of the stone and the hearing of the splash by 
him. Take g = 9.8ms~. 


Solution The time taken is t = fı + fa, where 1; is the time taken by 
the stone to fall through a distance h, the height of the tower and f, 
is the time taken by the sound to travel a distance = h, These times 
are given by 


ja 


MESNE gt? 


eo 


and h = vt 


where v = 340 m s~! is the speed of sound. Therefore 


ah JZx 30 
pig I = fee 8.33 s 


h 340 m 
and b= x = 340 m = =1.0s 


t= = 9.335 


cities of sound in hydrogen (H3) and 


1 
ExAaMPLE 13.9 Compare the bee e Cpevific heats of Hy and co, 


carbon dioxide (CO). The ratio (y 
are respectively 1.4 and 1.3. 


Solution 


IP EEE 
Mo and = Alp, 
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Since density of a gas is proportional to its molecular weight, 


Pi E 2.016. AG 
Ci 14 ) = 
a (3 x 21.83 4.85 


Velocity of sound in hydrogen is 4.85 times that in carbon dioxide. 


EXAMPLE 13.10 The velocity of sound in air at 15 °C is 340 ms“. 
Calculate the velocity at (a) 0 °C and (b) 30 °C. What is the velocity 
at 15 °C if the barometric pressure changes from 76 to 75 cm Hg? 


Solution 
My (73 + ia 
vo 26; 273 
(a) When t = 15 °C, v, = 340 m s~! 
a 273 Sao 273 4 
vo = 340 x (aes) == 340 x gg = 33ims 


(b) When ¢ = 30°C 


1/2 303 
039 = vo (a5) = 331 x a = 349ms! 


The velocity of sound is not affected by any change in pressure. At 
15 °C, it remains 340 m s~! when the atmospheric pressure changes 
from 76 to 75 cm Hg. 


EXAMPLE 13.11 Ina laboratory experiment (room temperature being 
15 °C) the wavelength of a note of sound of frequency 500 Hz is 
found to be 0.68 m. If the density of air at STP is 1.29 kg m”, calcu- 
late the ratio of the specific heats of air. 


Solution 


Velocity of sound (v,) at 15 °C = vA = 500 x 0.68 = 340 ms 


Velocity 0 aaa = t 
(vo) at C 340 x 273 15 331 ms 


Po = 1.29 kg m° 
and Po = 0.76 x 13.6 x 103 x 9.8 N m2 
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A P, € 
Since = (aay eg! 
© vo Po Y C 
2, ROW A 331 x 331 x 1.29 i =" 9.30 
~ 0.76 x 13.6 10° x98 


13.13 BOUNDARY EFFECTS 


So far we have discussed waves that travel unobstructed in a medium. 
But the mecium must end somewhere. For example, water waves ina 
pond will eventually reach the boundary of the pond. Similarly the 
waves on a string will reach the ends of the string. If a wave travelling 
in one medium meets the boundary of another medium, it is partly 
reflected back into the first medium and partly transmitted (or refrac- 
ted) into the second medium. We shall first discuss reflection of waves. 


Reflection of Waves 


It is instructive to consider what happens when a pulse travelling on a 
string encounters a discontinuity, which we will take to be a rigid wall 
where the end of the string is fixed as shown in Fig. 13.8. When the 
pulse travelling from the left reaches the point of attachment, the 
string exerts an upward force on - 
the wall. By Newton’s third law of 
motion, the wall, in turn, merely 
by remaining stationary, exert a - 
downward force on the string. The 
result is that the string is accele- 
rated in the downward direction, 
thus creating a reflected pulse, with A 
negative displacement, that travels Saai 
in the reverse direction. Therefore, a 
a crest is reflected as a trough. i 

If, instead of a pulse, we have a i 


harmonic wave incident on the 
wall, a reflected harmonic wave Fig. 13.8 Reflection of a pulse in a 


will travel in the opposite direction string from a rigid wall 
in which the particle displacements shown in four stages at 
are reversed. Thus, if the particle equal intervals of time 


displacements in the incident wave 
(which travels in -+ x direction) are given by 


y; (x, t) = Asin {F (vt — x) F 


the particle displacements in the reflected wave 
— x direction) will be given by 


y (x,t) =- Asin {F (ot + x) 


(13.22) 


(which travels in the 


} (13.23) 


N 
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Since the reflected wave travels in the same medium as the incident 
wave, its speed, wavelength and frequency will be the same as those of 
the incident wave. Since 


ean rota} Asin f (ot 4 Dtr} 


the reflected wave suffers a phase change of = radians with respect to 
the incident wave. The reflected wave obeys the usual laws of reflec- 
tion. These conclusions hold not only for waves on a string but also 
for all types of waves including sound and light waves. 


Refraction of Waves 


We have discussed above the mechanism of reflection of a pulse in a 
stretched string at an infinitely massive wall. Let us see what happens 
when a positive pulse, started at the free end of a light string, meets 
a heavier string which is joined to the other end of the lighter string 
(Fig. 13.9a). Let us assume that both strings are stretched with the 
same tension. The linear density (mass per unit length) of string A is 
less than that of string B. When the pulse reaches the point of attach- 
ment of the strings, it is partly transmitted and partly reflected. The 
transmitted (or refracted) pulse is positive and the reflected pulse is 
negative. If, instead of a single pulse, we send a periodic series of 
pulses (i.e. a wave) along the string A, this wave on reaching the 
interface will be partly reflected and partly refracted. Since the linear 
densities of the strings are different, the velocities of the reflected and 
the refracted waves will be different. Also, the reflected wave suffers 


a phase change of 180° whereas the refracted wave does not undergo 
any phase change. 


A J \ B 8B / \ A 
A I 8 B x oe A 
A 
(a) (b) 


Fig. 13.9 (a) Reflection and refraction of a pulse when the 
second string is denser than the first. Note a 
phase change of 180° in the reflected wave (b) 
Reflected and refracted pulses when the second 
String is lighter than the first. (Note that the 


reflected wave does not undergo any phase 
change) 


_ We can do the two-string experiment by sending the incident pulse 
in the heavier string as illustrated in Fig. 13.9b. The pulse is partly 
teflected and partly transmitted. The reflected wave is not inverted in 
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this case, indicating that no phase change occurs when a pulse, travel- 
ling in a denser string, is reflected at the boundary of the lighter 
string. These conclusions about one-dimensional waves on strings hold 
for all types of waves. 


Note The wave velocity and the wavelength of the refracted wave are 
different from those of the incident wave, their frequencies, however, 
are equal. The refracted wave obeys Snell’s law of refraction. Since 
the frequencies of the incident and refracted waves are equal, we have 


vj __ UF 
Lace alee" (13.24) 


where subscripts jand r stand for the incident and refracted waves 
respectively. 


EXAMPLE 13.12 A bat emits ultrasonic sound of frequency 102 kHz 
in air. If this sound meets a water surface, what is the wavelength of 
(a) the reflected sound and (b) the transmitted sound? Speed of sound 
in air = 340 ms”! and in water = 1428 m sa 


Solution 
Frequency (v) = 102 kHz = 1.02 x 10° Hz 


(a) The reflected wave travels in air. From Eq. (13.24) its wave- 
length is 


Ube ey moped = x 103 m 
À = 707 x 10 3.33 


(b) The transmitted wave travels in water, its wavelength will be 


a tees 1428 44 x 102m 
Ay = One i 


13.14 SUPERPOSITION OF WAVES 


i i f a single wave in a 
We have so far discussed the propagation © in 
medium. In practice, however, one often comes across te py 
of two or more waves travelling through a medium am EA 
boatman may receive the sound wave from the siren 0! a ship y 


from it as well as the wave reflected by the seawater. A Roane log pa 
simultaneously receive water waves created by two or more . 


transverse wave ona string will eventually gh rolecte pe bel iene 
and we have two waves travelling in opposite ite ti tose 
We use the term interference to describe the physica 


position of two or more waves travelling through the same region of 


space. 
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The Superposition Principle 


Consider two waves travelling in a medium. Let us focus our attention 
on the motion of one particle of the medium. When a wave reaches 
this particle, it suffers one displacement. When two waves simultane- 
ously cross this particle, it suffers two displacements, one due to each 
wave. The resultant displacement of the particle is given by the algebraic 
sum of the individual displacements given to it by the two waves. This 
is the principle of superposition. 


Superposition of Two Pulses 


Let us apply the superposition principle to find out what happens 
when two pulses of identical shapes travelling in opposite directions on 
a string cross each other. Figure 13.10 shows the two pulses moving 
towards each other with a speed of 1 m s7. Figure 13.10 a to f show 
the wave form after eyery second. They cross each other between 
t = 2 s and t = 3 s as shown in Figs.# 13.10c and 13.10 d. These 
figures show that when the two pulses overlap (or superpose) the 


resultant wave profile is the algebraic sum of the displacements due 
to each pulse. 


Ims ——!ms! 
SOs ere RN AG SS A a E EEN 


tis ——-7"\_7 \___ io 
t=2s ALA ance NY (c) 


oo SO af eel aS (d) 
taks — NA N o 


. = 
Fa eRe A NES ae 
Fig. 13.10 Superposition of two identical pulses 

travelling in opposite directions 


Figure 13.11 shows what happens when two equal and opposite 
pulses moving in opposite directions cross each other. In Fig. 14.11 ¢ 
we see that there is an instant when the string appears undisturbed. In 
this situation the positive pulse overlaps the negative pulse and seem 
to cancel each other. This again shows that the resultant wave profile 
is the algebraic sum of individual waves. 


From Figs 13.10 and 13.11 we notice that two pulses continue to 
retain their individual shapes afer crossing each other. However, at 
the instant they cross each other, the appearance of the wave profile is 
different from the shape of either individual pulse. 
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‘Figures 13.10 c and d are examples of constructive interference and 
Fig. 13.11 c 1s an example of destructive interference. 


ims 
(a) 


taas AE eet 


Fig. 13.11 Superposition of two equal and opposite 
pulses travelling in opposite directions 


Superposition of Harmonic Waves 


You must have observed the interference pattern produced when cir- 
cular waves, resulting from dropping two stones into a pond of water, 
cross over each other. In the laboratory this interference can be demon- 
strated by attaching a stylus to each prong of a tuning fork and 
placing it over a big ripple tank. The fork i 
each stylus is brought into contact with water. 
circular waves start simultaneously from the point of contact of each 
stylus (Fig. 13.12). The wave trains travel in the form of crests and 
troughs on the surface of water. The solid circles represent crests and 


the dotted ones troughs. 


(Crests are represented 


by solid circles and troughs by dotted ones) 


Fig. 13.12 Interference pattern, 
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At points like Q where two crests intersect, a larger crest is formed, 
the displacements of the particle due to two waves adding up. This is 
called constructive interference. At points like P where a crest of one 
wave and a trough of the other intersect, they cancel each other. At 
these points the water surface is level and the interference is said to be 
destructive, At points like R two troughs intersect, the two negative 
displacements of the same particle add up to give a bigger trough. As 
these waves spread out and reach the walls of the tank, they get reflec- 
ted and we get a stationary interference pattern (Refer to Sec. 13.15). 

We have given above a graphical description of the phenomenon of 
superposition of waves. A mathematical description of the superposi- 
tion can be given in terms of addition of wave functions. If two or 
more waves travelling in a medium superpose, the resultant wave func- 
tion is obtained by the sum of the wave functions of the individual 
waves, i.e. if the wave functions of the waves are 


vi Gt.) =f, t- x) 
a) =f Ot — x) 


Ya (Œ, 1) = fy (ot — x) 
then the resultant wave is given by 
y= (x, t) + y x,t) + soe + Yna (x, t) 
o  y=fiot- x) +hot- x)... +f, (ot — x) (13.25) 


This is the principle of superposition. This principle holds only if the 
amplitude of the disturbance is not too large. In the following two 
sections we will use the principle of superposition to discuss standing 
waves and beats. 


13.15 STANDING (OR STATIONARY) WAVES 


Standing or stationary waves are produced as a result of the super- 
position of two waves travelling in the same medium (and hence with 
the same speed) in opposite directions. In actual practice, one does 
not send two independent waves in a medium in opposite directions. 
A wave is produced in a finite medium which has its boundaries, for 
example, a string of a finite length or a rodor a column of liquid or 
gas. The wave gets reflected at the boundaries and, therefore, a super- 
position of the incident and reflected waves occurs continuously in 
the medium, giving rise to standing waves. 

Consider a harmonic wave travelling in the negative x-direction (we 
will call it the incident wave) towards a rigid boundary at x = 0, 
where it is reflected. The reflected wave travels along the positive x- 
direction with a reversal of amplitude. 
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[he particle displacements yi and y, due to the incident and reflect- 
ed waves respectively are given by 


alae a (ot + »} (13.26) 


yi 


I 


and a — Asin = (ot — »} (13.27) 


where A is the amplitude, à is the wavelength and vz is the velocity of 


each wave. 
Using the principle of superposition, the resultant wave y is given 


by 
y = yi FY, 


3 4 alh fe (ot + x} = sin ea Gis »}] 


Recalling that sin ¢ — sin B = + 2 sin (4) cos ( 7 


we have 
2r vt 
y = 2A sin (2) cos (4 ) (13.28) 
which may also be written as 
nt 
y = 2Asin (7) cos (7) 


where T= à is the period of each wave. 
5 A 
; : i It is 

Equation (13.28) represents a standing or stationary wave. It 
obvious that this equation does not represent a favel oE ak EE 
it no longer has the characteristic form involving me CAE 
(ot — x) in the argument of the trigonometric pagehan, Ren mare 
that only functions, such as f(t = xyior g (ot +: %)a/FeP 
velling wave. F i is poi 

Let us see what happens at some arbitrary point Xi- For this point 
the equation is 


x Ont 
y= (24 sin 25.51) cos y 


e brackets are constant, we can write it as 


Qa 
27t _ Ros wt e Lae 7) 
y= Ros y 7 


Since all quantities in th 


570 Physics for Class XI 


where R = 24 sin (E) is a constant for that point. This is the 


equation of an SHM whose amplitude R depends on the value of x 
chosen. It may be worthwhile to remark here that in a travelling har- 
monic wave also the motion of each particle is simple harmonic but 
the amplitude of the motion is the same for all values of x. Thus 
standing waves are really not waves. They can at most be described as 
simple harmonic motions of the particles of a medium; the different 
particles having different amplitudes but all having the same period 
T. Such simple harmonic motions of the particles of a medium are 


called normal modes. We will consider two cases by way of illustra- 
tion. 


Normal Modes of a Stretched String Fixed at Both Ends 


Consider a uniform string of length L stretched by a tension T along 
the x-axis, with its ends rigidly fixed to x = 0 and x = L, A trans- 
verse wave is produced in the string by plucking it as in a sitar or 
guitar. Let us say that this wave travels along the string in the nega- 
tive 4 direction and gets reflected when it meets the fixed end at 
x = OF 

Equation (13.28) represents the effect of superposition of these two 
waves where y is the resultant displacement. At the ends of the string 
where it is rigidly fixed, there, can be no motion at all. Thus the two 
boundary conditions which must be satisfied are: 


y=0 at x=0 
and V=0 at aes 


The first boundary condition that y must vanish at x = 0 is automa- 
tically satisfied by Eq. 13.28). To satisfy the second boundary condi- 


tion we put x = L in Eq. (13.28) and require that y vanish at x = L 
for all values of time t, i.e. 


2A sin (55) G 


This requirement can be satisfied for all values of t only if 


KWa 
sin (77 =o 
or SN 


E a A ete, 


or EE er E A A O E ete. 


~A 


Waves 57i 


For each value of n there is a corresponding value of A, So we can 
write 


QnL _ 
NE = Nr 
2L 
or dr = ii (13.29) 


The frequency of vibration of the string is then given by 


Sre 

ah Mn 
where v is the speed of the transverse waves on’the string and is given 
by [see Eq. (13.14)] 


SHS 


n= 


where m is the linear mass density (i.e. mass per unit length) of the 
string and T is the tension. Thus we have 


no Ee 
ede (13.30) 


Notice that the value of = 0 is unphysical since then the wave- 
length Aj > œ and the frequency Yọ = 0. We will now discuss the 
various normal modes of vibrations of the string. Notice that A cannot 
take all values; it can take only discrete values given by Eq. (13.29) 
corresponding ton = 1, 2, 3,..., ete. The fact that à, and hence the 
frequency v, can have only some permitted values is a consequence of 
the bonndary conditions which determine what frequencies will the 
normal modes have. í y 

For a given value of n, the resultant particle displacements are 
obtained from Eq. (13.28) by using Eq. (13.29), which gives 


2rt 
y = 2A sin CE) cos (=z) (13.31) 


where T, (= 
of n, 


H) is the period of vibrations for the given value 


n 


W 
ry 
n = 1 (Fundamental mode or first Har monic) Setting n = | in Eqs 
(13.29), (13.30) and (13.31) we have 
4 = 2L 
Tec (13.33) 
Y= 2L m 


(13.32) 
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r= yg foul au 
and y= 2A sin ( T ) cos (=) (13.34) 
Qrt 
or y =R cos (7) 


where R = 2A sin (=) is the amplitude in this mode. Notice that 


the displacemént y given by Eq. (13.34) is zero at x = 0 and x = L 
for all values of 1; as it should be because these points are fixed. There 
is no other value x between x = Oandx = L where y can vanish, 
Also notice that amplitude R is maximum at x = A . The points of 
the medium which are permanently at rest are called nodes. The 
points where the amplitude is maximum (+ve or —ve) are called 
antinodes, 

Thus we find that for n = 1, there is a node at each fixed end and 
an antinode in the middle. The vibration given by Eq. (13.34) is depi- 
cted in Fig. 13.13a at t = 0, 7;/4, T;/2, 3T,/4 and T,. The string vib- 
rates in one i ee with a frequency v; given by Eq. (13.33). This is 
called the fundamental mode or the first harmonic of vibration of the 
string. 

n = 2 (Second Harmonic) When n = 2, Eqs (13.29), (13.30) and 
13.31) give 


% SL (13.35) 
nal Ja (13.36) 
enh 2TA. Qnt 
and = 2A sin (=) cos (Z) 13.37 
y si ZT ) 60 T, ( ) 


where T, = 1/v, is the period of vibration. 


Notice from Eq. (13.37) that y = Oat all times for x = 0, = and 
L and the amplitude of vibration is maximum (+ve or —ve) at 


Mies 4 and t Thus there are three nodes (at x = 0, 5 and L) and 
two antinodes( at i A and =). Notice an additional node in the 


middle point x = A 


ponds to destructive interference. The vibration of the strin g. given by 
T, 

Eq. (13.37) is depicted in Fig. 13.13b at t = 0, a, F =e and Ty. 

(ane vibrates in two segments with a frequency v, given by Eg. 


which is permanently at rest; this point corres- 


Waves 573 


n = 3 (Third Harmonic) Figure 13.13 c shows the normal mode of 
vibration of the string for n = 3, The string vibrates in three segments 


= i bis is called the third harmonic. 
2LNm 


The frequencies and shapes of higher harmonic can be similarly obtai- 
ned, 


with a frequency v3 = 


tc) 


Fig. 13.13 First three normal modes of a string 
fixed at its ends 


Thus, there are various normal modes of vibrations of a stretched 
string fixed at both ends. The frequencies Yr Y2, Y3» + - + » tC. of these 
modes are in the ratio of 1 : 2 :3,... ail 

In our analysis so far we have considered a superposition of only 
one pair of waves, namely, the incident wave travelling from right to 
left and the reflected wave travelling from left to right. We must bear 
in mind that the reflected wave will be again reflected at the end 
x = L and will travel in the direction of the previous incident wave. 
There will be numerous such reflections and we must consider the 
superposition of numerous pairs of waves. Fortunately, it turns oa 
that the standing wave patterns depicted in Fig. 13.13 7 not a 
tially modified, The reason is not hard to seek, Take, for examp se 
the fundamental mode. For this mode the phase difference between the 
first incident wave and the second incident wave (i.e. the first incident 
wave after a reflection at x = 0 and another at x = L) is emal to 27/ 
A, times the extra path, i.e. 2L traversed. Thus, this phase difference 


= 2 bye a 27 2L = 2m. Hence, the second incident wave is 


E 2L 
ik nt holds for the first and second 
exactly like the first. The same argume Pease danena cae ae 


reflected waves. This is true not only 


niler SNo 4 Ab ae eee 
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Normal Modes of an Air Column in a Pipe 


A detailed study of the vibrations of a bounded volume of air is essen- 
tial for the understanding of wind instruments, such as the flute, pipe, 
etc. Consider a cylindrical pipe of length L lying along the X-axis, one 
of the ends (x = 0) being closed and the other (x = L) open. A sound 
wave is sent along the pipe. This is reflected at the closed end. The 
direct and the reflected waves interfere, giving rise to standing longi- 
tudinal waves in the air column. Since the air particles in contact with 
the closed end are permanently at rest, thisend must be a node. The 
open end where the air particles are free to vibrate must be an anti- 
node. Thus, the incident and reflected waves are the same as in the 
case of a string, the only difference being that, in this case, the dis- 
placements of the particles are longitudinal, i.e. along the x-direction. 
The resultant displacement of the particle at x at time 7 is given by 
Eq. (13.28) as before 


gies gaat (72) te (2 ) (13.38) 


where v = A, z? is the speed of the sound wave. Notice that y = 0 


at x = 0, theclosed end being a node. The resultant displacement at 

x = L will be maximum (+ve or —ve) since the open end is a free or 

ae boundary. From Eq. (13.38) we see that this condition is satis- 
ed if 


sin =+1 
vA 
Paan Wau 30 
or oe 
a ae (13.39) 
p 
where p = 1, 3, 5, .. . . The corresponding frequency is given by 
Cae AE 3.40 
AiE ce) 


Using Eq. (13.39) in Eq. (13.38) we have ie 2- +) 


= 9A sin (PO ant Al 
y = 24 sin (ZF) x cos (3) (13.41) 

The normal modes of vibration of the air column in a closed pipe 
are as follows. 
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p = 1 (Fundamental mode or First Harmonic) Putting p = 1 inE qs 
(13.39) to (13.41) we get ik K 


ee! 
“= Zp (13.42) 
y= 2A sin (3) cos (7) (13.43) 


where 7, = 1/y; is the period of the fundamental mode. Notice from 
this equation that y = 0 at x = 0 for all values of ¢ and the ampli- 
tude 24 sin (7x/2L) is maximum (= 24) at x = L. There is a node at 
x = 0 and antinode at x = L. Figure 13.14a shows how the displace- 
ment y given by Bg. (13.43) varies with x. This is callad the funda- 
mental mode (or first harmonic); the frequency of sound emitted by 
the pipe is yı = 0/4L, 


X=0 1/5 KIA 3 aly xz 


Fig. 13.14 First three normal modes of a closed pipe 


p = 3 (Third Harmonic) Setting p = 3 in Eqs (13.40) and (13.41), 
the frequency and particle displacements arè given by 


3v 
Vai ag 


Gz) 
and y = 2A sin | ay )O8\ 7, 
From this equation we find that there are two nodes at x = 0 and 


NA = and two antinodes at ¥ = 3 and x = L. This mode is de- 


picted in Fig. 13.14b. The frequency of sound emitted by the pipe in 


i 3 
this mode is ¥3 = on Soy 
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p = 5 (Fifth harmonic) The fifth harmonic is depicted in Fig. 13.14c. 
The frequency of sound emitted by the pipe in this mode is Ys = 5v/4L 
= 5y, and so on for higher harmonics. 

Thus in a closed pipe, the frequencies of the normal modes of vib- 
ration of the air column are in the ratio of 1: 3: 5,:...., etc. Only 
odd harmonics are present. 

The shapes and frequencies of the first three normal modes in an 
open pipe are shown in Fig. 13.15. The frequency of the fundamental 
mode is ¥, = v/2L. The frequencies of the higher harmonics are 2%;, 
3v,, 4¥,,.... Thus, in an open pipe, all harmonics (even as well as 
odd) are present. 


z=- E anaE AERE iela) 


Er 


X=0 ‘Be va lf uy set 


i 
Fig. 13.15 First three normal modes of an open pipe 


Characteristic Features of the Standing Waye 


The main features of the standing wave, which distinguish it from a 
travelling wave are as follows: 

1. In a travelling wave the amplitude of particle oscillation is the 
same at all positions of the medium. On the other hand, in a statio- 
nary (or standing) wave, the amplitudes of oscillations are different at 
different places. At nodes the amplitude is zero and at antinodes the 
amplitude is maximum, being equal to the sum of the amplitudes of the 
constituent waves. At other intermediate positions the amplitude varies 
between these two limits. The distance between two consecutive nodes 
or antinodes is half the wavelength of the constituent waves. 


2. In a travelling wave the particle velocity is given by 


dy 2m Qa 
T =A: Xr cos ee (ot sa »} 


The velocity. varies fom place to place and from time to time. The 
: 7A 
maximum |= + ae Ss 2m4») and minimum (= 0) values of 


Waves 577 


velocity are the same for all particles but are reached at different 
times. On the other hand, in a standing wave the particle velocity is 


given by 
dy i (2nx\ LO (22t 
ga 2A sin (25°) sin (2) 


The velocity varies from place to place and from time to time. The 
maximum and minimum values of particle velocity are different for 
different positions but are reached at the same time. The velocity is 
maximum at the antinodes and zero at the nodes. 


3. In a travelling wave, the phase of particle oscillations is 


a t= z) which depends on both x and t. Therefore, different part- 


ticles acquire their maximum displacement at different intervals of 


time. This interval is determined by the magnitude of the wawe velo- 
T 


city. In a standing wave, the phase of particle oscillations is = which 


is independent of position, i.e. at a given time the phase is the same 
at all positions. Therefore, all points acquire their maximum displace- 
ment at one time and zero displacement also at one time. 

4. The most striking feature of a standing wave is that energy 1s not 
transported along the medium. The reason is that energy cannot con- 
ceivably flow past the nodes of the medium which are permanently at 
rest. There is nothing like a wavefront in a standing wave, since the 
phase is the same at all points, changing only with time. Hence, there 
is no energy transfer. Further, in a standing wave, twice in each 
cycle, all particles of the medium have zero displacement so that the 
potential energy is zero—the energy of the system 1s then entirely 
kinetic, A quarter of a period later, all particles of the medium simul- 
taneously attain their maximum displacement and at this instant the 
kinetic energy is zero, the energy of the medium being entirely poten- 
tial. At other instants the energy is partly potential and partly eee 
Hence, in a standing wave, the energy periodically becomes entirely 
kinetic and entirely potential. In a travelling wave the average energy 


of the medium is half potential and half kinetic. 


EXAMPLE 13.13 Standing waves are produced by the superposition of 


two waves 
y, = 0.05 sin Bat — 2%) 


and yy = 0,05 sin (377 + 2x) 
where y and x are measured in metres and t in seconds. Find the 
amplitude of a particle at x = 9 5m. 


Solution The resultant displacement is given by 
y = Jy + Yo = 0.05 {sin (87t — 9x) + sin (Gat + 2%)} 
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Using the trigonometric relation 
sin (x + £) + sin (« — £) = 2 sin x cos £ 
we have = 0.1 cos 2x ' sin 3rt 
or y = Rsin 3nt 
where R, the amplitude of standing waves, is given by R = 0,1 cos 2x 
with 
x¥=0.5m 
cos 2x = cos (2 x 0.5 rad) 
= cos (1 rad) 
= cos 57.3° = 0,54 


Amplitude R at x = 0,5 is 0.1 x 0.54 = 0.054 m 


EXAMPLE 13.14 The transverse displacement of a string fixed at both 
ends is given by 


y = 0.06 sin ( z) cos (120rż) (i) 


where x and y are in metres and¢ is in seconds. The length of the 


string is 1.5 m and its mass is 3.0 x 10° kg. Answer the following 
questions: 


(a) Does function (i) represent a travelling or a stationary wave? 

(b) What is the amplitude at a point x = 0.5 m? 

(c) What is the velocity at point x = 0.75 m at time ¢ = 0.255? 

(d) Write down the equations of the component waves whose super- 
position gives the vibration given in Eq. (i) above. What are the 
wavelength, frequency and speed of propagation of each wave? 

(e) Determine the tension in the string. 


(f) Do all points on the string vibrate with the same (i) frequency, 
(ii) phase and (iii) amplitude? 


Solution (a) The function (i) does not have the characteristic form 
(vt + x) (in the argument of the trigonometric function) of a travelling 


wave. Hence the function (i) does not represent a travelling wave; it 
Tepresents a stationary wave. 


(b) Displacement is maximum when cos (1207f) = 1, Hence the 
amplitude = 0.06 sin (727). 


At x = 0.5 m, the amplitude = 0.06 sin (3 x 0.5) 


SNe ain (5) = 0.052 m 
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(c) The velocity at point x at time £ is obtained by differentiating 
Eq. (i) with respect to t. 
27x 


v = 2 = — (0.06 x 1207) sin (757) sin 12070) 


Now at t = 0.25 s, sin (1207t) = sin (307) = 0. Hence att = 0.25s, 
the velocity is zero for all values of x including x = 0.75 m. 


The stationary wave in the question may be written as 
y = 24 sin « cos B 


where, A — 0.03 m RIE ans and B = 120zt. 


Now 2A sin a cos B = A sin (< + B) + Asin @ — P) 
= 0.03 sin Ges ig 1207t) + 0.03 sin (F — 12001) 
i.e. y=yi t» 


Hence the two component waves are 


y, = 0.03 sin lea $ 12071) 
and yy = 0.03 sin E e 120m" ) 


27x 
= — 0.03 sin ( 12071 £ z) 


Let A be the wavelength, v the frequency and v the speed of each 
wave. Then 


= = coefficient of x in the argument of the sine function = oe 
or A=3m. 
Also w = 20v = coefficient of t in the argument of the sine function 
= 1207 


which gives v = 60 Hz. 
Hence v = VA = 60 x 3 = 180 m st 


3.0 x 107 we 2 ari 
(e) Mass per unit length (m) = T 2.0 x 10° kg m 


We know that v = J By where T is the tension in the string. 
m 


T ie 2 le (180)? = 648 N 
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(f) In a stationary wave on a string, all points on the string vibrate 
with the same frequency and the same phase, but the amplitude is 
different at different points (i.e. different values of x). The amplitude 
is zero at nodes and maximum at antinodes. 


EXAMPLE 13.15 A wire of density 9 g cm™ is stretched between two 
clamps 100 cm apart while being subjected to an extension of 0.05 
cm. What is the lowest frequency of transverse vibrations of the wire, 
assuming that the Young’s modulus of the material of the wire = 0.9 
x 10" Nm”. 


Solution Young’s modulus 


y — Stress T/A _ TL 
strain =//L Al 


where T = tension, L = original length = 100 cm, Z = extension 


= 0.05 cm and A = area of cross-section of the wire. 
Hence, 
ExT 09 x10 10105 7 
eps 100 yi ane 
y mass 
Now mass per unit length m = =r 
— Volume x density 
length 
— aea x length x density 


length 
= area x density 


Hence the lowest frequency (i.e. frequency of the fundamental model) 


is given by 
Deas wt T ieee 
2L Nm 2L N Ap 


voii 3.5 x TO! 
i212 -X F100 9000 
= 35.3 Hz 


EXAMPLE 13.16 A wire having a linear density of 0.05 g cm~ is stre- 
tched between two rigid supports with a tension of 4.5 x 10? N. It is 
observed that the wire resonates at a frequency of 420 Hz. The next 
higher frequency at which the wire resonates is 490 Hz. Determine 
the length of the wire, 
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Solution Let 420 Hz be the pth harmonic, then 490 Hz the (p -+ 1)th 
harmonic. Therefore 


T , 
and 499 =P +1 4 (ii) 


Dividing (i) and (ii) we have 


490. ip Eee ane AA 
720 ? giving p = 6 


Substituting this value of p in Eq. (i) we get (m = 0.05 g cm~ = 0.05 
x 107! kg m~!) 


6 ASTANE 
420 ma (o a 
which gives L=2.14m 


ExAMPLE 13.17 A pipe 20 cm long is closed at one end. Which har- 
monic mode of the pipe is resonantly excited by a 430 Hz source? Will 
the same source be in resonance with the pipe if both ends are open? 
Speed of sound = 340 ms. 


Solution Let N be the frequency of the source and y, that of the pth 
harmonic of a closed pipe. The source will resonantly excite that har- 
monic mode of the pipe for which 


Nis, 


for any value of p = 1, 3, 5,..-+ Now fora closed pipe we know 
that 


Therefore, for resonance, 


Putting N = 430 Hz, v = 340m s! and L= 20 om=02 m we 


have 
p x 340 
430=4 x 0.2 
which gives p = 1.01 = 1 


Hence the source of frequency 430 Hz will resonantly excite thi 
harmonic (i.e. the fundamental mode). 


e first 
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in an open pipe, the condition of resonatice with the satne souréé 
will be 


Nove Were tie, ce. 


2 
N x 2L 
n = —— 
v 
430 x 2 x 0.2 _ 
AT saeeN CG 


which is not an integer, Hence the source will not be in resonance with 
any harmonic of the open pipe. 


EXAMPLE 13.18 A half-metre long tube open at one end, with a move- 
able piston shows resonance with a tuning fork of frequency 512 Hz 
when the tube length is 16.0 cm and 49.0 cm. Calculate the speed of 
sound at the temperature of the experiment and determine the end- 
correction. What is this correction for? 


Solution End-correction. 


In our discussion we have taken the open end of a closed pipe to be an 
antinode. This is not strictly true. In fact, the particles of air just at 
the open end are not perfectly free because of the restriction imposed 
by the pipe. The true antinode is slightly away from the open end as 
shown in Fig. 13.16. The distance e is called the end-correction. The 
effective length of the pipe = (L + e). 


True antinode 
f 


fe ere 
Fig. 13.16 


The tuning fork is in resonance at two lengths of the pipe, viz. 16 
cm and 49 cm. Since the second resonance length is about three times 
the first, it is clear that the fork is in resonance with the first harmo- 
nic (i.e. the fundamental mode) when L, = 16 cm and with the third 
harmonic when Z, = 49 cm. Thus we have 


7 $ 
N=y SP ata) (i) 
Also NNE Tea (ii) 


where N is the frequency of the tuning fork. Dividing (ii) by (i) we get 
3 (16.0 + e) = 49.0 + e or e= 0.5 cm 
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Then the speed of sound as obtained from (i) is 
v = 4N (L, + £) 
4 x 512 x (16.0 + 0.5) 
33792 cms~! = 337.92 m s+ 
= 338ms' 


I 


I 


13.16 BEATS 


We will now apply the principle of superposition to another case of 
interference in which two harmonic waves of different frequencies 
superpose travelling in the same direction in the same medium. 
Consider two harmonic waves of frequencies Y; and v2 travelling in the 
4+ x direction in a medium and reaching the point x of the medium 
simultaneously. The displacements of a particle located at x, due to 
the two waves, at any instant of time, will then be given by 


yı = A; sin ie (ot — x} 
1 


and yı = Az sin te (Qt — »} 


Since the two waves travel in the same medium, their speeds are the 
same. Since their frequencies are different, their wavelengths will also 
be different. We will now make the following assumptions which sim- 
plify the analysis considerably without significantly altering the con- 
clusions about beats. We assume that 


(i) the amplitudes of the two interfering waves are equal, i.e. A4; = 
a E 
(ii) the observation point is located at x = 0. 

Under these assumptions, the above equations reduce to 
Ceo v/à = y; and v/à, = y2) 

yy =A sin Qa) (13.44) 
and Ya = A sin (27%) (13.45) 
Using the principle of superposition, the resultant displacement is given 
by 

yHu + V2 
= A {sin (27yjt) + sin (27v2t)} 
or y = 2A cos {2" Cum za i} sin {ove eo 5 1 i} (13.46) 
Let us define 
Ym = 2M > v2) 

and va = O + 2) 
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Quantity v,, is called the ‘modulation’ frequency and v, the average 
frequency. In terms of Ym and Ya, Eq. (13.46) reads 


y = 2A cos (2n,,t) sin (27,1) 
or y = R sin (279,t) (13.47) 
where R = 24 cos (27v,,t) (13.48) 


The apparent resemblance of Eq. (13.47) with the equation of SHM 
is misleading. In fact the oscillation represented by Eq. (13.47) is not 
harmonic, since its ‘amplitude’ R given by Eq. (13.48) varies with time. 
If v; is only slightly different from v, so that v,, [= 4 Y1 — v2)] is very 
small compared to v, [= 4(v, + ¥)] then R will vary very slowly 
with time. Equation (13.47) will then represent a periodic rapid oscil- 
lation of frequency va ‘modulated’ by a slowly varying oscillation of 
frequency Ym. 

The amplitude R of the resultant motion is maximum (+ ve or — 
ve) if [see Eq. (13.48)] 


cos 27v,¢ = + 1 


or Dm ot Oy merase « 
or te CLE 9D yie'0, 7, 2n, ... 
or t= 0, Ž 


E eae 

The time interval between two consecutive maxima is 
1 

M4 — Ye 


Hence the frequency of maxima, i.e. the number of times R becomes 
maximum per second is 


t= 


fishers ca 
b 


The amplitude R will be minimum (= zero) if 
cos (2rv,,t) = 0 


3r 5 
or Qmv,t = 5, = ns 
Si 1 3 5 


FOr = wy D0 = wy 2 
Hence the frequency of minima is also 
Y= — Vn 
Beats aré most easily observed in sound waves. Since the loudness 
(or intensity) of a wave is proportional to the square of its amplitude, 


the intensity of the resulting periodic but not harmonic wave given by 
Eg. (13.47) rises and falls in a time interval t, = 1/(vy — v2) or at a 
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frequency of v, = (1 — Y2). The periodic variations of the intensity of 
the wave resulting from the superposition of two waves of different fre- 
quencies is known as the phenomenon of beats, One maximum of inten- 
sity followed by a minimum is technically called a beat. Hence the 
time interval between successive beats is f, = 1/(¥; — Y2) and is called 
the beat period. The beat frequency, ie. the number of beats produced 
per second is Y = Y, — Yz: Thus 
beat frequency = difference between the frequencies of 
interfering waves 


Figure 13.17 shows how thefintensity (i.e. R?) of the resulting wave 
varies with time. 


Fig. 13.17 Intensity fluctuation in beats 


In Fig. 13.18 we have plotted the displacement-time curves corres- 
ponding to Eq. (13.44) (Fig. 13.18a) and, Eq. (13.45) (Fig.413.18b) and 


onic oscillation at frequency v1 


Fig. 13.18 (a) Harm 


(b) Harmonic oscillation at frequency ve 


perposition of (a) and (b) is a non- 
4 ruse periodic oscillation of period 


t = 1/1 >). 
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their superposition given by Eq. (13.47) in Fig. 13.18¢. Notice that 
Figs 13.18a and b are harmonic oscillations but their superposition 
given in Fig. 13.18c is periodic and not harmonic. 


Experimental Demonstration of Beats in Sound 


Although the phenomenon of beats extends to all types of waves, we 
will demonstrate it for the case of sound waves. Place two tuning forks 
of the same frequency on a resonance box and sound them. A conti- 
nuous sound will be heard. The intensity of the sound does not incre- 
ase or decrease with time. Now stick a little wax to the prong of one 
of them so as to reduce its frequency. The frequency of sound waves 
emitted by the two forks will now be different. The intensity of the 
resulting sound will increase and decrease periodically with time. We 
will actually hear beats. By counting the number of beats heard ina 
given amount of time, we can calculate the beat frequency and hence 
determine the difference (v, — Y2) between the frequencies of the forks. 
It may be remarked that if yı is very different from vz, the beat frequ- 
ency becomes very large and our ear is unable to perceive such a rapid 
variation of intensity. For beats to be heard distinctly the two frequen- 
cies should be only slightly different. 


Applications of Beats 


The phenomenon of beats is of great practical importance. Beats can 
be used to determine the small difference between the frequencies of 
two sources of sound. Musicians often make use of beats in tuning 
their instruments. A piano-tuner uses beats to see whether his standard 
tuning fork has the same frequency as the string of his instrument. If 
the two differ in frequency, i.e. are out of tune, he will hear beats. 
He adjusts the tension on the string and thus changes the frequency of 
the note produced by the string and matches it with his fork. Some- 
times beats are deliberately produced in a particular section of an 
orchestra to give a pleasing tonal quality to the resulting sound. A 
more complex beat phenomenon, resulting from the superposition of 
many harmonic, waves of different frequencies, is employed to send (or 
transmit) a signal from one place to another. The beats called wave 
groups or packets then propagate in the medium. A signal cannot be 
sent with a harmonic wave involving only one frequency because a 
harmonic travelling wave goes on and on, each cycle being an exact 
repetition of the previous one. In order to send a message we change 
its amplitude and make it time-dependent, as in beats, so that this 
change can be decoded at the receiver. The amplitude R in Eq. (13.47) 
is called ‘modulated’ amplitude and frequency vn is called its modula- 
tion frequency. 


EXAMPLE 13.19 Two tuning forks A and B produce 10 beats per 
second when sounded together. On loading the fork A slightly it was 
observed that 15 beats are heard in one second. If the frequency of 
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the fork B is 480 Hz, calculate the frequency of the fork A (a) before 
loading and (b) after loading. 


Solution Let 4 be the frequency of A and vz that of fork B. There 
are two possibilities (a) Y, > v2 and (b) Y; < Y2 


(a) vı > Y2 7% = 480 Hz, vy = 10 Hz. Now, % = Y — 2 
vi = Y2 + Yp = 480 + 10 = 490 Hz 


On loading fork A its frequency decreases. In other words, Y, decre- 
ases. 


BME ess iina2!! should also decrease. But v, increases to 15 beats/s. 
Hence, v; is not greater than Y2. 


(b) yı < ¥2: In this case Yz — Yi = Ye 
y = V2 — y = 480 — 10 = 470 Hz 


On loading Y; decreases, therefore (vy, — Y1) = Yp increases which is 
what is observed. 

Therefore, Yı = 470 Hz before it is loaded, and y»; = Y2 — Ya = 
480 — 15 = 465 Hz after it is loaded. 


ExaMpte 13.20 A metal wire of diameter 1 mm is held on two knife 
edges separated by a distance of 50 cm. The tension in the wire is 
100 N. The wire vibrating with its Fundamental frequency and a vibrat- 
ing tuning fork together produce 5 beats per second. The tension in 
the wire is then reduced to 81 N. When the two are excited, beats are 
heard at the same rate. Calculate (a) the frequency of the fork and 


(b) the density of the material of the wire. 


Solution 


(a) Let N be the frequency of the tuning fork. Then,the frequency 
of the wire, when the tension is 100 N will be (N + 5) and when the 
tension is 81 N, it is (N, — 5); since in each case 5 beats are heard per 


second. Hence 
eee ee 
vraa [oes le Ta (i) 
Me pm $ 
aby NSL DA Oa men were w 
Subtracting (ii) from (i) we have 
19 = te or m = 0.01 kg m* 
m 
Using this value of m in (i) or (ii) gives N = 95 Hz. 


nd?p 
(b) Now a = g 
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where d= 1mm = 1 x 10-4 mand pis the density of the wire. Thus 


AGM OLS 4x00 -3 
p= ze — 3142 x lop ~ 12731 kgm 


13.17 THE DOPPLER EFFECT ’ 


When the source emitting waves, and the observer receiving them, are 
in relative motion with respect to the medium in which the waves 
propagate, the frequency of the waves received by the observer is 
different from the frequency of the vibrating source. This phenomenon 
was first noticed by C.J. Doppler in 1842 in sound waves and is known 
as the Doppler effect. This phenomenon of the apparent change in the 
observed frequency of the wave, when there isa relative motion 
between the source and the observer is exhibited by all types of waves, 
including light waves which do not require a medium for their pro- 
pagation. We shall discuss the Doppler effect in sound waves. 

The Doppler effect in sound waves may be readily observed by a 
person at a railway platform. When a through train, blowing its whistle, 
approaches the observer, the pitch of the whistle appears to rise and 
it suddenly appears to drop when the engine has passed by. For waves 
which require a medium for propagation, the apparent change in 
the frequency depends on which of the three—the source, the obser- 
ver or the medium is moving. Let us now compute this change in 
frequency for the following cases. 


Source in Uniform Motion—Observer and Medium Stationary 
To fix our idea let us take the source to be a tuning fork of frequency 
v. It produces sound (compressional) waves of frequency v, which 


yo 


t=0 £ (a) 


tsT 


Fig. 13.19 
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travel through the medium with a velocity v = TH where B is the 


medium with the velocity v of the wave of compression. After one full 
period, i.e. at t = T, where T (= 1/) is the period of vibration of the 
fork, the second compression Cy is produced because att = T, the 
prongs will once again move outwards. If the fork is at rest, the dis- 
tance A (Fig. 13.196) between two consecutive compressions (which 
is the distance travelled by the compression in one period) is, by defi- 
nition, the wavelength of the wave in the medium. 

If, however, the fork is moving with velocity u, (Fig. 13.19c) it 
travels a distance u, T in time T, towards the observer. At this posi- 
tion the fork produces the second compression C}, the distance 
between two consecutive compressions having been reduced to Àn 
which is the wavelength of the wave when the fork is in motion. Obvi- 
ously A and À; are related as 


A =A-—4u,T 
Now, since wave velocity v is fixed (being determined by the proper- 


ties of the medium, namely, # and p), the frequency of the wave of 
wavelength A, is given by 


or ve 


( ib ”) (13.49) 


Hence, the fre uency of the waves received by the observer is “ty 
which is arene than v. If the source is moving away Koma Panon 
ary observer, the apparent wavelength A = À + u, T, in w a ne 
the apparent frequency as observed by the observer is given by 
u, changes sign) 
h y 
dates #) (13.50) 
v 
i í in frequency is the 
In this case, vi <v, The cause of the change in 
increase or decrease of the wavelength in the medium brought about 
y the motion of the source. 
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Note: A special situation occurs in the case of supersonic sources 
which move with velocities greater than that of sound. The relations 
(13.49) and (13.50) do not hold because then in a given time the source 
advances more than the wave. The resultant wave motion is a conical 
wave called a shock wave which is a sudden and violent sound we hear 
when a supersonic jet plane flies by. 


Observer in Uniform Motion—Source and Medium Stationary 


The effect is different when the source is stationary and the observer 
moves through the medium. Let the observer move away from a source 
with a uniform velocity uo. If v is the frequency of the vibrating source 
it emits v waves in one second. If the observer is at rest, he receives 
these waves in one second. Therefore, the frequency of wave he hears 
is v. If he now starts running away from the source, he will miss the 
waves which occupy the distance he travels. In one second he moves a 
distance of u away from the source. Therefore, the number of waves 
missed by him in one second = number of waves contained in the dis- 
tance up he moves in one second = w)/A, since, in a distance of wave- 
length A, there is exactly one wave, by definition. Thus, out of y waves, 
he misses %/A waves in one second, 

Therefore, the number of waves received by him in one second = 
v — uo/A or since A = v/v, the frequency v2 of sound heard by him is 
given by 


W=v— = v(1- 2) (13.51) 
v v 
On the other hand, if the observer were approaching the source, he 


would receive ug/À additional waves in each second and would hear a 
sound of frequency v3 given by 


pact (1 a *) (13.52) 
v 
Figure 13.20 illustrates how the abserver hears a sound of higher 


frequency when he moves towards it. Notice that the apparent change 
in the frequency of sound heard by the observer results from his inter- 


Fig. 13.20 Spherical wave from a point source S travelling to the 
right. Imagine the observer to stay at O for one second 
and then move suddenly to P. He now receives more 
waves than if he had stayed at O and hence hears a 
higher frequency. 
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cepting more waves (when he approaches) or fewer waves (when he 
recedes) each second. 


Source and Observer both in Uniform Motion—Medium Stationary 


We shall compute the apparent frequency in the following possible 
situations 


Source Approaching a Receding Observer If the source approaches a 
stationary observer with a velocity u,, the wavelength of the waves 
reduces to À; = A — u, T and the frequency of these waves is v, given 
by Eq. (13.49). The observer receives vı Waves in one second. If the 
observer is receding with a velocity t, he will miss /A, waves each 
second. In one second the number of waves received by him will be 
given by 


u u, 
n=y-% =» (1 4 2) 
Using Eq. 13.49, the expression for the apparent frequency becomes 
Ee S 13.53 
AAE (13.53) 
If uo = us, v = v, since then there is no relative motion between 
the source and the observer. 


Both the Source and Observer Receding from Each Other The appar- 
ent frequency v3, in this case, is obtained by reversing the sign of u, in 
Eq. (13.53). 
1 @ i) (13.54) 
vt aka 
Both the Source and Observer Approaching Each Other Reversing the 
Sign of u in Eq (13.53) the apparent frequency in this case is 
= yet) (13.55) 
y= Vv GEW 
Observer Approaching a Receding Source In this case the signs of to 


andu, in Eq. (13.53) are reversed and the apparent frequency v4, is 
given by 


? (o + w) (13.56) 


Notice that v4 = y, if Uy = Uy. 


Effect of the Motion of the Medium The velocity of material waves 
is affeced by the Kle of the medium. If the ata ee 
with a velocity u,, in the direction of propagation of soun = i 7 8 
tive velocity of sound is increased from v to (v + tin). In Hi i Hehe 
(13.49) to (13.56) v is replaced by (o + 1,). On the ot ai A D 
Medium js moving in the opposite direction, v is replaced by (v — um). 
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EXAMPLE 13.21 A through train blowing a whistle of frequency 700 
Hz is passing a railway station with a speed of 72 km/hr. Calculate 
the frequency of the sound heard by a person standing on the plat- 
form (a) when the train is approaching and (b) when it has departed. 
Velocity of sound = 340 ms. 


Solution 
u, = 72 km/hr = 20ms 
v = 340 m s™' 
y = 700 Hz 
(a) Train approaching 
Ty ae yaaa EEE 
TAER 
v 340 
(b) Train departing 
v = — = = 66l] Hz 
Ar CET 


EXAMPLE 13.22 A car with a velocity of 108 km/hr is approaching 
a stationary train which is sounding a whistle of frequency 800 Hz. 
Calculate the frequency of the sound heard by a man in the car. 

(a) while it is approaching the engine; and 

(b) after it has passed by. 


Velocity of sound = 350 m s™' 


Solution 
v = 800 Hz 
uo = 108 km/hr = 30m s! 
v= 350ms! 


(a) Observer approaching 


4 340 + =) = 800 (1 + a = 868.6 Hz 


(b) Observer receding 


w= v(1 -*) = 800 (1 a D) = 731.4 Hz 


EXAMPLE 13.23 A railway engine and a car are moving on parallel 
tracks with speeds of 72 km/hr and 36 km/hr respectively. The engine 
is continuously sounding a whistle of frequency 600 Hz. If the velo- 
city of sound is 340 ms |, calculate the frequency of sound heard by 
the driver of the car when 
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(a) the car and the engine ate moving in opposite directions and 
approaching each other; 


(b) the two are moving in opposite directions but going away from 
each other; 


(c) the two are moving in the same direction, the car being ahead 
of the engine; and 


(d) the two are moving in the same direction, the car being behind 
the engine. 


Solution 
v = 600 Hz 
u = 340 m s~! 
uo = 36 km/hr = 10 m s~! 
u, = 72 km/hr = 20 m s™' / 
(a) Both approaching: We use Eq. (13.55) 
v4 = 600 (3s ms 5) = 656.25 Hz 
(b) Both receding: We use Eq. (13.54) 
vs = 600 (icra) = 550 Hz 
(c) Source approaching and observer receding: We use Eq. (13.53) 
ve 600 ($3530) = 618.75 Hz 


(d) Observer approaching and source receding: The appropriate relation 
is Eq. (13.56) 


P 340 +10) _ 
v4 = 600 Err + 1) 583.3 Hz 
Notice that in cases (a) and (b) the relative speed (= 72 + 36 = 108 
km/hr) is the same, yet the apparent frequencies are different. In cases 
(c) and (d) the relative speed = 72 — 36 = 36 km/hr. The apparent 
frequencies are, however, different. The apparent frequency depends 
on the absolute velocities of the source and the observer are not on 
their relative velocity. 


EXAMPLE 13.24 An ambulance blowing a siren of frequency oaie 
is travelling slowly towards a vertical reflecting wall with a speed of 
2ms. Calculate the number of beats heard in one second by the 


driver of the ambulance. Velocity of sound = 350 ms fi 
Solution The driver will hear two sounds, one coming directly from 
the siren and the other reflected at the wall or coming Be hee ee 
tic image of the car. v = frequency off direct sound = 7) nee e 
reflected sound can be imagined to be coming from the mirro : me 
(shown dotted in Fig. 13.21). The observer (driver) is approaching 
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this image-source which is also approaching him with the same speed. 
Hence, the frequency of sound heard by him is’ given by (ug=u;) 


= 700 x Rene e 708 Hz 


es... pe! 


Acoustic 


Ambulance c 
car image 
\ 
Fig. 13.21 
Number of beats heard per second = v’ — v = 708 — 700 = 8 
os Beat frequency = 8 Hz 


EXAMPLE 13.25 Two persons A and B, each carrying a source of 
sound of frequency 600 Hz, are standing a few metres apart in a quiet 
field. Calculate the beats heard by each when A moves towards B with 
a velocity 3 ms7!. Velocity of sound = 340 m s™!. 


Solution 
Beats heard by the person A 


The person A hears the sound of his own source whose frequency Y = 
600 Hz and the sound of the source carried by B, towards whom he 
is moving. The apparent frequency of this sound is given by 


v=v(1+ *) = 600 (1+ 545) = 905.29 Hz 


Beat frequency apparent to A = 605.29 — 600 = 5,29 Hz, i.e. A 
hears 529 beats in 100 seconds. 


Beats heard by the person B 


The person B hears the sound of his own source of frequency = 600 
Hz and the sound of the source carried by A, which is approaching 
him with a velocity of 3 m s~'. The apparent frequency. of this sound 
is given by 


v. — 340 
Beat frequency apparent to B = 605:34 — 600 = 5.34 Hz, ie. B 
hears 534!beats in 100 seconds. 
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Notice again that, although the relative velocity is the same, the 
apparent frequency is different for A and B. 


13.18 MUSICAL SOUND AND NOISE 


Sounds are usually divided into two classes, musical sound and noise. 
A sound which produces a pleasing effect on the ear is called a musi- 
cal sound such as the sound produced by a violin, guitar or flute. On 
the other hand, a sound not pleasing to the ear is called noise, such 
as the sound of a fire cracker or that produced when two metal pieces 
are clapped together. 


Generally speaking, bodies which vibrate with regular frequency 
and with no abrupt changes of amplitude produce musical sound. 
Musical sounds are produced by periodic vibrations. The wave func- 
tions of musical sounds are periodic functions. We know that any 
periodic function can be expressed as a superposition of a large num- 
ber of harmonic functions. Thus a musical sound is a combined effect 
of a superposition of harmonic functions. The harmonic component 
with the lowest frequency is the fundamental note and that with twice 
the frequency of the fundamental the second harmonic, and so on. 

On the othar hand, bodies which vibrate with irregular frequency, 
with abrupt changes in amplitude, produce noise. Their wave func- 
tions have no definite regularity. 


Characteristics of a Musical Sound 


There are three characteristics which distinguish one musical sige 
from another. They are (1) pitch, (2) loudness (or intensity) and (3) 
quality (or timber). 


Pitch Pitch is that characteristic of sound which enables Us to gi 
tinguish between a high, acute or shrill note from a low, =e or at 
note. Pitch depends upon the frequency of the note. Sound with a greate: 
frequency has a higher pitch than that with a smaller nan. 
It must be clearly understood that pitch is not the fame 3 ing (yd 
frequency, Frequency is a measurable physical qnant ut pite at 
sensation (in the consciousness of a human being) which corresp 
to and depends upon frequency. 


; i hich is 
Loudness Like pitch, loudness of a sound is a sensation WEpo in. 
related to a prea) measurable quantity called SS my 
tensity of a sound refers to the amount of energy Ca A ae of 
wave and is numarically proportional to the square w A i e elite 
the wave. Thus the greater the amplitude of sound, h A ee aiibristié 
intensity and the louder it seems. Thus loudness h ‘ 4 ing the same 
which distinguishes a loud sound from a faint one, both having 


pitch, 


Quality The quality of a musical sound 
distinguishes between two sounds of the s4 


is that characteristic which 
me pitch and loudness, but 
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emitted by different instruments, When a note of a particular pitch is 
played on a piano and then on a violin, there is a marked difference 
in the overall sound. The characteristic quality of sound from a cla- 
rinet is different from that from a piano which in turn is different 
from that from a violin. 


The quality of these sounds is different because of their harmonic 
content. Each instrument emits a sound which has a periodic wave- 
form consisting of a fundamental note and some of its higher harmo- 
nics. The quality of a sound depends upon the number of higher har- 
monics of the fundamental. We know that an open pipe has all the 
harmonics but a closed pipe has only odd harmonics. It is for this 
reason that they emit sounds of different quality. The presence of a 
Jarge number of harmonics enriches the tonal quality of sound. Thus 

the quality of a musical sound is governed by the number of harmonies 
present in it along with the fundamental note. 


13.19 MUSICAL SCALE 


A series of notes whose fundamental frequencies have definite ratios and 
which produce a pleasing effect on the ear when sounded in succession 
constitute a musical scale, The simplest musical scale called the diato- 
nic scale has eight notes comprising an octave, The frequency ratio of 
the eighth and the first note is 2 : 1. Conventionally the fundamental 
frequency of the first note is taken to be 256 Hz and that of the last 
512 Hz. Table 13.2 gives the frequencies of the intermediate notes 
with their Western and Indian names. 


Table 13.2 The musical scale 


Symbal Western Indian Fre- Fre- 
name name quency qnency 
(Hz) ratio 
C D 
o Sa SS 
D Re Re 88 K 
a 
10/9 
E Mi Ga 20. Z 
16/15 
F T 
Fa Ma 341 359 /8 
G Sol Pa 384d 
J 10/9 
A La. Dha 4263\ 9/3 
B Ti Ni 4 
i a 6/15 


Waves $97 


The note C of the lowest frequency is called the key norte, The key 
note is taken to be of frequency 256 Hz, i.e. 2° Hz. Musical instru- 
ments, such as the piano or harmonium, have many octaves above and 
below the one given in the table above. 


13.20 ACOUSTICS OF BUILDINGS 


Acoustics of buildings (or architectural acoustics) deals with the de- 
sign and construction of buildings (like concert halls, auditoria, etc.) 
and the behaviour of sound waves in the closed spaces of buildings. 
In the following we will discuss the various factors the designer ofa 
building should bear in mind so as to achieve the desired quality, 
clarity and level of sound intensity at each point of the hall, For good 
rendering of speech or music the following factors must be considered 


in the design of the room or auditorium. 


Loudness 
We know that the intensity of a sound wave travelling Zin open space 
decreases with distance. Also, the Ceiling 


sound energy not propagating in the 
direction of the listener is irretrievably 
lost. In closed halls, an adequate level 
of intensity (which is a measure of 
loudness) can be achieved by a proper 
use of the reflecting properties of the 
walls and the ceiling. The reflected 
waves reinforce the direct sound to 
give uniform loudness of sound in the 
hall. Figure 13.22a illustrates how a 
curved ceiling helps in the reinforce- 
ment of sound on the balcony and at 
the back of the hall. A concave ceiling 
is useful for concert halls. For lecture 
halls, where the position of the spea- 
ker is fixed, the use ofa paraboloidal 
teflector at the back of ie geet E 
most adequate. The use of such aret- 

lecting A surface to give a uni- (b) Lecture hall 


form parallel beam of sound is illus- A 


trated in Fig. 13.22b. The speaker is at 
the focus of the reflecting surface. 

The designer has to be extremely 
careful in deciding the curvature o 
the ceiling. A faulty curved surface S 
may lead to a focussing effect of sound, 
as shown in Fig. 13.22c, which may Fig. 13 22 
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result in an unduly high intensity of the resulting sound at a particular 
place P in the hall. 


Echoes 


In big buildings the echo (or reflected sound) from a distant wall 
reaches the listener much later than the direct sound. If the interval 
of time between the arrival of the direct sound and the echo is more 
than 1/15 of a second, the listener will get a distinct impression of the 
echo. To correct this defect, such walls or other offending surfaces 
must be covered with some material which absorbs sound. Porous as- 
bestos tiles have a high absorption coefficient for sounds in the audi- 
ble frequency range. 


Reverberation 


Reverberation is the most important factor to be controlled in the 
acoustics of a building. If a transient sound (i.e. of short duration) is 
produced in Open space, it is received by the listener as such. But if 
such a sound is produced in a hall, it is found to persist even after 
the source has ceased to vibrate. This 
persistence of sound is due to multi- 
ple reflections from the ceiling, walls, 
etc. The persistence of sound in an 
enclosure, after the source has stop- 
ped producing it is called reverbera- 
tion. Professor W.C. Sabine in 1895 
studied the problem of reverberation 


Intensity —= 


GL RNs E in considerable detail. He measured 
Sound Sound Me~ the intensity of sound ina hall and 
started stopped found that the intensity varied with 

Fig. 13.23 time. Figure 13.23 shows how the in- 


tensity grows and decays with time. 
It is obvious that if a syllable persists for a time during which the next 
syllable is uttered, it will be unintelligible. The most important physi- 
cal parameter to be controlled is the reverberation time which is roughly 
the time during which the sound persists in the hall, More precisely, 
the reverberation time is the time taken by sound intensity to fall to 
the minimum audible value (audibility threshold) from an initial 
value which is 10° times the audibility threshold. Sabine measured the 
reverberation time T in various rooms of different sizes and thus 
arrived at an empirical relation 


0.053 V 
A 


where V is the volume of the room in cubic feet and A is the total 
sound-absorbing surface area in square feet. Thus, the reverberation 
time can be reduced if the total absorbing area A is increased. For a 
given hall the reverberation time can be controlled by inserting or re- 
moving sound-absorbing material at the walls. 


T= 
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Reverberation time T is the most important parameter to be consi- 
dered in the design of an auditorium, If T is too large, there is exces- 
sive reverberation resulting in confusion owing to overlapping of 
successive sounds. On the other hand, if Tis too short, the loudness 
becomes inadequate because the reflections have been eliminated or 
reduced to a minimum. Hence, for good acoustics some amount of 
reverberation is essential. This optimum reverberation is determined 
by the use to which the building is put. For speech the optimum re- 
verberation time varies from 0.5s in small tooms to about 7.5 s in 
large halls. For music it can vary from 1.0 s to about 2.5 s. Reverbe- 
ration helps to enrich the tonal quality of music. 


Echelon Effect 


If an enclosure has a flight of steps with equal width, the sound waves 
reflected from them will consist of echoes with regular phase difference, 
which produce a musical note which will be heard along with the 
direct sound. This is called the echelon effect. It can be remedied by 
either having steps of unequal widths or by covering them with sound- 
absorbing material. 


Extraneous Noise 


All unwanted sounds constitute noise in the context of acoustics ofa 
building. Noise may be of two types: (i) air-borne and (ii) structure” 
borne. Air-borne noise includes all sounds originating from ia 
outside the building and entering it through air, and sere morn 
noise comprises sounds originating in the structure of the bui “ a 
self. This noise may be the noise of machinery, motors or cles ve 
and may be communicated through walls, floor, steel girders, pipes, 
ete: 3 
Air-borne noise is reduced by using double doors and indore ii 
heavy curtains, The noise of footsteps can be reduced by making 
of carpets. The walls should be rigid and broad. ‘ ips 
Structure-borne noise is difficult. to eliminate. Typewriters SHR 
haust fans should be mounted on absorbent padding. MPERA 
be lubricated. Sounds that enter the building through, xa EAE 
ing structures can be avoided by breaking the continuity an 
ayers of adsorbents like cork. 5 id- 
_ In short, the factors resposnible for the proper acoustics of a build 
ing are: 


1. Adequate level of loudness and uniform SE at 
- Absence of echoes 

- Optimum reverberation 

- Minimization of echelon effect 

- Minimization of extraneous noise 


f intensity 


mb WP 
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13.21 DISPERSION 


Dispersion is a very important phenomenon that is exhibited by several 
types of waves. When the velocity of propagation of a wave travelling 
in a medium depends on the wavelength (or the frequency) we say that 
there is dispersion. It is not true for the velocity of transverse waves on 


n Pi y T 
a stretched string, which is governed by the relation v = Ay are where 


T is the tension with which the string is stretched and m is the mass 
of unit length of the string. Smce wavelength does not appear in this 
expression, a given string under a given tension will carry waves of all 
wayelcngths with the same speed v. Since v = vA, the velocity of the 
waves is also independent of the frequency v. In other words, trans- 
verse waves on a string are nondispersive. 


Sound waves are also nondispersive, since the velocity of sound in 
a medium depends only on the elastic properties and density of the 
medium. High and low frequency sounds travel with the same speed 
in a given medium. This is a blessing in disguise. Imagine the state 
of affairs if while listening to an orchestra, the sounds of different 
frequencies emitted by different musical instruments were to reach our 
ear at different times and at different speeds! 

Water waves in a ripple nk ae dispersive. The velocity of these 


ee ie 2ra A ; 
waves is given by v = re ; where ø is the surface tension, p 


the density of water and À is the wavelength of the waves. The waves 
of longer wavelengths have slower speed. If the frequency of the vibra- 
tor in a ripple tank is increased, the velocity of water waves also in- 
creases. It is for this reason that a gentle breeze produces waves (or 
ripples) of longer wavelength and slower speed in a lake. 

We are familiar with the dispersion of light waves. We have seen it 
occur when while light passes through a prism. White light breaks up 
into its constituent colours because velocity of the red waves of light 
is greater than that of the violent waves. Each colour has its charac- 
teristic wavelength. Waves of different wavelengths travels in glass with 
different speeds. In a vacuum they all travel with same speed. Light 
waves do not disperse in a vacuum. 


SUPPLEMENT 


Periodic Waves 


In this chapter we have mainly dealt with harmonic wayes, i.e. the 
waves which are described by wave functions which are given by the 
sine or cosine of (vt + x). Harmonic waves are not the only ones that 
exist. We often come across waves which are periodic but not harmo- 
nic. We have encountered one such situation while discussing beats in 
Sec. 13.16. We have seen that two harmonic waves of different fre- 
quencies [shown in Figs 13.18 (a) and (b)] superpose to give a wave 
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[shown in Fig. 13.18(c)] which is periodic (with period ty called the 
beat period) but not harmonic. Notice that the displacements in Fig. 
13.18c are not described by a sine or cosine function. 

Periodic waves are produced by the superposition of a number of 
harmonic waves of different frequencies, Musical sounds (see Sec. 
13.18) are also periodic. A musical sound consists of a fundamental 
note and a number of higher harmonics whose frequencies are simple 
multiples of the fundamental frequency. Thus each harmonic repeats 
itself after the period of the fundamental. This means that their super- 
position is periodic having the period of the fundamental. This is the 
key idea of the Fourier analysis of periodic waves. It is a mathematical 
technique of breaking down a periodic wave into a linear superposition 
of its constituent harmonic components. Let us consider an example 
which shows how three harmonic waves of frequencies v, 3¥ and Sv 
produce a periodic wave of frequency y. Let the three harmonic waves 
be given by 

yı = sin 2r (t — x) 


V2 = $ sin 6r (t — x) 


V3 =} sin 107 (t — x) 


The frequency of the first is y = 1 Hz. The resultant wave travelling 
in the medium will be a periodic wave given by 


y=y +t» 
= sin 27 (t — x) + $ sin Gr — x) 


Ai i sin 107 (t — x) (13.57) 

The frequency of y is 1 Hz, the frequeney of the fundamental. The 

displace ae y ved by Eq. (13.57) can be plotted for all values of 

t and x. Figure 13.24 shows the graphfof y against x forj t = 0 and 
0.3 s. 


<> 


Fig. 13.24 Periodic wave given by Eq. (13.57) 
att = 0s and ź = 0.3 s. 
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From these figures we observe that although the appearatice of the 
waye is more complicated than its harmonic components, yet the re- 
sultant wave is periodic with the period of the fundamental. 


SUMMARY 


The key word in wave motion is ‘disturbance’. A wave is the propaga- 
tion of the disturbance. The nature of the disturbance may be mecha- 
nical (as in waves in strings and other material media including fluids) 
or electrical (as in light waves) or even thermal (as in waves of heat 
transfer). If a disturbance can exist only ina material medium, the 
particles of the medium must be coupled by some force so that the 
disturbance can propagate. The wave velocity is the speed with which 
the wave is propagated and is determined’ by the properties of the 
medium. The wavelength of a wave is the shortest distance between 
two particles having the same phase of vibration. Wavelength À and 
wave velocity v are related as v = vA, where v is the frequency of the 
source generating the waves. 

A transverse wave is a wave in which the particles vibrate perpendi- 
cular to the direction of propagation. In a longitudinal wave the parti- 
cles vibrate along the direction of propagation. Waves on strings are 
transverse and sound waves in a medium are longitudinal. The various 
alternative mathematical representations of a harmonic wave are 


yx, 1) = Asin {77 («#2)t 


= Asin H ut F x} 
= A sin (wt F kx) 


where the ( =) sign refers to the wave travelling in the + x direction 
and the (+) sign to the wave travelling in the — x direction. 


The feature distinguishing a wave from a vibration is that a wave 
consists of many vibrations of many particles with definite phase rela- 
tionships between them. The graphical representation of a wave involves 
two curves, a vibration (displacement versus time) curye of any given 
particle and a waveform (displacement versus position) of the whole 
wave at any given time. 

When a wave travelling in a medium meets the boundary of another 
medium, it is partly reflected back into the first medium and partly 
transmitted (or refracted) in the second medium. If the velocity of the 
wave in the first medium is less than that in the second, the reflected 
wave suffers a phase change of 7 radians (or 180°) with respect to the 
incident wave. All types of waves undergo reflection and refraction 
obeying the same laws. 


A very important phenomenon, not common to all wave, is disper- 
sion. When the velocity of propagation of a wave in a medium depends 
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on its wavelength (or frequency) we say that there is dispersion. Trans- 
verse waves on strings and longitudinal (sound) waves in a medium 
are not dispersive. Water waves in a ripple tank and light waves in a 
material medium are examples of waves that disperse. 


The term ‘interference’ is used to describe the physical effects of 
superposition of two or more waves travelling through the same region 
of space. The resultant motion of a particle can be found by the super- 
position principle which states that the resultant displacement is equal 
to the algebraic sum of the individual displacements imparted to it 
by the individual waves. 

Two waves of unequal frequencies, travelling in the same direction, 
interfere to give rise to the phenomenon of beats. The intensity of the 
wave resulting from their superposition varies periodically with time. 
The intensity rises to a maximum value and falls to a minimum value 
at regular intervals of time. One maximum of intensity followed by a 
minimum is technically called a beat. The beat frequency is equal to 
the difference of the frequencies of individual waves. 


When two waves, having the same frequency, wavelength and s 
travel in opposite directions through a medium, the resultant effect is 
a stationary (or standing) wave. Certain points in the stationary wave, 
called nodes, remain permanently at rest, and certain other points, 
called antinodes, vibrate with maximum amplitude. The distance bet- 
ween two consecutive nodes (or antinodes) is half the wavelength of 
either wave. The most striking feature of a standing wave is that 
energy is not transported along the medium, The wave keeps ‘standing’ 
as it were. 

A vibrating body has many possible modes of vibration which are 
nothing but stationary waves on it. When a disturbance is created at 
any point in a body, a wave travels along it. This wave gets reflected 
at the boundaries of the body. The interference between the incident 
and the reflected waves gives riseto standing waves on it. The body 
of a string, fixed at both ends, can vibrate in 1, 2, 3, 4, . . . segments, 
with a node at each end. The lowest frequency of vibration is called 
the fundamental frequency and the higher frequencies are called over- 
tones. An overtone whose frequency is an integral multiple of the 
fundamental frequency is called a harmonic, The frequencies of various 
models of vibration of a string are 1, 2, 3, 4, . . . times the fundamental 
frequency. The body of a gas in a pipe can also vibrate, the closed end 
of the pipe being a node and the open end an antinode. If the pipe is 
open at both ends the frequencies of the various modes of the vibration 
of the air column in it are 1, 2, 3, 4, . |. times its fundamental freque- 
ney. Tf it is open at one end and closed at the other, the frequencies of 
the modes of vibrations are 1; 3, 5, 7, . . . times the fundamental fre- 
quency. The amplitude of vibration in any given mode can be tL had 
ed by linking the body, in some way, to an external poate mila 
whose frequency is equal to the frequency OPE EIVOR Brody or vibra 
tion. This is called resonance: 11 0 T nesiscathiy” oF Waves 

The phenomenon of apparent change in the 7 
when flere is a relative MOA between the source and the observer is 
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known as the Doppler effect. This effect is exhibited by all types of 
waves. The observed frequency is greater than the true frequency if either 
the source or the observer, or both, approach each other. On the other 
hand, the apparent frequency is lowered if the source and the observer 
are moving away from each other. In sound waves the Doppler effect 
is not symmetric, i.e. although the relative velocity is the same, the 
apparent change in the frequency depends on whether it is the observer 
or the source that moves. 

Acoustics of buildings is a branch of acoustics which deals with the 
design of a building from the point of view of its acoustics. The 
various factors that the designer has to bear in mind so as to achieve 
the desired clarity, quality and intensity of sound at each point in a 
building are (i) uniform distribution and adequate level of intensity, 
(ii) optimum reverberation, (iii) absence of echoes, (iv) minimization 
of echelon effects, and (v) minimization of extraneous noise. 


EXERCISES 


1. What do you understand by wave motion? Distinguish between a vibra- 
tion and a wave. 

2. Give two examples of a disturbance which can propagate as wave mo- 
t'on. What are transverse and longitudinal waves? 

3. Define wavelength and wave velocity. Deduce a relation between them. 

4. Starting with equation of simple harmonic disturbance, obtain the wave 
equation. 

5. Name the parameters that characterize a harmonic wave. Define each of 
them. 

6. A harmonic wave has period T and wavelength À. How far does it adv- 
ance in time T? How long does it take to travel a distance of à? How are 
à and T related? 


7. Show by dimensional considerations that the velocity ofa transverse 
wave along a string is given byv = K J F , where Fis the tension, m 
m 


is the mass per unit length of the string and K is a dimensionless con- 
stant. How is K evaluated? 


8. The velocity of a longitudinal wave in a metallic rod is given by v = i) ne 
p 


where Y is Young’s modulus and » is the density of the metal. Check this 
relation for dimensional consistency. 

9. Write down the expression for the velocity v in Question 7 in terms of 
the diameter and density of the string. How is the velocity of the wave 
modified if (a) the tension is doubled and (b) the diameter is doubled? 

10. Obtain Newton’s formula for the velocity of sound in a gas. 

11. Is wave motion in a gas an adiabatic process? If so, why? 

12. Show that the velocity of sound in air increases by about 0.61 ms + for 
each degree Celsius rise in temperature, 


13. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 
29. 


30. 
ile 
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Two strings A and B, of the same material, are joined at C. The cross- 
sectional area of B is greater than that of A. Discuss the mechanism of 
reflection and transmission at the boundary C of a pulse travelling in 
the string A. What can you say about the phase of the reflected and the 
transmitted pulse in relation to that of the incident pulse? 


. What will happen if the pulse mentioned in Exercise 13 were travelling in 


the string B? 
State the superposition principle. Is it always applicable? 


. Show graphically how the superposition of two harmonic waves of equal 


amplitude, equal phase and slightly different frequencies, causes the phe- 
nomenon of beats. 


. Discuss the formation of beats and deduce the expression for the beat 


frequency in terms of the frequencies of the constituent waves. 


. Explain the difference between interference and beats. How will you ex- 


perimentally demonstrate the phenomenon of beats in sound? 


. What is a stationary wave? How is it produced? How does it differ from 


a travelling wave? 


. Discuss graphically the formation of stationary waves. What are nodes 


and antinodes? 


. ‘Stationary waves cannot transport energy but travelling wavss can’. 


Comment. 

What is the Doppler effect? Give an example from everyday life that esta- 

blishes the existence of this effect. 

Deduce the expression for the frequency of sound as heard by an obser- 

ver. 

(a) when the source of sound is approaching him with a uniform speed 
and he is at rest; and 

(b) when he is moving towards a stationary source of sound with the 
same speed, 

Show that the apparent frequencies in cases (a) and (b) of Exercise 23 

are nearly equal if the velocity of the source or observer is much smaller 

than the velocity of sound, 

Deduce the expression for the frequency of sound as heard by an obser- 

ver 

(a) when he is at rest and the source of sound is receding from it witha 
uniform velocity; and 

(b) when the source is at rest and he is receding from it with the same 
velocity. 4 

Show that the frequencies in cases (a) and (b) of Exercise 25 reduce to 

each other if the velocity of the source or observer is much smaller than 

that of sound. 

The asymmetry in the Doppler effect jn sound is a consequence of the 

fact that the sound waves require a medium for propagation. Comment. 

What is meant by the term reverberation? Define reverberation time. 

Define reverberation time for an auditorium? What causes reverberation 

and how is it controlled? r 

Write an essay on the acoustics of buildings. j 

Distinguish between a musical sound and noise. 
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32. 
33. 


- 


wa 


a) 


N 


2w 


10. 


What do you understand by a musical scale? 
Distinguish clearly between periodic and harmonic waves. 


PROBLEMS 


Find the amplitude, time period, speed and wavelength of the waves 
given by the following equations. All quantities are in SI units, 

{a)y (x, t) = 0.01 sin 27 (3t — 2x) 

(b) y (x, t) = 0.02 sin (21 + 3x) 

(c) y Cx, 1) = 0.03 cos (ot + x) 

(d) y Cx, t) = 0.05 cos (67t — zx) 


. Write down the equations (using the sine function) of a harmonic wave 


travelling in the — x direction and having the following characteristics: 
(a) Amplitude 0,05 m, speed 2 m s™?, frequency 4 Hz 

(b) Amplitude 0.02 m, frequency 800 Hz, wayclength 0.3 m 

(c) Amplitude 0.01 m, speed 10 ms, wavelength 0.2 m 

Two strings A and B, of equal thickness, are made of the same material. 
The length of A is half that of B while the tension in A is twice that in 
B. Compare the velocities of the transverse waves on them. 


. Two strings A and B are of the same length and are made of the sime 


material. The cross-sectional area of A is half that of B while the tension 
in A is twice that in B. Compare the velocities of the transverse waves on 
them. 


. A string 25 m long has a mass of 0.5 kg, A 10 m long specimen of the 


string is stretched with force equal to the weight of 5 kg, How long will 
the transverse wave take to travel the length of the string? 
The intensity of the sound of a barking dog is 10-? Wm-*, If the fre- 


quency is 1000 Hz, calculate the amplitude of the sound waves in air at 
standard conditions. 


. Calculate the amplitude of the sound wave of Prob. 6 if the air tempe- 


rature were 35°C. 


. It is desired to tune the string of a sonometer with a tuning fork of fre- 


quency 512 Hz. When vibrated together they produce 10 beats per 
second. (a) By what percentage should the length of the string be altered 
to achieve tuning. the tension remaining the same? (b) By what percent- 
age should the tension in the string be altered to achieve tuning, the 
length of the string remaining the same? 


. A string under a tension of 100 N is emitting its fundamental note. While 


tuning with a tuning fork, 5 beats per second are heard. When the ten- 
sion is increased to 121.N, again 5 beats per second are heard. Deter- 
mine the frequency of the fork. 


Two identical pipes are sounding notes of frequency 500 Hz. The air 
temperature in both is 25 °C. The temperature of the air in one pipe is 
increased to 30 °C, How many beats are heard per second when both the 
pipes are blown? Velocity of sound at 0 °C = 330 m s—, 


16. 


17. 


20. 
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. Calculate the percentage change in the frequency of the fundamental note 


emitted by a closed pipe of length 1.0 m if the temperature of the air is 
changed from 15 to 30 °C, Velocity of sound at 0 °C « 330 ms, 


. Two tuning forks A and B produced beats per second when vibrated to- 


gether. If a prong of fork A is filed, the beats reduce to 2 per second. If 
the frequency of fork B is 480 Hz, what is the frequency of fork A (a) 
before and (b) after it is filed? 


. A sonometer wire carries a metal block at the other end. When the block 


is in air, the resonant length with a tuning fork is found to be 90 cm. 
When the block is wholly immersed in water, the resonant length with 
the same tuning fork decreases to 80 cm. Find the relative density of the 
block. 


. Two tuning forks A and B produce 10 beats per second when sounded 


together. When each fork is sounded above the water column in a reso- 
nance tube apparatus, their respective resonance lengths of the air co- 
lumn are found to be 16 and 16.5 cm. Determine the frequencies of forks 
A and B. 


. A pipe of length 1.5 m closed at one end is filled with a gas and reso- 


nates in its fundamental mode with a tuning fork. Another pipe of the 
same length but open at both ends is filled with air and resonates in its 
fundamental mode with the same tuning fork. Calculate the velocity of 
sound at 0°C in the gas, given that the velocity of sound in air is 360 
m s~ at 30 °C where the experiment is performed. 

Two tuning forks A and B produce 8 beats per second when sounded to- 
gether. A gas column 37.5 cm long in a pipe closed at one end resonates 
in its fundamental mode with fork A, whereas a column of length 38.5 
cm of the same gas in a similar pipe is required for a similar resonance 
with fork B. Calculate the frequencies of the two forks. 

A tube of a certain diameter and length 48 cm is open at both ends, Its 
fundamental frequency of resonance is found to be 320 Hz. The velocity 
of sound in air is 320 m s~. Estimate the diameter of the tube. One end 
of the tube is now closed. Calculate the lowest frequency of resonance 
for the tube. 


. A steel wire of length 1 m, mass 0.1 kg and uniform cross-sectional area 


10-* m? is rigidly fixed at both ends. The temperature of the wire is 
lowered by 20 °C. If transverse waves are set up by plucking the wire in 
the middle, calculate the frequency of the fundamental mode of vibra- 
tion. Coefficient of linear expansion of steel = 1.21 x 10 (°C). 
Young’s modulus of steel = 2 X 10° Nm. 


. The sound of a horn in a car is recorded by a stationary tape recorder as 


i i i io of the two 
the car approaches it and also as it recedes from it. The ratio of 
apparent frequencies is found to be 1.2. If the speed of sound is 340 m 
s-1, determine the speed of the car. 

i if he hears the 
At what speed is a car approaching a stationary observer if he 1 
music of the car radio with a frequency 10% higher than it actually is? 


The speed of the sound is 350 m ad 
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ai. 


2. 


21. 


At what speed must the driver of a car approach a stationary siren so 
that the frequency of the sound heard by him is 10% higher than it 
actually is? Speed of sound = 340 m s~. 

A railway engine and a car are moving on parallel tracks with speeds of 
30 ms~ and 15 m s~' respectively. The engine is continuously sounding 
a whistle of frequency 1000 Hz. Calculate the frequency of sound heard 
by the driver of the car when (a) the car and the engine move in opposite 
directions and approach each other (b) they move in opposite direc- 
tions but go away from each other (c) they move in the same direction, 
the car being ahead of the engine and (d) they move in the same direc- 
tion, the car being behind the engine. 

A source of sound of frequency 256 Hz moves rapidly towards a wall 
with a velocity of 5 ms. How many beats per second will be heard if 
sound travels at a speed of 330 ms~'? 


Answers to Problems 


CHAPTER 3 


1. (a) Cis the fastest and A is the slowest, (b) No, (c) 6 km from origin, 
(d) 6 km (e) 7 km/h (f) —2 km/h; 2. 2.198, 11.63 ms™; 3. @) 14.8 ms", 
(ii) 20.4 m, (iii) 31.7 m s™*; 4. (i) 4.8 ms, (i) 40.4 m, Gii) 31.7 ms“; 
5. (i) 98 m, (ii) 46.02 m s~; 6. 11s, 115 m; 7. 2.3 s, No; 8. 6.53 s; 9. 22.5 m; 
10. 15s; 12. 0.018; 14. 2V x (V+ VOV’ + V+ 2V); 15. 10m s^, 
+ 3.75 m, 5m, —3.75 m; 16. vı = 9.8 m s~, oy = 8.23 m s~; and 17. GO m, 
20 m s~, —30 m s~*), (0.67 s, 36.67 m), yes. 


CHAPTER 4 


1. 230.9 km h™', 115.5 kmh; 2. 15.8 m; 3, Roughly 18° with the vertical, 
towards the south; 4. 2 s, 5.7 m s—'; 5. (i) 19.6 m, (ii) 400 m, (iii) 19.6 m s™'; 


6. 5s 7. 25N; 8. 46.2 m, 122.6 m, 37.8 m; 9. 2.1 x 10*m, 8.3 x 10m, 


both = 7.5 x 10‘m; 10. 20 s, 527.4 m s~? at 21° 48’ with vertical, 0.2 ko; 
1i. 516.2 m, papas below horizontal; 12. 5.4m; 13. 11.6 ms” 


(approx.); 14. y = h — = s >, parabola opposite to the direction of motion of 


the train; 15. 52° 14’, 1.6 N, 3.16 m s-*; and 16. h = $ a 
CHAPTER 5 
1.2.0. 10°N; 2 (i) 85.7 kg, Gi) 35 kg, Gii) 70 kg; 3. 0.25 (approx); 


mums g 2 mmg 
4 12N,2N; 5.1.79. 108NS 6 qui my (m Fm)? | Gn + my’ 


i eR F ; < 10. 0.49 ms“; 11. 20.66 m s’, 
Gn, + my” 8. 50m; 9. 3000 N, 2.5m; 10. 0.49 m 
13.07 m s~, 4.77 s, 2.678; 12, 0.6 N, 30.62 N, 0.0196; and 13. 10.99 N, 


30.59 N. 


CHAPTER 6 
1. 1/40r 25%; 2. 294W; 3. G) 19603, Gi) 1176 J, Gii) 19603; 4 4:1; 
5. 10 W, 1980 N; 6. 37°; T. pms 8. 3,34 x 10" kg; 9. 2 x 10° m s~, 


—1.2 x 10°'ms74 10. 3 m s77; 11. v, = 5.85 ms, vQ = 2.07 m p 
12. 2.2 x 10-% 13. 1000 J; and 14. 22 kW. 
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CHAPTER 7 ~ 

TOS a 5, ya i 2. 47kmbh~; 3. 588 N, yes, 0 = 27°; 4. 36° (approx.) 
5. (a) 2.5 kg mê, (b) 5 kg m?, (c) 5kg mt; 6. 80 rad s-*, 8 ms, 7. (a) 44.4 
rad s~*, (b) 4.44 m s~*, (c) 11.1 N; 8. 25m s~; 9. (a) 76 kg m? s™* along —z 
direction, (b) 28 Nm in +z direction, (c) 28 kg m? s72; 10. 2.6 x 10” J; 
11. 6.75 x 10™ rad s71; 12. (a) 0.5 rad s-t, (b) 2.5 rad s-1, (c) 4, (d) 312.5 J; 
13. 11.2cm; 14. 6.43 m; 15. 0.62 rad s~}; 16. 25 Nm along +z direction; 
17. 2.8 x 10-2 J; and 18. 1: 1.225. 


CHAPTER 8 


1.7.35 x 10° kg; 2.4.0 x 10% N, 1.28 x10'ms; 3. (i) 1.04 x 10' m s7 
Gi) 1.89 x 10 m s~, (iii) 6.17 x 10° m s~}; 4. 6.53 x 10 ms; 5. zero, 
(approx.); 6. 3.594:x 10‘ km; 7. (a) 1.12 x 10! m s74, (b) 9.145 x 10° m s7; 
8. 889 N; 9. 7.1 x 10° J; 10. 6x 10%kg 11. g/4;and 12. 3.0 m, 6: 1A. 


CHAPTER 9 


1. 3.6 Å; 2,4 x 1074 3.6.x 1075, 4.3.x. 10-!%m; 5, (i) repulsive, 
(ii) attractive, (iii) attractive, the magnitude of force is greatest at R = 0.5 A 
and (iv) Zero; 6. 21 J; 7. 4.75 eV; 8. 4.07 x 10! J mol; 9. 9.1 x 107 J, 
and 10. 0.2 kg. 


CHAPTER 10 


1. 67 N;. 2. 1.2 x 10° Nm, 29.6 N; 3.2.9km; 4, 100 N, 150 N, 6 mm; 
5. 1002 kg m~*; 6. 4.9 m s7; 7. 180 m; 8. 612 N; 9. 1.13 cm; 
10. 2.23 x 10° Nm-*; 11. 1,25 x 107%, 0.75 X 1077, 471 N; 12. 9.69 x 10° N; 
13. 9.8 N, 8.575 N; 14.25m; 15. 670 kg m™, 740 kg m-?; 16. (a) 5 cm, 
(b) 490 Pa; 17. (a) 0.84 kg, (b) 9.8 x 10? Pa; 18. (a) 950 kg m™°?, (b) 1190 kg 
m’; 19, 21.8 Ns m-*; 20. 1.41 x 10-7 N; 21. 0.1 s; 22. 20 m s™; 23. (i) 4 m, 
(ii) 4 m below the water surface; 24. 1.1 x 10-°J; 25. 3.0 x 10° N m`’; 
26. 2.56) x 10° N m~?; 27. 7.0 x 1073; 28. 75 cm of Hg; 29. 5 cm; 
30. 1.26 x 10-° J; 31. 8.8 x 10-5 J, 125; 32. —2 x 10° Pas-*; 33. (i) 6.5 cm, 
(ii) 5.4 cm; 34. 4.61 x 10? ms; 35. 1.93 x 10? m s~} 36. 100 K; 
37. 2763 K; 33. 4.84 x 10°ms~; 39, 6.06 x 13-2? J; 40. 68.25 K; and 
41. (i) 1.28 x 107° kg, (ii) 1.37 x 10° m s~}, (iii) 1.64 x 10° m s71. 


CHAPTER 11 


1. 10.4cm; 2. 3.36cm*; 3. 83 x 10-*(C); 4. 25.5°C; 5. 22.3 °C; 

6. Zero, 6.25 g of water and 3:75 g of ice; 7. 114.3°C; 8. 52 Jst; 

9. (a) 93.3 °C, (b) 1.13s-%; 10. 5.34 x 10° W; 11. 6.2 x 10-8 Wm? K~; 
12. 95.5 Js™4, 213.3 °C; and 13.5770 K. 


CHAPTER 12 
1. 13.6ems7; 2. 2.83 cm, 8.89 cm s74, 28cms; 3. 2.5 s, 4.53 em 877; 
4. 5cm, 0.4 s, 53.19; È, 5cm, Arade 6. 0.5, 1.95 x I0; 


Answers to Problems 611 


7. (a) 0.1 m, (b) 0.7 s; 8. 5 Hz, approx.; 9. T= 20 ia 10. No, the 


frequency in the second case is VZ times that in the first; 11. 3 k2 k; 


12. The clock slows down by 43.2 seconds per day; 13. 0.2 %;_14. 83.7 kg wt, 
36.3 kg wt; 15. (a) 2.5 cm, (b) 1,25 om; 16. fi: f, = w: 2 V; 17. 3.535 cm, 


11.5cms-}, 34.9cms-*, 18. Sem; 19. pt 0.314 s; 20. 3.14 s; 


21. Angular frequency = JE. amplitude =E, Ae T= 2r ta 


23. (i) simple harmonic, T = 2m/w, (ii) periodic but not simple harmonic, 
T =2n/w, (iii) simple harmonic, T = m/w, (iy) Periodic but not simple 
harmonic, T = 2rJw, (v) Non-periodic, (vi) Non-periodic. 


CHAPTER 13 


1. (a) 0.001 m, 1/3 s, 3 Hz, 1.5ms-, 0.5 m, (b) 0.02m, 3.14s, 0.32 Hz, 
0.67 m s-*, 2.09 m, (c) 0.03 m, 27/p s, o/2m Hz, v m s~, 27 m, (d) 0.05 m, 1/3 s, 
3 Hz, 6 m s~, 2 m; 2. (a) Y = 0.05 sin 4m (2t — x), (b) y = 0.02 sin 2m (800 ¢ 
—#/3) (c) y = 0.01 sin 107 (10 4 =x) 3. V2:1; 4. 2:1; 5. 0.25: 

6. 3.44 x 10-?m; 7. 3.33 x 10-"m; 8. (a) 1.95%, (b) 4.02% or 3.8% 
9. 105 Hz; 10. 4; 11. 2.63%; 12. 476 Hz, 478 Hz; 13. 4.76; 14. 330 Hz, 
320 Hz; 15. 683.4ms—; 16. 300 Hz, 308 Hz; 17. 3.33 cm, 163.3 Hz; 
18. 11 Hz; 19. 30.9 ms; 20. 31.8 m s™} 21. 34ms-; 22, (a) 1112.5 Hz, 
(b) 881.6 Hz, (c) 1046.9 Hz, (d) 960.5 Hz; and 23. Zero, 7.7 or 7.9 beats 
Per second depending on the Position of the observer, 
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